CORNELL 

UNIVERSITY 

LIBRARIES 



Mathematics 

Library 
Whfte HsR 




3 1924 059 322 739 





DATE DUE 




JMPR 0^ ^^^^ 






^B 5^ w 












































■ 




























































































CAVLORD 






PRINTED IN U S.A. 



Cornell University 
Library 



The original of tiiis book is in 
the Cornell University Library. 

There are no known copyright restrictions in 
the United States on the use of the text. 



http://www.archive.org/details/cu31924059322739 



Production Note 

Cornell University Library pro- 
duced this volume to replace the 
irreparably deteriorated original . 
It was scanned using Xerox soft- 
ware and equipment at 600 dots 
per inch resolution and com- 
pressed prior to storage using 
CCITT Group 4 compression. The 
digital data were used to create 
Cornell's replacement volume on 
paper that meets the ANSI Stand- 
ard Z39. 48-1984. The production 
of this volume was supported in 
part by the Commission on Pres- 
ervation and Access and the Xerox 
Corporation. 1991. 



CORNELL 

UNIVERSITY 

LIBRARY 



M&IHEaiATICS 

BOUGHT WITH THE INCOME 
OF THE SAGE ENDOWMENT 
FUND GIVEN IN 189I BY 

HENRY WILUAMS SAGE 



AN INTRODUCTION TO 

THE THEORY OF GROUPS 
OF FINITE ORDER 



BY 



HAROLD HILTON, M.A. 

LECTURER IN MATHEMATICS AT BEDFORD COLLEGE 

FORMERLY FELLOW OF MAOOALEN COLLEGE, OXFORD 

AND ASSISTANT MATHEMATICAL LECTURER AT 

THE UNIVERSITY COLLEGE, BANGOR 



OXFORD 

AT THE CLARENDON PRESS 

1908 



HENET FBOWDB, M.A. 

FC^LISHZR TO THE UNIVEEBITY OF OXFORD 

LONDON, EDINBURGH 

NEAV yOEK AND TORONTO 



PREFACE 

THIS book aims at introducing the reader to more 
advanced treatises and original papers on Groups 
of finite order. The subject requires for its study 
only an elementary knowledge of Algebra (especially 
Theory of Numbers), but the average student may 
nevertheless find the many excellent existing treatises 
rather stiff reading. I have tried to lighten for him 
the initial difficulties, and to shovp that even the most 
recent developments of pure Mathematics are not 
necessarily beyond the reach of the ordinary mathe- 
matical reader. 

I have omitted as far as possible lengthy and 
difficult investigations ; their place is , taken by an 
imusuaUy numerous selection of examples. Students 
who have had no previous acquaintance with the 
subject should work a few of these examples after 
reading each section. Many of them can be solved 
at sight, and are inserted merely to make the reader 
familiar vpith the definitions and theorems of the text. 
Hints for the solution of the rest will be found at the 
end of the book. 

In an elementary treatise references would be out 
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of place ; for complete lists the reader may consult 
Easton's Constructive Development of Group-Theory 
(Philadelphia University, 1902), and Miller's ' Reports 
on Group-Theory' in Bulletin Amer. Math. Soc., v 
(1899), p. 227 ; vii (1900), p. 121 ; ix (1902), p. 106 ; 
xiv (1907), pp. 78, 124. 

I have derived much help from Burnside's Theory 
of Groups (Cambridge Univ. Press, 1897), Weber's 
Algebra (Vieweg und Sohn, 1898), Siguier's Groupes 
Ahstraits (Gauthier-Villars, 1904), Bianchi's Gruppi 
di Sostituzioni (Spoerri, 1900), Dickson's Linear 
Groups (Teubner, 1901), &c. : to these treatises I hope 
to introduce the reader. In addition I have consulted 
a very large number of papers in Proc. London Math. 
Soc., Berliner Sitzungsherichte, Bulletin Amer. Math. 
Soc, Amer. Journal Math., Math. Annalen, Crelle's 
Journal, Messenger of Math., and other periodicals. 
Most of the examples are taken from these books 
and papers, but I have added others of my own when 
I could not otherwise find a suitable illustration of 
any theorem. 

The theory of Group-characteristics seemed to be 
too advanced for an introductory treatise, but I have 
devoted one short chapter to the subject to assist 
the reader in understanding Frobenius' and Burnside's 
recent contributions to group-theory. 

I have omitted the theory of Algebraic equations ; 
partly from considerations of space, and partly because 
the necessary information is already accessible to 
English readers, e. g. in Dickson's Theory of Algebraic 
Equations (Chapman, 1903) and in Mathews' Alge- 
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braic Equations (Cambridge Math. Tracts, No. 6, 
1907). 

The nomenclature of the subject is by no means 
settled. I have tried to select definitions which have 
the advantage of being either self-explanatory (e.g. 
' greatest common subgroup ') or concise (' normal ') ; 
but the task was not at all easy. 

I have treated the pure group-theory with greater 
thoroughness than the applications. The aim of 
chapters H, HI, IV, VI, VII, Vm is to stimulate 
interest, rather than to give a complete or rigid 
investigation of the subjects there dealt with. On 
a first reading the student may omit, if he chooses, 
chapters HI, IV, VII, VHI, XIV, XV, and the last 
section of Chapter V. 

The following conventions are adopted : — (1) p 
denotes a positive prime integer throughout ; (2) a 
reference such as V 10 means ' the tenth section of 
the fifth chapter', while VIO3 means 'the third 
example in the tenth section of the fifth chapter'. 

Lastly, it is my pleasant duty to express my 
warmest thanks to three mathematicians who have 
given me most valuable assistance. Prof. E. B. Elliott, 
F.RS., at whose suggestion the book was undertaken, 
kindly read through the MS. of the earlier chapters 
and indicated several improvements ; Mr, J. E. 
Campbell, F.RS., generously devoted much time to 
the reading of the proofs, and pointed out many 
obscurities ; Prof. W. Bumside, F.RS., kindly helped 
me throughout with much useful advice on questions 
of nomenclature, &c., and has suppUed me with 
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material for the Appendix. My best thanks are also 
due to the Delegates of the Oxford University Press 
for undertaking the pubhcation of the book, and to 
the staff of the Press for the care and skill with which 
the printing has been done. 

H. H. 



April, 1908. 
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CHAPTER I 

ELEMENTS 

§ 1. Things represented by the symbols a, b, c,... (which 
may be quantities, operations, &c.) wiD be called elements 
or operations if they satisfy the following conditions : — 

(1) Elements possess a law of combination; i.e. any 
element b can be combined in one way only with any element 
a to form a third element g, which is called the product or 
resultant of a and b and is denoted by ab, a .b, or axb. 
The equivalence of ab and g is denoted by the equation 
ab = g. 

The result of combining b with a is not in general the 
same as the result of combining a with b; L e. ab is not in 
general the same as 6a. If ab = ba, a and b are called 
permutable or commutative elements. 

(2) Elements obey the associative law ; i. e. if ab = g 
and be = h, gc = ah; or, as it may be otherwise expressed, 
{ab)c = a{bc). 

We write abc for (ah)c = a{bc) ; abed for {abc)d = (ab) (cd) 
= a{bcd) = a{bc)d, and so on. 

(3) A fixed element e exists such that ae = ea = a, what- 
ever element a may be. We call e the identical element or 
identity. It is denoted by the symbol 1, if no confusion can 
be caused thereby. 

(4) An element a always exists such that aa = e, 
whatever element a may be. We call a the inverse of a or 
' the element inverse to a '. It follows that if ag = ah, 
aag = aah ; and hence eg = eh or g = h. 

We denote for convenience aa by a^, a^a by a^, a"a by a*, 
and so on. The inverses of a, a\ a^,... are denoted by a~^, a~'^, 
a~^, .... We define a^, a" by the equations a^ = a, a" = 1. 

Ex. 1. If is any fixed point, it is shown in IV 2 that the 
result of rotating any body first through an angle 6 about a line 
OA and then through <(> about OB is the same as that of rotating 
the body about a certain line OC. Hence any rotation about 
a line through may be considered as an ' element ' according to 
the definition given above. The ' identical element ' is the act of 

BiLTOx r. a. B 



2 ORDER OF AN ELEMENT [I 1 

leaving the body unmoved. The element ' inverse ' to the rotation 
about OA is a rotation about OA through the same angle but in 
the opposite direction. In general the result of first rotating the 
body through about OA and then through </) about OB is not 
the same as that of first rotating through <j> about OB and then 
through about OA ; i. e. the two rotations are not in general 
permutable. 

Ex. 2. (i) Prove aa =e.; (ii) deduce that g — hii ga = ha. 

Ex. 3. The inverse of ah ... kl is l-^lT^ ... ft-'o-^. 

Ex. 4. (a~')" = o~", n being a positive or negative integer. 

Ex. 5. ar^ . a"' = a^ . a^ = a™"^ and (a™)" = (a")"" = o""*, m and w 
being any positive or negative integers. 

Ex. 6. If ah = ha, a'^h'^ — 6"a"'. 

Ex. 7. If each pair of the elements a, h, c, ... is permutable, (i) 
(o6c...)'> = a''6"c"...; (ii) o'^iftyic^i... xa^2b»2c^2 ... x ... = o^»+^2"^ — 
l)yi*yi+-(fi+Si+--- ... . 

Ex. 8. If ha = a%\ (i) ha^ = a^^iha^W^, (ii) t^a' = a'^'^ih^a^) 
(6%)2", (iii) hah'^a = (a26)^«(6a6%)62» (iv) (haf = {a*b)" {baf{abY- 

Ex.9. If 6a = o'-b«, (i) ft^a* = (a'-6''-T(6V)(a'-'-»6«a'-i)", (ii) 
Va^ = (6<--ia''6'^'~i)"(6'a2)(a'-26s)«. 

Ex. 10. When the law of combination is ordinary addition, (i) 
all positive and negative integers (including zero), (ii) all rational 
quantities (including and oo ), (iii) all real quantities, (iv) all 
complex quantities, may be considered as elements any two of 
which are permutable. 

Ex. 11. When the law of combination is ordinary multiplication, 
(i) all rational quantities, (ii) all real quantities, (iii) all complex 
quantities, may be considered as elements any two of which are 
permutable. 

§ 2, It may happen that the powers a, a^, a^, ... are not all 
distinct. Suppose «''= a'ir > s). Then a*""* = a*". a~* = a* . a~* 
= 1. Jjfet a" be the first of the powers a, a?, a^, ... which = 1. 
Then n is called the order of a. 

Ex. 1. A rotation of a body through 2 ir-^w about any line may 
be considered as an element of order n. For the body is brought 
back to its original position when the rotation is performed n times. 

Ex. 2. The identical element is the only element of order 1. 

Ex. 3. If an element is equivalent to its inverse, its order is 2 ; 
and conversely. 

Ex. 4. If a is of order n, (i) a*" = 1 and a"***" = o", k being a 
positive or negative integer ; (ii) conversely if a* = 1, a; = hn. 

Ex. 6. If w = qr, the order of o' is r. 

Ex. 6. If d is the H.C.F. of w and x, the order of a' is w-f-d. 

Ex. 7. If each pair of the elements a, h, c, ... is permutable, the 
order of abc ... is a factor of the L.G.M. of the orders of o, b, c, .... 
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Ex. 8. If o, b are elements of orders n, m, prove that (i) if a^ is 
the lowest power of a which is permutable with b, n—x is integral ; 
(ii) if a^ is the lowest power of a which is also a power of 6, n-r-x 
is integral ; (iii) if a''6* = b^a'^, where r is prime to n and s to m, 
ab = ba. 

Ex. 9. If a* = 6^ = 1, ab is the inverse of ba. 

Ex. 10. If a2 = 62 = {abf = 1, ab = ba. 

Ex. 11. The order of a is qr, where q is prime to r. Prove that 
(i) integers a and /3 can be chosen so that a =^ a" . o^, where the 
order of a° is g and of o^ is r ; (ii) conversely if a = be, where 
b and c are permutable elements of orders q and r, b = a" and 
c = o^. 

Ex. 12. If a, b are elements of orders n, m and ba = a'^ft^, prove 
that (i) (m — «)(»» — 2 w) {2 m— w) = ; (ii) o*& and oft* are of the 
same order. 

Ex. 13. If ba = a''&«, a'b^'^ and o''~^6'' are of the same order. 

§ 3. The element h~'^ah is called the transform of a by 6 or 
the result of transforming a by b. 

The t-th power of the transform of a by b = the transform 
of the t4h power of a by b, t being a positive or negative 
integer. 

For since b~'*a*~^b . b~^ab=b~^a*b, it follows at once by 
induction that (b~'^abY = b~^a*b, when t is positive. Again, 
since 6- W6 . b'^a'^b = \,{b-'^a%-^ = b-^a'^b = (6-ia6)-'when 
t is negative ; and therefore (b'^abf = b~^a'b as before. 

A case of frequent occurrence is that in which the transform 
of a by 6 is a power of a. Suppose b'^ab = a*, then b'Va'by 
= a'^^", y being a positive integer. For this is evidently true 
when 2/ = 1 : and since b-'^a''^% = (a^^^)^ = a^^"*^, by induction 
the result is tnie in general. 

Again, (6s'a*)' = 6»'a»:Ct!"-i)-^(fc!'-i), y and t being positive 
integers. For this is evidently true when t = I : and since 

ly(t+l)gxkyt+x(kyt--l)^lky-l) _ /^y(<+l)^x(/cV(t+l)-l)-HJ:»-l)^ 

by induction the result is true in general. 

Ex. 1. b~^ab and a have the same order. 

Ex. 2. If b~^db = a, a and b are permutable. 

Ex. 3. ab and ba have the same order. 

Ex. 4. The transform of o& by c is the product of the transforms 
of a and b by c. 

Ex. 5. If the transforms of c by a and b are the same, ba~^ and 
ab~ * are permutable with c. 

B 2 
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Ex.6. If 6-'o6 = o'=, (i) (a^&»)' = 6Wa^*'(*"-i)-^(*'-i), (ii) the 
transform of 6%^ by b^a" is 6!'a**'+'-'-*'. 

Ex. 7. If in Ex. 6 a and b are of orders n and tw, ft" = 1 
(mod. n). 

Ex. 8. If 6' = 1 and b~^ab = a^, find the order of a. 

Ex. 9. If a, b are of orders p, p—1 {p prime*), the relation 
db = 6a* is possible for all values of k not divisible by p. 

Ex. 10. If 6 transforms a into its inverse and a transforms 6 into 
its inverse, o* = 6* = 1. 

Ex. 11. If a and b both transform c into one of its powers, ab 
and ba transform c into the same power of c. 

§ 4. The element c = a~^b~^ab is called the commtUator of 
a and b. 

Of course c is not in general permutable with either a or b. 
If c is permutable with a, c" is the commutator of a" and 6. 
For since b~^ab = ac, 6~*a°6 = (ac)° = a^c" when ac = ca. 
Hence a~°6~^a°6 = c°. Similarly if 6c = cb, c^ is the commu- 
tator of a and 6^. 

If c is permutable with both a and 6, c°^ = (c°)^ is the 
commutator of a° and 6^, since c° is the commutator of a" and 
i. Moreover from abP = 6^ac^ we deduce (ba)^ = baba = 
b . bac . a =■ b^a% (ba)^ — bab^a^c = b . b^ac^ . a^c = b^a^c^, and 
by induction in general {baf = i'a'cs'C"^'. Similarly (aby 
= t'a'c^'C+i). Again, since c^v is the commutator of a" and fty, 
(6ya=^)« = by^a''* d^y '''-*), and so on. 

Ex. 1. If c = 1, a and 6 are permutable ; and conversely. 

Ex. 2. The commutator of a and 6 is the inverse of the 
commutator of 6 and a. 

Ex. 3. Any transform of a commutator is a commutator. 

Ex. 4. Identity is the only element which is the commutator of 
another element and itself. 

Ex. 5. If the commutators of g and a and of g and b are identical, 
g is permutable with ba~^ and ab~^. 

Ex. 6. Every commutator is the product of two elements of 
equal order. 

Ex. 7. The commutators of a and b, a~^ and b~^ have the same 
order. 

Ex. 8. If a^ — 52 _ 1^ (aj,j2 jg tjjg commutator of a and b. 

Ex. 9. If a and b transform g into powers of g, their commutator 
c is permutable with g. 

Ex. 10. If c is permutable with a, its order is a factor of the 
order of o. 

* See Preface, p. T. 
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Ex. 11. If c is permutable with a and b, (i) {ba)' = a'b'c'i'^'*^), 
(ii) (aby = a*¥c''W~^\ (iii) c'^'y = the commutator of bva' and 
b^a^= the commutator of a'b^ and a'^b" = the commutator of a^'bycf 
and o''bV. 

Ex. 12. If the commutator Cy of §1; and Pj is permutable with 
Pi. 9i, ■■■,9x for each value of i and j, {gji^.i ... 9iY = 9'x9'x-i ••• 9'i 

X (Cl2''13 ••• '-1x^23 ■■• C21C34 ••• "si •••)' ' • 

Ex. 13. If ab = ba'', find the commutator (i) of bva^ and l^a'', (ii) 
of a^by and a''¥. 

§ 5. In the following chapters we shall illustrate the 
abstract idea of an element by applying it to certain concrete 
cases. Chapter II is devoted to permutations, Chapter III to 
substitutions, Chapter IV to various geometrical examples. The 
corresponding groups of elements are discussed in Chapters VI, 
VII, and VIII respectively. 



CHAPTER II 

PERMUTATIONS 

§ 1, Suppose we are given any m, letters or other symbols 
(in this section we take the numbers 1, 2, ...,m) arranged in 
a definite order. If we rearrange them so that a takes the 
place of 1, /3 of 2, y of 3, ...,fx of m (where a, /3, y, ...,/ii are all 

distinct and all included among the symbols 1, 2 171), the 

operation [S) performed is called & permutation or substitution* 

of degree m, and is denoted by the symbol ( _ " " j • 

If a second permutation T ^( . np" ^ir) replaces a by 
A, /3 by B, y by C, ...,fi by M, the law of combination of 
permutations is defined by ST = U, where TJ =( . r, fy \,[)' 

This is denoted symbolically hy (^ ^ ^ ■•• ^)(° iZ'" ,tW 

\A B c" M/ ^^ notice that U gives the result of per- 
forming first the rearrangement defined by S and then that 
defined by T. 

It is obvious that, when the law of combination is defined 
in this way, permutations obey the associative law and satisfy 
the conditions by which 'elements' were defined (II). The 

... /I 2 3 ... m\ , ,. , . 
permutation (^,03 W displacing any symbol is the 

identical element, and (i f 3 '^ ) ^^ *^® element inverse to S. 

Ex. 1. Every permutation (except identity) displaces at least 
two symbols. 

Ex. 2. Find the order of ("^ ^ ^ * ^V 
V3 5 4 1 2/ 

Ex.3. liS = (lll'^, T=(lllt)'^ro.eth.tT,ST,TS,S^ 
and S^T are of order 2. 

* ' Substitution ' is perhaps more frequently used than ' permutation '. 
"We sliall, however, always use ' permutation ' in this book, in order to avoid 
confusion with the operations defined in III 1. 
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Ex. 4. The numbers of ways in which m queens can be placed 
on a chessboard of m^ squares so that no two can take each other 
is the number of permutations S such that the distance between 
any pair of symbok in the upper line ^t the distance between the 
same pair in the lower line. 

, _ , ^ ,. , /I 2 3 ...m— 1 m\ . ,, , 

§ 2. A permutation such ^ ( o q 4. i J ^^ called 

a circular permutation and is denoted for the sake of brevity 
by (1 2 3 . . . 7>i.). Each symbol in ( 1 2 3 ... m) is replaced by the 
one that follows it. 

The order of a circular permutation is equal to its degree. 

Take, for example; the permutation (S = (1 2 3 4) 
_/1234n „, . _, «_ /I 234\ „_ /1234\ 

= (2341)^^ ^^^'^ *• ^^^° ^ = (3 4 1 2) "^ = (4 1 2 3) ' 

S* = ( o <» a) ~ ^ ' ^^*^ *^® reasoning is general. 

A circular pei'mutation of degree and order 2, such as (1 2), 
is called a transposition. 

Ex. 1. A circular permutation of degree 1 is identity. 

Ex. 2. (2 1) = (1 2). 

Ex. 3. (12 3 ... f») = (2 8 ... »» 1) = (8 ... ♦» 12)= ... . 

Ex.4, (to w — 1 ... 21) is inverse to (1 2 ... to-1 m). 

Ex. 5. Two circular permutations with no symbol in common 
are permutable. 

Ex. 6. (bc) = (ai)(ac)(ab). 

Ex. 7. (a b c) is the commutator of two transpositions. 

Ex. 8. Prove (i) (1 3 4) = (1 2 3) (2 I 4) (2 1 3), (ii) (2 4 5) = 
(2 1 4) (1 2 5) (1 2 4), (iii) (8 4 5) = (2 1 3) (2 4 5) (1 2 8). 

§ 3. Every permutation is the product of circular per- 
mutatioTis no two of which have a syrnbol in common. 

Consider, for example, the pei-mutation 

/I 2 3 45 6 7 89 10 11\ 
U 8342 11 10 16 7 9/' 
It replaces 1 by 5, 5 by 2, 2 by 8, 8 by 1. Take any symbol 
not already involved, such as 6 ; then S replaces 6 by 11, 
11 by 9, 9 by 6. Take another symbol not already involved, 
such as 7 ; then S replaces 7 by 10 and 10 by 7. Finally, 
S does not displace 3 and 4. Hence S is the product of 
(15 2 8), (6 11 9), (7 10), (3), and (4) ; or ^( h (1 5 2 8) (6 11 9) 
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(7 10) (3) (4). We call (15 2 8), (6 11 9), (7 10), (3), (4) 
the cycles of S. The degree of a cycle is the number of 
symbols it contains. Since (3) and (4) are each identity, 
we write -Sf = (l 5 2 8) (6 11 9) (7 10), unless we wish to 
call attention to the fact that S involved originally all the 
eleven symbols and was of degree 11.* Two permuta- 
tions containing the same number of cycles of the same 
degi-ees— such as (1 2 5 8) (6 4 9) (3 10) (7 11) and (19 7 3) 
(5 4 8) (2 6) (10 11)— are called similar. A permutation with 
the same number of symbols in each cycle — such as (1 4 3) 
(2 5 7) (9 6 8)— is called regular. 



Ex. 1. Resolve Q g 6 9 2 4 1 6 1 7)' 

/I 2 3 4 5 6 7 8 9 10 11 12 13 14 15\ 
\11 7 5 12 1 2 3 4 6 9 10 8 14 13 16/' 



and ( , , ■; ) into cycles. 
\e g fa aoc/ 



Ex. 2. The inverse of (ab ... g h) {ij ... qr) {s t ...to x) ... is 
{h g ... b a)(r q ...j i)(x w ... t s) — 

Ex. 8. (a 6) (c d) and (o c) (bd) are permutable. 

Ex. 4. {a be ... k) {al) = (ab c ... k I). 

Ex. 5. Find the product of (i) {ab ... I m n ... x) and (a w), 
(ii) {ab c ...)(x y e ... ) and (a x). 

Ex. 6. The number of cycles into which the permutation S of 
§ 1 is resolved is increased or diminished by 1 when two of the 
symbols a, /3, y, ... , fj. are interchanged, according as these 
symbols occur in the same or in different cycles of iS. 

Ex. 7. Prove (i) {ab ...Im n\ ... /3 a) = (a a) (6 ^) ... {I A) (w n) 
.{ab){fic)...{Kl){Km)={al3){by)...{k\){lH.).{aa){b^)...{l\){mfi); 
(ii) {ab...klm\K...fia) = {a a) {b /3) ... {IK) .{ab){^ c) ... {k I) (A m) 
= (o /3) (6 y) ... {k X) {I m) . {a a) {b /3) ... {I A). 

Ex. 8. Find the product of (i) {ab...ghijxye ... ) and {h g ... 
b a ij irj ^...); {ii) {a b ... g h ij k x y z ...) and (hg...baijk 

ivC-). 

Ex. 9. If 5 = (oiOj ••• Om)> (^) *>*^® cycle of S' is (oj a^+i a2t+i 
<*3(+i ••• )> where a^ and o„ are identical when x = y (mod. m) ; 
(ii) S' is circular, when t is prime to m ; (iii) iS' is a regular 
permutation containing t cycles of degree q, when m = qt; (iv) S' 
is a regular permutation containing d cycles, when d is the H.C.F. 
of m and t. 

* The reader should notice the distinction between the ' degree of S ' and 
the ' degree of a cycle of S '. 
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Ex. 10. Every regular permutation is a power of a circular 
permutation. 

Ex. 11. Express (13 6 12) (2 7 6 11) (4 8 10 9) as a power of 
a circular permutation. 

§ 4. The order of a permutation S is the L. C. M. of the 
degrees of its cycles. 

Let S = ABC ..., where A, B, C,.., are circular permu- 
tations no two of which have a symbol in common. Then 
A,B,G,... are evidently permutable elements. Hence we 
have ;S»= 4"B"(7"...; so that 8"=!, if and only if 
^» = ^ = C» = ...= 1. Therefore the order of S is the 
L. C. M. of the orders of A, B, C, .... But the order of 
a circular permutation = its degree, and hence the theorem 
follows. 

Ex. 1. The order of a regular permutation = the degree of each 
cycle. 

Ex. 2. Find the order of (HI', HI} 

/I 2 3 4 5 6 7 8 9 10 11\ , /a 6 c d e/\ 
V5 11 6 8 4 3 10 9 1 2 7/' \dfe acb)' 

Ex. 3. Every permutation can be expressed as the product of 
two permutations of order 2 in the same symbols. 

Ex. 4. The order of a permutation of degree m is a factor of tn ! 

§ 6, The transform of a permutation Sbya perm,utation T 
is found by performing the perrnutation T on the cycles of S. 

Suppose S = {abc ...) (klm ...) ..., 

and j,^^abc...klm y 

ThenT-^{abc...)T = rf^^-){abc...)Cl'-) 

/a^y...wo6c...N ,a^y...x 

\b cd...J\aPy.../ \pyb...J ('"''y-f- 

Similarly T-'^ {k I m ...)T = {k \ fi...), kc. 

Hence T-'ST = T"' (a b c)T . T-^ (k I m ...) T . ... 

= (a y3y...)(/c Am •••)•••• 

Ex. 1. Transform (1 3 6 4) (9 5 2) (7 8) by (1 5 8 7 2) (3 6), and 
/I 234567 8\ /I 234567 8\ 
V8 4 1 2 6 5 7 S/ ^ V4 7 3 8 6 2 6 1/" 
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Ex. 2. A permutation is similar to every transform. 

Ex. 3. A permutation can be transformed into any similar 
permutation on the same symbols by some permutation on these 
symbols. 

Ex. 4. If A, B are two similar permutations and B = AC, C is 
a commutator. 

Ex. 5. If two permutations have only one symbol in common, 
their commutator is of order 3. 

Ex. 6. If two permutations have just two symbols in common, 
their commutator is of order 2, 3, or 5. 

Ex. 7. The only permutations on m given symbols which are 
permutable with a circular permutation S on the m symbols are 
the powers of S. 

Ex. 8. Find all the permutations on the 10 symbols involved 
in S = (a & c d e) (1 2 3 4 5) which are permutable with S- 

Ex. 9. The permutation (1 2 ... w) (m+1 m+2 ... 2m) is 
permutable with (1 »n+l)(2 m + 2) ... [m 2m). 



§ 6. Any permutation can be expressed as the product of 
transpositioiis. 

Since any permutation is the product of circular permu- 
tations, it is sufficient to prove this theorem for a cii'cular 
permutation. 

Now we have at once (a 6 c... A;) (a Z) = (', "')•(, ) 
, , , ' \b c ...a/ \l a/ 

(ft l) n I \ 

I " J )= (a b ...kl). Hence by induction (a b c ...I) 

= (a b) (a c) ... (a I). 

Ex. 1. The number of ways in which a permutation can be 
expressed as a product of transpositions is unlimited. 
Ex. 2. Express 

/I 23456 7 89 10\ /abcdefghi\ 

U86924 10 5 17/ ^"^ Kcheb/agid) 
as products of transpositions. 

Ex. 3. Any permutation on 1, 2, ..., m can be expressed as the 
product of transpositions of the form (1 2), (1 3), ..., (1 m). 

Ex. 4. If the product of k transpositions is of degree m with 
s cycles (including cycles of degree 1), k >m—s. 

Ex. 5. A circular permutation of degree m can be expressed as 
the product of w — 1 transpositions, but of no smaller number. 

Ex. 6. m volumes of a book disarranged on a shelf in the order 
a, l3, y, ... , fi are brought into numerical order by repeated inter- 
changing of two volumes. Prove that m — s interchanges are 
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necessary, where s is the number of cycles (including cycles of 
degree 1) in 

1 2 3 ... m\ 



/I a 3 ... »»\ 
Va/3 y ... u) 



§ 7. In whatever way a given permutation is expressed as 
a product of transpositions, the number of the transpositions 
is always odd or always even. 

Consider the expression 

D = {a-b){a-c){a-d){a-e) ...{b-c) {b-d){b-e) 

... {c — d){c — e) ... {d — e)... 
which is the product of the diflFerences of all possible pairs of 
the symbols a,b, c, d, e, .... A transposition of two symbols 
changes!) into —D; and therefore a permutation expressed 
as a product of an odd number of transpositions changes 
D into —D, while a permutation expressed as the product of 
an even number of transpositions leaves D unaltered. 

Hence if a given permutation is expressed as a product 
of transpositions, the number of such transpositions is always 
odd or always even. The permutation is called an odd or 
even (' negative ' or ' positive ') permutation in the two cases 
respectively. 

Ex. 1. The product of r odd and s even permutations is odd or 
even according as r is odd or even. 

Ex. 2. A circular permutation is odd or even according as its 
order is even or odd. 

Ex. 3. A permutation of degree m containing s cycles (including 
cycles of degree 1) is odd or even as »»— s is odd or even. 

Ex. 4. A commutator is always even. 

Ex. 5. Every even permutation can be expressed as the product 
of circular permutations of order 3. 

Ex. 6. Every even permutation on 1, 2, 3, ..., wj can be ex- 
pressed as the product of circular permutations of the form (1 2 3), 
(12 4), (12 5) (12 m). 

Ex. 7. K a^j is the element in the i-th row and j-th column 

of a determinant, the coefficient of aia<*2P '^ay ■■■ i° t^® expansion 

of the determinant is +1 or —1 according as the permutation 

<1 2 3 ...\ . ,, 

13 even or odd. 



.1 2 3 ...X 



Ex. 8. A permutation is always permutable with some odd 
permutation on the same symbols xmless the degrees of its cycles 
are all odd and all distinct. 



CHAPTEE III 

SUBSTITUTIONS 

§ 1, Suppose we are given m independent quantities 
Xj, Xj, ...,«„ which we shall call the 'variables'. If we 
change them respectively into the tji independent quantities 
Xj'.x/, ...,x„', where x/ is a function /,• (Xi,Xjj, .,.,x„) of 
Xj, X2, ..., x^, the operation performed is called a substitution 
of degree m. This substitution is denoted by the notation 
^'< =/i(^.^2.---«^m). {i = 1,2, ...,m), or, if'no ambiguity 
is thereby introduced, by {fi,fi, ...,/«), or even by x'=/(x). 

Solving the equations x< =fi{x^,X2,...,x^ we obtain m 
equations of the form x^ = F^ (Xj'.x^', ..., x„'). We shall only 
consider the case of a ' birational ' substitution in which the 
functions fi, F^ are one- valued. The simplest and most 
important example of such a birational substitution is the 
' homogeneous linear ' substitution 

x/ = a^i Xi + a,-2 X2 + . . . + tti^x^. 

If -S = (/i,/2,...,/J and r=K,*i,.-,*J, tbe law of 
combination of substitutions is defined by ST = U, where 

^=i<Plifl>f2> •••./m)»"^2(/l./2. •••>/7»)>"-,"#>fn(/i>/2> •••>/«»))> 
which may be written x'= tf) [/(x)]. It should be noticed that 
ST is obtained by first changing x< into a;/=/j(Xi,X2,...,x„) 
and then changing x/ into i^,- (x/, Xg', ...,»„') ; or by elimi- 
nating x/, Xj', ...,x„' from the 27n, equations 

^i — A (''-1 , '^a, • • • , ^m)> ^i ^^ 'Pi Vh 1^2 > "•> ^m )> 

and then putting x/ for x/'. 

It is obvious that, when the law of combination of sub- 
stitutions is defined in this way, substitutions obey the 
associative law and satisfy the conditions by which ' elements ' 
were defined. The substitution (Xi,X2, ...,x„) is the identical 
element. The element inverse to (S is (Fi,Fo, ...,F„), since 
fii/iJ^, -./m) = Fi{x,',x,', ...,x„') = Xi. 

A permutation may be considered as that special type of 
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substitution in which x^, x^, . . . , x„' are the quantities 
aJxjiCj, ...,ic„ in some order or other. 

§ 2. Some authors define ST as the result of first sub- 
stituting /,(x, , OJj, ..., x^) for a,- and then substituting 
<^,(xi,a;2, ..., a!„) for x^•, -which is the same as substituting 

/i(*i><^2 </>m) fo"^ ^»- From this point of view ST is the 

substitution a;/=/[<^(x)], not ar/= <^ [/(x)] as in § 1. 
Though this is in some ways the more natural convention, 
we have adopted the definition of § 1 as being that used 
by the majority of writers, and as being more readily adapt- 
able to the geometrical applications. We pass from one 
definition to the other by interchanging ST and TS. 

Ex. 1. The coordinates (x, y) of any point in a plane are 
changed into cosfl a;-|-sin02/~'*j — sin0a;-|-cos9y — fc by rotating 
the rectangular Cartesian axes of reference through an angle Q 
and transferring the origin to the point (/}, fc). Hence the changing 
of the axes is equivalent to performing the substitution 
(cos0a;+sui0y— ft, — sin(Ja; + cos0^— fc). 

Ex. 2. The product of two birational substitutions is birational. 

Ex. 3. If S is x'=f{x), T is x'= (^(x), and Fis x'- y^(x), STY 
i^7f=^{<^[f(x)-\}. 

Ex. 4. Find the inverses of a;' = (ax +h) -r- {ex + d), 
{V6x—Sy, —Sx+hy), and {Zx + Zy+2z, x—y+s, 2x + ^y-\-z). 

Ex. 5. {ax-^hy, cx+dy)a.nA{Ax-\-By, Cx+i^) are permutable 
\ia-d:h:c = A-D:B:C. 

Ex. 6. Find the orders of 

x' = b -r a;, x' = a — x, x' = (x— 1)-=-^, 

x'=-v/^(x + l)-f-(x-l), x'=i(V'3+V^)x, (x-jr, x), 

(8x-13y, 5x-8y), (5x + 6«^, -4x-5y, 8x + Sy-z), 

{^x-Zy + ie, 2x-3y + 4:0, ~y + e). 

Ex. 7. Find the condition that x'= ax+b should be of finite 
order. 

Ex. 8. Find the M-th power of (ax, bx+ay, cx+ae), and show 
that it cannot be of finite order unless 6 = c = 0. 

Ex. 9. Find the «-th power of (ax, cx + dy), and find the 
conditions that its order should be finite. 

Ex. 10. If S = (3x4y-t-2^, x-y + e, 2x + Sy + s), 
T = {-ix+By + be, x—y-z, 5x-3y-Qz) find TS and PSTS\ 

X— 2 —1 x + 2 
Ex. 11. The product of x'= r > — > r is x = x— 3. 

'^ X — 1 X — X— 1 
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Ex. 12. (i) If cos (^ = (a + d) -r 2 ^/ad—bc, 

,, ,1 i. / ax + b . 

the M-th power or a; = — — ^ is 

,_ (aa;+il))sin(w+l) (^-(Ja:— &)sin(w - 1) «^ 

~ (ca; + d)sm(OT+l)<^ + (cx— a)sin(w— 1)</) 

when sin (f) ^0; 

and is a;'= ',: V/i — rTTTTi TT "^^®° sin <^ = 0. 

2nca; + [(l + OT)d+(l-«)oJ 

(ii) Find the condition that the substitution should be of finite 
order. 

Ex. 13. Express the w-th power of x' — (ax + b) -r- {cx+ d) as 
a continued fraction. 

Ex. 14. The w-th power of 

x'= -[ah{k-l) + {a-bk)x]-i-[{b-ak) + {k-l)x] 
is found by putting ft" for k. 

Ex. 15. If 5= {a^x+biy + Cig + d^w, a^x + b^y + c^e + d^w, 

OaX + ftj^ + Cj^f+dgW, ttiX + biy + c^z + diW) 
is of finite order, so is 

T= {a^x + b^y + CiZ, a.^x + b.^y + c.,e, OsX+bsy + c^e). 
Ex. 16. (i) If y,- = -{Xi-Xi+-,){Xi^^-Xi^.^) 

■^(^t-a^t+2)(^i+i-^i+3). (« = 1> 2, ..., m-S), 
find the substitutions effected on yj,y2, ..., J/m_3 by performing 
the permutations (xja-j) and (xjXj ... a;^) on Xj,a;2i •••> ^m- (") 
Show that the substitutions so obtained are birational. 

Ex. 17. The substitution x" ^ ax + by, y':=cx + dy is repre- 
sented geometrically by making {x, y) and {x", y') corresponding 
points on the conic acx^+bdy^ + 2bcxy = k and its polar reciprocal 
with respect to ex'' + by'^ = ft ; or on the conic 

{a{a-d) + c{b-c)}x^+{d{a-d) + b{b-c)]y^ + 2{ab-cd}xy = k 
and its polar reciprocal with respect to 

{a-d){x^+y^) + 2{b-c)xy = k. 
Ex. 18. The substitution 

x'= ax + hy+gz, y'=hx + by+fz, e' = gx+fy + cz 
is represented geometrically by making {x, y, z) and («', y', z') 
corresponding points on the conicoid 

ax'^ + by'^ + cz^ + 2fyz + 2gzx +2hxy=l 
and its polar reciprocal with respect to aj^+y^+^r^ = 1. 

§ 3. The transform of a substitution S by a substitution T 
is found by expressing S in terms of new variables defined 
by T. 
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Let S, T, T~^ be respectively the substitutions 
^i=fi (a^i, -r., .... arj, x{= </.,.(xi, x^, ... , xj, 

•r/=*i(-ri.a:2, ...,a;J, (i= 1, 2, ...,w). 
Consider new variables j//, y.;, . . . , yj, y^.y^, ...,y„ defined by 

yi = 4>ii^i,_^2''--->^'m')' 2/,- = <^<(-rr-r2,.",a;^). Then .Sis 
expressed in terms of these new variables by eliminating 
Xj', x/, . . . , ar^' , j-j , a-g , . . . , a-^ between the 3 m equations 

Vi = <l>i «' ^i, • • • . ^m'h ^i = fi (arj , cca , . . . , xJ, 

yi = <t>i{Xi-a:i,...,xJ, (i) 

and solving the resulting m equations for J//, 3/2', . . . , y^' in 
terms of i/j.j/j, ...,y^. Suppose we obtain thus 

yi = i'iiyi^y'i' •••.yj. 

Then a-/ = i^,- (x, . x^ , x„) is the substitution T'^ ST. 

For by § 1 T~^ ST is obtained by eliminating 
-*"! J .^o ) . ■ . ) Xj^ , a^j , Xj , . . , , a*^ 
between the 3 m equations 
2/.-'=<^,-(V.'^'2'. •••.a;„'), J,'=/i(xi,.r2, ...,xj, 

a-.. = 4)..(yj,2/2,...,yj (ii) 

and then replacing ?// by x/, y^ by a:,-. But equations (ii) are 
immediately deducible from equations (i). 

Ex. 1. If we put <^, (j/, X.,', ..., a-,„') for x/ and i^,- (a'l, a'2, ... , r„,') 
for X in the equations x,' = f({x^, Xj, ..., x„), and then solve for 
X,' in terms of Xj, Xo, ..., x^^, we obtain the substitution TST~^ 

Ex. 2. Find the transform of (i) x' = (ax + ^) -r (yx + b) by 
x= ax + b; (ii) (a)iXi + foX.+ ... +f„x„, w^x.;,, ..., <o„,xj by 

(iii) (cojXi, f^x^ + io^x.. ..., f„Xi + a)„x„) by 

(xi, — ^^— Xi + J-2, .•■,— ^=^ a-^ + .0; 

(iv) (y + 35, -a;+2i^ + e, -x+y + 4.e) by 

(x-«, x-y— ;f, -x+y + 2£-); 
(v) (8x-18y, 5x-8y) by (2x-y, -3x + 2y). 

§ 4. The most important type of substitution is the homo- 
geneous linear substitution. 

-4 = (anJi + a,2Xs+...+ai„a;„, a^,o:^+a^x^->r ,..-\-a^^x„. 

where the ' coefficients ' (a,y) and ' variables ' {x^ are any real 
or complex quantities. 
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The square matrix 
a„ 



^2 



-'mi "m2 

is denoted by \a\, if no ambiguity is introduced therebj'. 
When \a\ is considered as a determinant, it is called the 
' detei-minant of the substitution A '. Since A possesses an 
inverse A~^, \a\ ^ 0. 
If 



Ki^l + ^m2^2+-- 



"^"mm^ml' 



Cn-i iC-, T I 99 *Cn "t" • • . *t" t 9 



T" ^mm^m) 



we verify at once that 

AB = (CiiXi + 0-^^X2+ ... +Cj„a,„, Ljj^i-j T 122-^2 

where Cfj = b^^a^j + b^^a^j + ...+ bf^a^j . 

Employing the usual rule for the multiplication of deter- 
minants we at once prove that | a | . | 6 | = | c | ; i. e. the 
determinant of the product of two substitutions is equal to 
the product of their determinants. 

We may associate with each substitution such as A (or 
with the matrix | a | ) a con-esponding bilinear form 

a{x,y) = ^aijyiXj, {i,j = 1, 2, ...,m). 

The substitution A' derived from A by interchanging a,-- 
and aj{ (for all values of i and j) is called the transposed 
substitution of A. The substitution A derived from A by 
replacing a,-- by the conjugate complex quantity a,- is called 
the substitution conjugate to A. Similaiiy A' denotes the 
substitution conjugate to A'. 

The substitution A is called real if -4 = .A (i.e. a^ • is real 
for aU values of i and j), symmetric if A'=A (i.e. a,v = a-;), 
Hermitian if A' = A (i.e. a,-^- = aj^) and the bilinear form 
a (x, x) is a positive Hei-mitian form (§ 5), orthogonal if 
AA'= 1, unitary if AA'= 1. 

If the substitution A changing a;,- into 

< = aiiXi + ai2X2+...+ai^x„ 
is orthogonal, we prove at once by forming the product AA' 



that ai,-a,y + a^iO^j + . 



+ ^mi^mj 



= 1 i£ i = j, and =0 ii i:^j. 
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Therefore 

xC^ + x/2 + . , . + a;„'2 = (auaji + a^^cCj + . . . + a^^ x^)^ 

+ (a^iaji + a^^x^ + . . . + a2,„a!„)=' + . . . + (a^iOJi + a^^x^ 
+ . . . + a,„„x„)« = aji^ + a-^^ + . . . + 3?^, 
Conversely, if x/^ + x/^ + . . . + x^'^ B Xj^ + x^^ + . . . + x^^ for 
all values of Xj, x^, ..., x„, AA'=l 1 and hence J. is ortho- 
gonal. 

Similarly if A is unitary, 
Xj X, +X2 X2 + ... +x„, x^ ^ XjXj + X2X2+ ... +x^x^ ; 
and conversely, if this relation holds, J. is unitary.* 

Ex. 1. What are the conditions that AB = BA ? 

Ex. 2. The determinant of ^"^ is {|a|}-\ 

Ex. 3. The determinant of a substitution = the determinant of 
any transform. 

Ex. 4. The determinant of a substitution of order n is an M-th 
root of unity. 

Ex. 5. II C=EXM ... BST, Cij = 2<,-,s„»-,p ... my^l^k^j (t, (j, p, 
... ,v,n,\=l, 2, ..., m). 

Ex. 6. Matrices may be considered as elements defined by the 
law of combination |a{ . {&{ = |c{. 

Ex. 7. The determinants of A and A' are equal, and the deter- 
minants of A and A are conjugate complex quantities. 

Ex. 8. liAB=C; AB= C, B'A' = C, and B'A' = C'. 

Ex. 9. The transposed substitution of B-^AB is B'A'B'-^. 

Ex. 10. If A and B are (i) real, (ii) orthogonal, (iii) unitary, 
so is C. 

Ex. 11. (i) A real orthogonal substitution is unitary, (ii) a 
unitary orthogonal substitution is real, (iii) a real unitary 
substitution is orthogonal. 

Ex. 12. If A is (i) real, (ii) symmetric, (iii) Hermitian, (iv) ortho- 
gonal, (v) unitary, (vi) of order n, so are A~^, A', A, and A'. 

Ex. 13. The substitutions j4, .4' maybe defined as the operations 

. . ^ffl(a^i^) <>a(y, x) ,. , 

of changing x< into — ^-^ 1 — ^ — - respectively. 

Ex. 14. If A changes x^ into x/, 

(i) a(x, y) = 3^1 < + 3/2X2' -I- ... +ymX„'; (ii) c(x, y) = l{xf, y). 

Ex. 15. (i) AA' is symmetric, (ii) AA' and AA' are Hermitian. 

Ex. 16. (i) The determinant of an orthogonal substitution is 
+ 1, (ii) the determinant of a unitary substitution has unit 
modulus, (iii) the determinant of a Hermitian substitution is real 
and positive. 

* 5/ denotes o,-, ii + a,j ij -^ . . . + Oj« a:«. 
MiLToa r. o. C 
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Ex. 17. From the ■Jw(w + 1) relations 

Oiiaii + 02^02^+ ... +a„ia„j = 1 if i =;, = if i^j 
we can deduce the ^m{'m-\-l) relations 

Oti«ii + Oi2aj2+ - +«™«>»= 1 if i = J, =0 if i^j; 
and conversely. 

Ex. 18. Every orthogonal substitution of degree 2 can be put 
in the shape (cos 5 x—sin6i/, ± sin Ox ±cos0y). 

Ex. 19. An orthogonal substitution of order 2 is symmetric, 
and conversely. 

Ex. 20. If ii, Wi, Wi ; l^, m^, n^; I3, m^, n^ are the direction- 
cosines of three mutually perpendicular straight lines, 

{l-^x + m-^y + n^z, Zj^ + Wj^ + Wj^, l^x + m^y + n^s) 
is an orthogonal substitution. 

Ex. 21. (i) The transform of a real substitution by a real sub- 
stitution is real, (ii) The transform of a symmetric substitution 
by an orthogonal substitution is symmetric, (ui) The transform 
of a Hermitian substitution by a unitary substitution is Hermitian. 

Ex. 22. Find an orthogonal substitution of order 2 changing x-^ 
into OiaJj-l-ajiCj-t- ••• +a^x^, where Oi, a^, ..., a^ are any 
quantities such that 0^^ + 03^+ ... +a^^^l. 

Ex. 23. (i) If B-^AB-B and B is orthogonal, a{x, y) 
= d (f, TJ) where 

ii = hi^x^-irli^Xi+ ... +hi„x„, Vi = hiyi+h2yi+ - +hmym- 
(ii) If 5 is unitary a{x, y) = d(f, tj). 

§ 5. The bilineai' form 

a(x, x) = :2aijXiXj{i,j = 1, 2, ..,, m) 
is called Hermitian when a^- = a-^ (a^v is reaJ if i =j).* 
If we express a (x, x) in terms of other variables 

(homogeneouB linear functions of a;j, Xj x^), the new 

bilinear form is still Hermitian. For if 

a{x,x) = I.{ aij (e..iXi + ... + ii^XJ (tj.X^ +... + tj„XJ 

+ aji (■(j,Xi + ... + ij,„XJ {enX^+... + fi^XJ} 

= 2 { 2 (ttij ii,(jf X^Xt + dij f i, ijt X,Xt) ] , 
which is Hermitian. 

We shall show that by choosing Xj^ as a suitable linear 
function of a;^, 3;^+,, ..., a;„ we may bring a Hermitian form 
of non-zero determinant into the canonical shape 

«l-^l-^l + «2-^2-^2 + • • ■ + «m-^m-^m. 
* Aa in § 4 i(, d^j are complex qimntities conjugate to i^, a^. 



1115] 
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a^a, 



i"'i- 



•afc = 



o. 



«12 



"&1 "i2 



"2* 



«fcfc 



This is obvious if -m, = 1. Assume it true for every value 
of m less than the one considered. Then we shall prove the 
result true in general by induction. 

Choose ttu-^i = «ii^i + ^12^2 + • • • + <^im^m> 

so that fljj X^ = aii^i + ttjj^a + • • • + ^mi^m ■ 

Then 

aji . a {x, x) =a^^X^X-^ + 'S,{ayiaij-aiia^j)JiXj{i,j= 2, 3, .. ., m) 
= (by our assumption) a^■^X^X^ + h^X^X^ + h^X^X.^ 

+ ...+b^X^X^, 
where b^h^..,h^ 



'*ll'^22 — ^i.\ ^1l2 ''^11*23 — ''21 "^13 
'^ll '^32 ~ %1 *12 '''ll '^SZ — %1 *13 






'^ll"fc2"~<'^fcl<'^12 «'n«i3~"fcl"l3 



*11 











Oji <Ill0'22 — '*2l'''l2 '^ll''''23 ''^ai'^^lS 

-«31**13 



a-,, a. 



11 "•23 





• «u"2&~"»l"lfc 



'^li'^ik — "^fci^ifc 



= ai,*-''aia2...aj. (multiplying the 1st column by 0^ and 
adding to the <-th column). 

Hence 6^ = O'n^kf ^^*^ therefore 

a{x,x) = aiZiXi + a2X2Z2+... + a„X„X„. 

Since aiXyX^ + ...+a^X^X„^ is Hermitian, aj, a^, ..., a^ 
are real. _ 

Again, since XX^, XX^, ..., X„Z„ are real and positive, 
a [x, x) is real and is always > if ai, Oj, .... a^ are all > 0, 

c 2 



20 HERMITIAN FORMS [III 5 

whatever values (not all zero) are given to x^, x^, ..., x^^. 
In this case a {x, x) is called a positive or definite Hermitian 
form. If we write y^ for v^a.-Xf when a^ is positive 
{i = 1,2, ..., m), 

a (x, x) becomes y^y-^ + y^y^ + •■■+ymym- ^^^^^ is tlie canonical 
shape of a positive Hermitian form. 

In the above argument we have assumed that no one of the 
quantities ttj, ttj, ..., a„ vanishes. This is legitimate; for 
since the determinant of the form ^ 0, at least one of the 
(-ni — kyth minor determinants (with k rows and columns) 
of j a j does not vanish. We can therefore by a suitable 
arrangement of the m variables always ensure that a^ ^ 0. 

Ex. 1. A homogeneous function of the second degree in m 
variables with non-zero determinant can be expressed in the shape 

-Xi +X.2 + ■■• +Xm • 

Ex. 2. A real symmetric substitution A is Hermitian if the 
bilinear form a{x, x) can be expressed as the sum of m real 
squares. 

Ex. 3. In whatever way a (x, x) is reduced to canonical shape 
the number of positive coefficients in the canonical form is always 
the same. 

Ex. 4. The sum of any number of Hermitian forms is 
Hermitian ; and the sum of any number of positive Hermitian 
forms is positive. 

Ex. 5. If A (x, x) \s & form of zero determinant such that 
Ofj^^au, while all the (w— <— l)-th minors of the determinant 
vanish but not all the (w— <)-th minors, a{x, x) can be brought 
to the shape 0^X1X1 + a^X^X^+ ... +a„_fZ„_,X^_f.* 

Ex. 6. The bilinear form o (x, y) with non-zero determinant 
can be reduced to the form MiI>i-)-M2*2+ •■• '^'"'m'^'m 'where u^, 
Uo, ..., M„ are linear functions of Xi, X2, ..., x^ and Vi, v^, ..., v^ 
of y„ «/2, ...,y„. 

§ 6. Quantities Xj, X^, ... , X„ not all zero such that 
\Xi = a^X^ + ai^X^+.-.+tti^X^, (i = 1, 2, ..., m) (i) 

are said to define a pole (Xj , Xj, . . . , X^) of the substitution A 

of § 4. Two poles (Zj, X^, ... , XJ and (Z^, Z^, ..., Z^) are 

XX X 

not considered distinct if -^ = -=^ = . . . = -=^ • Eliminating 

* If a^, a,, ..., a..i are all positive, the form is called ' hypohermitian of 
rank t'. 
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0(X) = 



«ii-^ 



"12 



"•im 
"2m 



"»»m~^ 



= 0. 



This is called the characteristic equation of jl. 

By § 3 the characteristic equation of B~^AB is obtained by 
eliminating F^, x{ , a;,- from the 3 m equations 

X 7i = 6<i a:/ + 6i2< + . . . + h^^x^', 
Yi = 6,-1 Xi + 6,.2a;2 + . . . + 6,-„a;„ , 
a;/ = aiia:i + a.-^aj^ +... + «,„, a;„, (i = 1, 2, ..., m) (ii), 

where {Y^, Y^, ... , YJ is a pole of B'^AB. 

From (ii) we deduce a;/ = Aa!^ . Therefore the characteristic 
equation of B'^AB is obtained by eUminating x^, Z2, ..., x^ 
horn \Xi = a{jX.^ + ai2X2+ ••• +aim'>^m' ^^'^ is ^(A) = 0. 

Hence the characteristic equation of A is identical with the 
characteristic equation of any transform of A. Obviously 
XjjX^, ...,X^ are values of a!j,a;2, ...,a;^ satisfying equa- 
tions (ii). Therefore 

7i = 641X1 + 6^X2+. ..+6f„X„ (iii) 

Hence any pole ot B'^AB is obtained by applying the sub- 
stitution £ to a pole of A corresponding to the same root 
of the common characteristic equation. 



Ex. 1. The product of the roots of d{\) = is \a \, and their 
sum is 0„ + 022+ ••• +amm- 

Ex. 2. No root of 0(A) = is zero. 

Ex. 3. If a^j = when j < i, the roots of fl(A) = are 0,1, 

''^22> •■•) ^m»i- 

Ex. 4. If the equations (i) of § 6 are equivalent to only m — 2 
independent equations for a certain value of A, A has an infinite 
number of poles. 

Ex. 5. If A has more than m poles, it has an infinite number. 

Ex. 6. If (1, 0, 0, ... , 0) is a pole of A, aji = 831 = ... = o^, = 0. 

Ex. 7. Every substitution has at least one pole and can be 
transformed into a substitution with a given pole. 

Ex. 8. If J., .B have a common pole, so have T'^AT and 
T'^BT. 

Ex. 9. (i) A pole common to A and -B is a pole of AB. (ii) The 
corresponding root of the characteristic equation of 45 is the 
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[me 



{iroduct of the corresponding roots of the characteristic equations 
of A and B. 

Ex. 10. The poles of A corresponding to the roots Aj, \^, A3, ... 
of 6(A) = are poles of A^ corresponding to the roots Aj", Aj", 
A3", ... of the characteristic equation oi A^. 

Ex. 11. If J. is Hermitian, the coefficients in 0(A) are real. 

Ex. 12. Prove (i) a{X, y) = k{Xiy., + X^yi+ ... +X^yJ; (ii) 
c(X,y) = \.b{X,y), ii AB = C. 

Ex. 13. A and A' have the same characteristic equation. 

Ex. 14. If (Zi, Z2, ..., XJ, {Z„ Z^, ..., ZJ are poles of A., 
A' respectively corresponding to unequal roots A, ^ of their 
common characteristic equation, 

a{X, Z) = X1Z1 + X2Z2+ ... +Z^Z„ = 0. 

Ex. 15. If AB = 0, the characteristic equation of 4 is 

A0j2 Cj2 . . . AOj^ — Cj„ 



Abji-Cii 
Afcji— C21 



Ab22— c, 



A 60 



'-2 m 



A6„i— c™, A6„„ — c, 



mi 






= 0. 



Ex. 16. If .i. is orthogonal 

(i) e{k)= ±A"'.0(^), (ii) Xi2+X2^+ .. 



+xj = o 



unless the corresponding root of 0(A) = is + 1. 

Ex. 17. If .4. is unitary (or leaves unchanged a positive 
Hermitian form), the roots of (A) = have unit modulus. 

Ex. 18. If .4 is (i) real and symmetric, (ii) the product of two 
real symmetric substitutions C and D, the roots of 0(A) = are 
real, provided the bilinear form corresponding to C or D is the 
sum of m real squares. 

Ex. 19. If -i4 is (i) Hermitian, (ii) the product of two Hermitian 
substitutions C and D, the roots of 0(A) = are real and positive. 

Ex. 20. The characteristic equation of a hypohermitian sub- 
stitution of rank t (defined in the same way as when { a | :^ 0) 
has t zero roots and {m—t) real positive roots. 

Ex. 21. Show that the determinant of S= {X^x^, X^x^—X^x^, 



^fc-l^fc~-^fc*'fc-l; -^l^A~^fc^li ^i 



k+l-^k' 



if X^^O, 



Xk^h+l7 

S-^AS 



X^x^~X^x^) is (-X^)™; and that 
(1. 0, 0, ..., 0) as a pole. 

Ex. 22. Show that if T = {X^Xi + ti2X^+ ... +<i„3;„, 

^2^1 + ^22^2+ ••■ +hm^m' •••/ ^m^l + ^m2*2 + 
TAT-^ has (1, 0, 0, ..., 0) as a pole. 

Ex. 23. Show that if T= {XiXi + X2X^+ ... +X^x„ 



has 



"r ^mm'''m)' 



'21^l + '22^2+ ••• +'2»l^m) •••) 'ml^l + ^m2*'2 + 



+ 'mm^m 



is orthogonal, T ^AT has (1, 0, 0, ..., 0) as a pole ; and conversely 
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if T~^AT has (1, 0, 0, ..., 0) as the pole corresponding to the 
pole (Zj, X2, ..., ZJ of A and T is orthogonal, T changes Xj 
into a multiple of X^Xi + X2X^+ ... +X^x^. 

Ex. 24. A symmetric substitution can be transformed into 
a symmetric substitution with (1, 0, 0, ..., 0) as pole by an 
orthogonal substitution of order 2. 

Ex. 25. Find the roots of the characteristic equation and the 
poles of (i) (cosfla;-siney, sin 5 a; + cos fl 2^), 

(ii) {ix + {l—i\y, —iy\ where i= V^l, 
(iii) {ix + {\-i)y, (l + i)x-iy), 
(iv) («/ + 3«, -x+2y + 2, -x + y+4e), 
(v) {5x + 6y, -4:X-by, Sx + Sy-e), 
(vi) {20x-lby-24tz, -13a;+6y + 16z, 24a;-16y-29«). 

§ 7. The homogeneous linear substitution 

(ciiXi, a^x^, .... a^^'Tn) 

is called a multiplication ; the multiplication 

(aaJi.ax^ aa;^) 

whose coefficients are all equal is called a similarity-sub- 
stitution. 

The substitution {a^Xa, a^xg, ..., a^x^, where a, /9, ..., /x 
are the symbols 1, 2, ..., Tn. in some order or other, is called 
a monomial substitution. 



Ex. 1. (i) A permutation and a multiplication are special types 
of monomial substitution, (ii) A multiplication is symmetric 
and is Hermitian if its coefficients are real and positive. 

Ex. 2. The product of two multiplications, similarities, or 
monomial substitutions is respectively a multiplication, similarity, 
or monomiaL 

Ex. 3. Any two multiplications are permutable. 

Ex. 4. A similarity is permutable with every substitution ; 
and a substitution permutable with every substitution on the 
same variables is a similarity. 

Ex. 5. Every substitution on Xj, Xj, ■■■, x^ permutable with 
(OiXi, 02X2, ..., a^x^) is a multiplication if no two of the 
coefficients fli, Oj, ■•■, ^m *i'® equal ; and is of the form 

(611X1+ ... +bifca;4, ..., ?>mX,+ ... +hkk^k' ^A+i^fc+i. — . K'^m) 
if fli = 02= ... =aj and no two of a^, a^+i, Oj.+2, •••, a„ are 
equal. 

Ex. 6. The coefficients of a multiplication of order n are n-th 
roots of 1. 

Ex. 7. A multiplication of finite order is unitary. 
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Ex. 8. The product of the coefQcients of a monomial substitution 
of order n is an «-th root of 1. 

Ex. 9. A substitution with (1, 0, 0, ..., 0), (0, 1, 0, ..., 0), ..., 
(0, 0, 0, ..., 1) as poles is a multiplication ; and conversely. 

Ex. 10. If two coeflScients of a multiplication are equal, the 
substitution has an infinite number of poles. 

Ex. 11. The coefficients of a multiplication are the roots of its 
characteristic equation. 

Ex. 12. If Oj ^ Oj, O3, ..., a„, every substitution permutable 
with S={aiXi, 02^2, .--, fflm^m) ^^^ (^> 0, 0, ..., 0) as a pole. 

Ex. 13. If any substitution is multiplied by a similarity, its 
poles are unaltered and the roots of its characteristic equation are 
all multiplied by the same quantity. 

§ 8. -^ny homogeneous linear subatittdion of finite order n 
arid degree m can be transformed into a mvltiplication. 

The result is obviously true when m. = 1. We shall assume 
it true for every substitution of degi-ee 7n — l, and then prove 
it true by induction for a substitution of degree m. 

Let the substitution be the substitution ^ of § 4, and let 
(Xj, Xj, ... , X^) be any pole of A. It ia obviously possible to 
choose the m^ quantities b^j of § 6 in an infinite number of 
ways BO that their determinant \b\is ^0 and 

Fj = l, T,= 7, = ... = Y^ = 0. 

Then B-^AB has (1, 0, 0, ... , 0) as a pole.* 

Suppose B-'AB = (aiia;i + ai2a!2+ ... +aj„x„, ajja;, + a^jOij 

+ — + '^2m^m «maa + a„2a'2 + ...+a„,„a;J. 

Since (1, 0, 0, ..., 0) is a pole of B'^AB, we see at once that 

Because B~^AB is of finite order and changes x^,x^, ..., x 
into linear functions of Xj, Xg, ... , x^, we can by our assump- 
tion find linear functions Zi,z^,...,z^ oi x^, x^, ..., x^ such 
that B'^AB changes z^ into (o^z^, z^ into w^z^, ...,z^ into 
<^m^m- Expressing B-^AB in terms of Xi,Z2,z.^, ...,z^ it 
becomes 

{<^lX^ + f2Z^ + (iZj+...+€^Z^, u,^Z^,...,a>^zJ. 

The r-th power of B~^AB is at once proved by induction 
to be 

• See also 5 6, Ex. 21, 22, 23. 
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Now if coj = Wf, (o)/ — a)j'')-7-(coj— &),•) = ru>i'~^ ; and there- 
fore in this case (^ = 0, since B'^AB is of finite order. 
Express B~^AB in terms of the variables 

Zi =: X1 + C2Z2 + ... +C^2:^) Sj, 03, ..., Zf^ ; 
where Cj = f^ -;- (wj — «,•) if &)j ^ u>f and e,- = if tOj = «),• . 
Then we readily see that B'^AB takes the form 

Therefore A is transformed into a multiplication by BD, 
where D is the substitution Xi = Zi. 
Since the n-th power of B~^AB is 

A practical method of transforming any given substitution 
A into a multiplication is as follows. Find if possible 
fti poles 
IZ.' Z' Z '\ (Z" Z" Z "\ {.Z <™^ ^„(»n' Z ^^A 

of J.', corresponding respectively to the roots A,, Ajj •••> ^m 
(not necessarily all unequal) of the characteristic equation of 
A\ such that the determinant of the substitution 
T = (Z^'a^+Z^'x^ + .-. + Z^'x^, Z/'x, + Z,"x2 + ... + ZJ'x^, 

...,Z,i^)x, + Z2'-"'>X2 + ... + ZJ"^>xJ 
is not zero. Then if M = {\iXi, X^x^, ...,A^a;^), we verify 
at once by using the equations corresponding to (i) of § 6 
that AT = TM. Therefore T transforms A into a multipli- 
cation.* 

Ex. 1. Every substitution of degree m and finite order has at 
least m distinct poles. 

Ex. 2. If aU the roots of the characteristic equation of a substi- 
tution of finite order are equal, the substitution is a similarity. 

Ex. S. If (fliaJi, a2X2, ■■■, a^x^) is transformed into (e^Xi, e^x^, 
..., e^x^), (i) the a'a are the same as the e'a in some order or 
other; (ii) if no two of the a'a are equal, the transforming 
substitution is monomial. 

Ex. 4. A substitution of degree 2 with 2 distinct poles can be 
transformed into a multiplication. 

Ex. 5. If the commutator of two substitutions of degree 2 with 
a common pole is of finite order, they have both poles in common. 
Ex. 6. Transform 

(i) {8x-13y, 5x-8y), (ii) {ix+{l-i)y, -iy), 
(iii) (ix+(l-i)y, (l+i)x-iy), 
(iv) {y-i-Se, -x + 2y + e, -x+y + ie), 
(v) {5x + 6y, ~4x-5y, 8x + 8y-s), 
(vi) (a)ia;i, t2'>^i + lo^X^, ..., *m^l + "'m^m) 
into multiplications. 

* See alao Ex. 7. 
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Ex. 7. (i) If (X/, Z/, ..., X^% (Zi", X{, ..., XJ'), .... 
(Z/"*', Zj""', . . . , -X^m""*) are m poles of .4 such that the determinant of 
T=(Xi% + X/x^+ ... +Zi('»)x„, X^'xi + X/x^+ ... +Z2<'»)x„, 
..., X^'xi + X^''x2+ ... +Z„('")a;J is not zero, TAT'^ is a multi- 
plication, (ii) If A can be transformed into a multiplication, 
such poles always exist. 

Ex. 8. (i) If a substitution 

x' = a^x.^'b^y + c^e, '>/ = a^x + h^y-^-c^e, e' = 03^+ 63^ + 03^ 
is transformed by xf = X, j/ = Y, ^=Z into the multiplication 
{\x, fiy, vz), {x, y, e) and {x', •>/ , ^) are corresponding points on 
the conicoid AZ^ + /j.y^ + i'Z^ = 1 and its polar reciprocal with 
respect to Z2+ Z^ + Z^^ = 1. (ii) If the lines joining three poles 
of the substitution to the origin are mutually perpendicular and 
the same is true of the axes of reference, the substitution is 
symmetric, (iii) Conversely, if the axes of reference are rect- 
angular, non-coplanar lines joining the origin to three poles of 
a symmetric substitution are mutually perpendicular in general. 

Ex. 9. If any power of a substitution is a similarity, it can be 
transformed into a multiplication. 

Ex. 10. If no two roots of the characteristic equation of a 
substitution are equal, it can be transformed into a multiplication. 

Ex. 11. If ^ is a symmetric substitution whose characteristic 
equation has the roots Aj, A^, ..., A^, (i) A can be transformed 
into a multiplication by means of an orthogonal substitution ; 
(ii) a(x, y) can be put in the form Aifii}i + Ajfjija-h ... +A„f„7;„, 
where fj is a homogeneous linear function of Xj, x^, ..., x^ and tj, 
is the same function of y-^, y^, ... , y^. 

Ex. 12. Prove that every substitution can be transformed into 
the normal form (011X1 + 012X2+ ... +aim^m> 022^2+ — +«2m^m. 
— T «mm^mX '« which Oy = if i > > 

Ex. 13. (i) The product of two substitutions in normal form is 
in normal form, (ii) The inverse of a substitution in normal 
form is in normal form. 

Ex. 14. Transform into normal form 
(i) {-10x-9y, 16x+Uy), 
(ii) {20x-15y-24e, -13x + 6y+16«, 2ix-16y-29g). 

§ 9. By -writing x/ for Xi'-^xJ, a;< for x^^x^ in the 
homogeneous linear substitution A of degree m, (see § 4) we 
may derive the fractioiud linear substitution a of degree 
7ft— 1 defined by 

'^ "'ii^i + «i2«'2 + • • • 4- gf m-ia;n.-i + a^ 

ttml^l + aro2a^2 + — + amm-l^Cm-i + a„ 
Evidently a is not altered if we multiply each coefficient 
"y(^.J' = l. 2 m) 



Xi= —'^^ .. . .„.-. „.-x rm ,(^=:l^2,...,m-l). 
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by the same quantity. Therefore in dealing with fractional 
substitutions we may always suppose the determinant formed 
by the coefficients (in this case | a |) to be 1. 

Wecall (Xi.Xj, ...,Z„_i) a/wZeof a,if (Xj.Zj, ...,X„_i,l) 
is a pole of A. The poles 

(Xj, Xjj, ..., J„_i) and {Z^, Z^, ..., Z„_i) 
of a are considered distinct unless 

Xj = Z^, Xg = Zj, ..., X„_j = ^TO_i ; 
i. e. we are concerned with the actual magnitudes of 

Xj, -ij, ... , -<v^_j, 
not with their ratios only as in § 6. 

Ex. 1. The product of two fractional linear substitutions is a 
fractional linear substitution. 

Ex. 2. a is not altered if we replace A by AM, where M is 
any similarity. 

Ex. 3. Let a, b, c be the firactional substitutions derived from 
the homogeneous substitutions A, B, C. Then (i) if AB = C, 
ab = c ; (ii) if ab = c, AB = CM ; where Mia & similarity. 

Ex. 4. (i) If A is of finite order, so is a. (ii) If .4 is a multipli- 
cation, so is a. 

Ex. 5. A fractional linear substitution of finite order can be 
transformed into a multiplication. 

Ex. 6. If (Xi, X2, ..., X„_i) is a pole of a, 
Xi = (0^1X1 + 0^2X2+ ... +aim)-r(o„iXi + 0^2X2+ ... +a^). 

Ex. 7. Prove that the poles of b~^ab are obtained by applying 
b to the poles of a. 

Ex. 8. The substitution S = [x' = ^|:^). ^^ere ad-lc = 1 

and 2co8(^ = o + d, is called jjamfto^ic, elliptic, hyperbolic, or loxo- 
dromic according as tan<^ is zero, real (:^ 0), a pure imaginary, or 
complex. The poles of S are denoted by a and /3. Prove that : 

(i) a, ^ have the values 2-(o-d + 2 i sin <^), where »=-/-!. 

(ii) (a/-a) = (a;-a)-t-(ca; + d)(ca + d) = «*'"(*-a)-^(ca; + d). 
(iii) If a = i3, S is parabolic ; and conversely, 
(iv) If S is parabolic, it can be put in the form 

1 =-L+c. 

ar— a x—a 
(v) If jS is parabolic, it is a transform of of = x + c. 
(vi) If iS is non-parabolic, it can be put in the form 
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(vii) If S is non-parabolic, it is a transform of x' = e'^'x. 
(viii) If S is of order 2, it is hyperbolic, and a + d = 0. 
(ix) If S is of finite order ( > 2), it is elliptic. 
{%) If S is loxodromic, it is the product of an eUiptic and 
a hyperbolic substitution. 

(xi) (f> is not altered when we transform S by any substitution. 

(xii) The transform of Shy 8^ = (x' = ^~~) is 

— J = e2*i -i, where Oi = — r, Pi = . , , • 

(xiii) If S and Sj have a common pole and their commutator is 
of finite order, they have a second common pole. 

(xiv) The orders of re = , -—= — , and ^^ 

are 6, 4, and 12 respectively. 

§ 10. In §§ 4 to 9 the symbols used {x^^aij, &c.) denoted 
ordinary real or complex quantities. Much of the preceding 
is, however, applicable if the symbols denote any quantities 
with laws of addition, subtraction, multiplication, and division, 
these operations (additions, &c.) being subject to the laws of 
ordinary algebra. 

Let p be any prime, and let P (x) = x^+p^af'^ + ... +^^ be 
a rational integral function of x with positive integral 
coefficients less than p and not reducible mod p; i.e. not 
satisfying any equation of the fonn 

P(x) = P,ix}.P,{x)+p.P,(x), 
where Pj (x), P^ (x), and P^ (x) are integral functions with 
integral coefficients. 

Let F(x) be any integral function of x with integral 
coefficients. The remainder when F{x} is divided by P{x) 
is evidently of the form f{x)+p. <l)(x), where <t> (x) is an 
integral function of degree r— 1 with integral coefficients 
and f(x)=aQ + aiX + a.^a^+...+a^_^x''-'^ in which each 
coefficient is one of the integers 0, 1, 2, ..., p—1. We call 
f(x) the residue of F{x), mod p and P{x). There are p"" 
possible residues, for each of the r coefficients a^, a^, ..., a^_j 
may be chosen in p ways. 

All functions having the same residue are said to form 
a class. If F^, F^ are any two functions belonging to two 
given classes, the classes of Fj^ + F^, F^~ F^, F^F^ are evidently 
definitely and uniquely given, so that the classes obey laws 
of addition, subtraction, and multiplication. The classes C, 
and (7j corresponding to the cases ap = Oj = a^ = ... = a,_j = 
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and a^ = 1, Oj = ttj = ... = a,_i = 0, are called the zero and 
unit classes respectively. If G is any other class, evidently 
(7+C„ = C„+ C = a and OCj = CiC = C. 

To show that the classes obey a unique law of division 
(the divisor not being the zero class), we must prove that, 
C„ and C^ being any two classes, we can always find a single 
class C^ such that C„= C,C^{v ^ 0). Then G^= C^-^C^. 
It is sufficient to show that we can find a single class 0^"^ 
such that C„ . G^-^ = Cj ; for then C^ = G^-^G^. 

Let F{x) be a function of the class C„. Then, since G^ is 
not the zero class and P {x) is not reducible mod p, we can 
prove that functions F-^ {x), P^ (x) exist such that 

F^ {x) . F(x) - Pi (x) .P{x) = \ (mod p). 

The proof is an extension of the method used in showing that 
if e, / are two integers with no common factor, we can find 
integere e^, /i such that CjC— /i/= 1 (see Dickson's Linear 
Groups. Teubner, 1901, p. 8). Then Pi(a;) belongs to the 
class Op"^. 

We may represent the classes by the marks 

which obey laws of addition, subtraction, multiplication, and 
division, and form a Galois Field of order p^ denoted by 
GF[p^'\. We shall suppose u^(p) the mark of the class to 
which f{x) belongs. Then u^ is the zero mark such that 
Ug + UQ = UQ + Ug = Ug, and u^ is the unit mark such that 
u^Ug = UgUi = Ug. We may denote the mark wycp) by the 
integer /(^) when no ambiguity is introduced thereby. This 
notation is especially useful when r = \ and in the case of the 
zero and unit marks of any Field. 

The Galois Field contains p integral marks u^^u^yU^, . . . ,Up_i 
corresponding to the cases in which 

Oi = a2=...= ar_i = 0, and a^= 0, 1, 2, ...,^—1 
respectively. An important case is that in which r = 1. 
Then f(x) is one of the integers 0, 1, 2, ..., p — 1. The 
Galois Field consists solely of the zero and integral marks 
which are usually denoted in this case by 0, 1, 2, ..., p — 1, 
and are called ' integers reduced mod p '. All integers leaving 
the same remainder when divided by p form a class. 

Ex. L Find Mp_, + M„ Uf,-u^^e{p > \ > 0), and Mpr_i-M^. 

Ex. 2. If p' = 2^ P{x) is x^ + x+1. 

Ex. 3. If j>'- = 32, P{x) is x2+l, x2 + a;+2, or a;2 + 2ar + 2. 
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Ex. 4. Find addition and multiplication tables for all marks of 
the Field (i) when ^^ — 2^, (ii) when 

p'- = 32 and P(x) = ic2 + 2a; + 2.* 

Ex. 5. In Ex. 4 (ii) find the difference and quotient of M3 and 
U4, U2 and U5, Ug and U3. 

Ex. 6. The substitution x' ■= x->rh is of order j>, if 6 is any non- 
zero mark of a GF [^""J. 

Ex. 7. (i) The substitution (S) x' — ^^^ is of order 2, 3, 4, 

T (a+d)' 

6, ^ if '—5 ^=M„, Mj, Mi+Mi, Mi-f-t«i + Mi, Mi + Mi + «i + M 



od— 6c 



T 

respectively; where a, &, c, d are marks of a GF\jp''\ (ii) Find 
the general condition that S" = 1. 

Ex. 8. Every linear substitution whose coefficients are marks 
of a GF \p'\ is of finite order. 

Ex. 9. Find the orders of {y, x+y), (y, a:+ 1) in the GF[2']. 

x + 3 4 
Ex. 10. Find the orders of x' = — - , -, x+1 in the GF[b]. 

Ex. 11. If S, T, f7 denote ^ = P^, ^^, - in the 

3a;-f6 4a;+3 x 

GF[7], find the orders of S, T, U, TU, ST, STU. 

Ex. 12. If S, T, U denote x' = ^^, |^, i- in the 
GFill], find the orders of S, T, U, ST, SU, STU. 

Ex. 13. Find the orders of x' = x + 2, "^£±1 in the GF\p\ 

Ex. 14. Find the orders of x' = ^^^. ^^^ in the GF\_^^ 
when P (a;) = a;2 + 2a; + 2. 

Ex. 15. If u is a solution of an equation of degree kin b. GFfp*'] 
(L e. an equation of the A;-th degree in which the unknown quantity 
and the coefficients are marks of the Field) but of no equation of 
degree < k, the p'' marks a(, + Oitt+ ■•• +aj._,M*~^ are all 
distinct ; Oq, %, •.., aj._i being any marks of the Field. 

Ex. 16. Every mark of a GF^p^] is a solution of some equation 
of degree < r in the Field. 

Ex. 17. In Ex. 15 every power of u is of the form 

60 + 61M+ ... +6^:-l«''-^ 
where 6q, 61, ..., 6^_i are marks of the Field. 

* Unless r = 1 such tables depend, of course, on the irreducible function 
chosen as P(x). It may be shown that changing P{x) is merely equivalent 
to permuting the marks of the Field; i.e. there is only one essentially 
distinct GFlp']. 
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Ex. 18. If Uj, Uj, ■•• ) Mj are the roots of the equation 
J'(M) = M*= + aiM*-^+ ... +Oj._iM + afc = in a ffF[j)'"] 
and St denotes Mi' + M2'+ ... +%', prove that 

(i) F{u) (^~ + -^ + ... + -^—) = hu"-^ 

+ {*-l)aiM*-2+ ... +afc_i; 
(ii) S, + o,/S',_i + 025,_2+... +o,_,S, + ea, = 0, {e=l,2, ...,k) ; 
(iii) -S, + OiS,_i + 02S,_2+ ... +o^S,_fc = 0, {e = k+l, k+2, 
k + S, ...). 

§ 11. If u is any mark of a GF[p^'], the series u, u^, u^, ... 
contains at most p^—\ distinct marks, since the Field only 
contains p^ — \ marks excluding ( = «„). Hence for some 
value of s and t, u* = u' and «.*"' = 1 ( = u^). If u" is the 
first mark of the series which = 1, % is called the period of u. 
Let n' be a mark not included in the series S = {u,u'^, ..., u"), 
u" a mark not included in the series 

S or u'S = (u'u, u'u', .,., u'u"), 

v!" a mark not included in <S', u'S, u"S, and so on. Then we see 
at once that no two of the marks included in S, u'S, u"S, u"'S, . . . 
are identical. Hence : — 

The period of each mark of the GF{p^^ is a divisor 
ofp'-l. 

Just as we prove in ordinary algebra that an equation 
of the -n-th degree has not more than n roots, so we prove 
that there are not more than n marks u satisfying an 
equation CqU" + CiU"~^ + ... +c„ = whose coefficients are 
marks of the Galois Field. It follows that, if d is any divisor 
oi p^—1, there are d marks satisfying u*^ = 1. For there are 
p'—l marks satisfying uP'^-^ = I, and ttP'-^ = {u^— 1) . <f> {u), 
where 4> (i*) is oi degree {p'^—l)-i-d. But <^ (u) = is satisfied 
by at most (p^—l)-^d marks of the Field, and hence there 
are d marks satisfying u^—l = 0. 

A mark satisfying u'' = 1, but no equation u* = 1 (e<k) 
is called a. primitive root of u*^ = 1. 

If u'' = 1 and «. is a primitive root of u* = 1, a; is a factor 
of k. For if k = Ix + m {x>m>0), u"* = u*"'* = 1 ; and 
therefore m = 0. 

Let k = a^b^cf..., where a, 6, c, ... are primes. Then the 
numbers of primitive roots of u*^ = 1 is A; — (the number of 
roots of u'f"" = 1, u^^^ = 1, u'=-^"'= 1, .. .) + {the number of roots 
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of u*"^"*= 1, u*^^"''= 1, ...) — (the number of roots of 

u^^''^<'=l,...) + &c. = k- (- + r+ - + ...) 
' \a c / 

\ab ac / \aoc / 

='('-^)0-i)(i- ;)■••* 

A primitive root of uP'"^ = 1 is called a primitive root 
of the Field. If u is such a primitive root, the marks of 
the Field are Ug, u, v?, u^, ..., t(^'~^(= 1). 

Ex. 1. If o, 6, c are marks of a GF [p*"] and the periods of a 
and c are Tc and I respectively, the order of a^ = ox + 6 is A;, of 
{ax, bx + ay) iaplc, and of {ax, tx + ey) is the L. C. M. of k and I. 

Ex. 2. How many primitive roots of the ^^[3*] and GF17^] 
are there ? 

Ex. 3. Every primitive root of the GF[p'^'\ satisfies an equation 
of degree r but no equation of lower degree. 

Ex. 4. If u is a primitive root of the GF\_p''} and d is a factor 
of p''—!, mOp''"'^)-^'' is a primitive root of m"* = 1. 

Ex. 6. No integral mark is a primitive root of a GF\_p'^] unless 
r=l. 

Ex.6. In (i) the <?J'[ll],(ii) the GF[3^]y^hereP(x) = x^+2x + 2, 
find the primitive roots of the Field and the period of the mark 4. 

Ex. 7. (i) Every similarity-substitution on m given variables 
whose coefficients are marks of a given Field is a power of a given 
similarity, (ii) The order of a multiplication is the L. C. M. of 
the periods of the coefficients. 

Ex. 8. A mark of a GF[p^'] is called a square or a not-square 
according as it is or is not the square of some mark of the Field. 
Prove that (i) ii p = 2, every mark is a square ; (ii) if p > 2, the 
even powers of any primitive root u are squares and the odd 
powers are not-squares ; (iii) the product and quotient of two 
squares or of two not-squares are squares ; (iv) the product and 
quotient of a square and a not-square are not-squares. 

Ex. 9. If d is the H. C. F. of m and p^ — l, there are exactly 
{p'^—V) -;- d marks { ^ 0) of the GF'ip'^] which are jn-th powers 
of some mark of the Field. 

Ex. 10. By two 'conjugate complex quantities' a and a we 
mean two quantities a-^-^a^i, a^—a^i where a-^, a^ are marks of 
a given GF\^p'^\ {p > 2), and i is defined by P = a given 
primitive root m of the Field. Prove that (i) aa ^ unless 
a = a = ; (ii) ab ^ unless a or b = ; (iii) afi^ = a ; 
(iv) aP""-! = 1. 

* This number ia usually deuoted by (p (k). As the above proof shows, 
<l> (Ac) — the number of numbers < k and prime to k. 



CHAPTER IV 
GEOMETRICAL ELEMENTS 

§ 1. A GEOMETEiCAL movement is any displacement of 
a figure which does not alter the distance between any pair of 
points. For example, a reflexion in a plane, a rotation about 
a line, an inversion about a point 0,* &c., are ' movements '. 

Let a, h be any two planes meeting in a line I (perpendicular 
to the plane of Fig. 1), and suppose a is brought to coincide 
with 6 by a rotation about I through any angle \a. Then 
if any point P is brought to Q by reflexion in a, and Q is 
brought to R by reflexion in 6, evidently P is brought to R 
by a rotation through a about I. f Hence successive reflexions 
in two planes are in general equivalent to a rotation about the 
intersection of the planes. 

Li the particular case in which I is at infinity (Fig. 2) we 
see that successive reflexions in two parallel planes whose 
distance apart is ix move any point through a distance x in 
the direction perpendicular to the planes. Such a movement 
is called a translation. 

If A, B are two movements such that the effect of applying 
to any figure first A and then B is the same as that of 
applying first B and then A, A and B are called perTnutable 
movements. 

In §§ 1 to 6 we shall denote ' successive reflexions in the 
planes a, b, c, ... ' by (a) . (6) .(c) 

Ex. 1. Eeflexions in two given planes are only permutable if 
the planes are perpendicular. 

Ex. 2. The following pairs of movements are permutable : — 
(i) a rotation about a line I and a reflexion in a plane perpendicular 
to I; (ii) rotation about I and inversion about any point of I; 
(iii) rotation about I and a translation parallel to I; (iv) reflexion 

* A displacement Buch that the line joining the initial and final positions 
of each point of the figure passes through and is bisected at 0. 

f Attention must be paid to the sign of a. We consider a positive if it is 
described in the clockwise direction. 

BU.TOX r. a. D 
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in a plane and a translation parallel to the plane ; (y) any two 
translations. 

Ex. 3. A line I meets a plane P at right angles in 0. Any 
two of the three movements (i) reflexion in P, (ii) inversion 
about 0, (iii) rotation through 17 about I, are permutable ; and a 
combination of any two is equivalent to the third. 




Fig. 1. 

Ex. 4. An inversion is equivalent to successive reflexions in 
three mutually perpendicular planes. 

Ex. 6. Any number of successive translations is equivalent to 
a single translation. 
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Ex. 6. Translations can be represented by vectors drawn from 
a fixed point, and combine in accordance with the ' parallelogram 

Ex. 7. An inversion followed by a translation is equivalent to 
an inversion. 
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Fig. 2. 

Ex. 8. The only movement which leaves three non-collinear 
points P, Q, R fixed is a reflexion in the plane PQR. 

Ex. 9. The only movements which leave two points P, Q fixed 
are those obtained by combining successive reflexions in planes 
through PQ. 

§ 2. Let OA, OB be two intersecting lines.y^ u'ake OC such 
that the angle between the planes 0A£, OAG i&\a* and the 
angle between the planes OBG, OB A is \ /3. Let i y be 
the angle between the planes OCB, OCA. Then a rotation 

* i. e. when the second plane O^C is rotated about OA through an angle |n 
it comes into coincidence with the first plane OAB; and so in the other two 
cases. 

D 2 
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EULER'S CONSTRUCTION 



[IV 2 



through a about OA foUo-wed by a rotation through fi about 
OB = (OAC) . {OAB) . (OBA) . (OBC) = (OCA) . (0GB) = a rota- 
tion through y about OC. This composition of two rotations 
is called Eider's (or Rodriguea') construction. 

Ex. 1. A rotation through /3 about OB followed by a rotation 
through a about OA = a rotation through y about the reflexion of 
OC in the plane AOB. 

Ex. 2. The two rotations of § 2 are permutable only (i) if a, ^, 
or A OB is very small, (ii) if a = /3 = y = w. 




Fig. 3. 



Ex. 3. Successive reflexions in any even number of planes 
through a fixed point are equivalent to a rotation. 

Ex. 4. If a = wyS and a, /3 are small, find y and the position 
of 00. 

Ex. 5. Successive rotations through angles a, fi about parallel 
lines are equivalent to a rotation through a+^ about another 
parallel line. 

Ex. 6. Rotations through a about OA, /3 about OB, a about 
OA are equivalent to a rotation about a line in the plane A OB. 

Ex. 7. Successive rotations through equal and opposite angles 
about parallel lines are equivalent to a translation. 

Ex. 8. A rotation about I followed by a translation perpen- 
dicular to { (or vice versa) is equivalent to a rotation through an 
equal angle about a line parallel to I. The translation and 
rotation are never permutable unless one or other is infinitesimal 
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Ex. 9. Successive rotations about three radii of a sphere through 
twice the angles of the corresponding spherical triangle produce 
no displacement on any figure. 

Ex. 10. AOA', BOB', COC and aOa', bOh', cOc' are two sets 
of mutually perpendicular lines. OA, OB, OG are brought into 
the positions Oa, Ob, Oc ; Oa, Ob', Oc' ; Oa', Ob, Oc ; Oa', Ob', Oc 
by rotations about OB, OD^, OD^, OB^. Prove that (i) the planes 
B^OA, BOA are perpendicular ; (ii) the planes BOB^, BOG, B^OB-^ 
are concurrent ; (iii) the planes BOB^, B^OB^ are perpendicular. 

Ex. 11. (i) Translations, (ii) rotations about lines through 
a fixed point may be considered as elements. 

§ 3. Every odd number of successive refiexioTW is equivalent 
to three successive reflexions. 

If we prove this for five successive reflexions, we can at 
once extend it to the case of seven successive reflexions, then 
to nine, and so on. Take then five successive reflexions in the 
planes 1, 2, 3, 4, 5. Now by § 1 if the planes 4 and 5 meet 
in a line I, we can replace the movement (4) . (5) by (IV) . (V) ; 
where IV is any plane through I chosen arbitrarily, and V 
is a plane through I such that the angle between IV and V is 
the same as the angle between 4 and 5. Take IV as the plane 
through I passing through the intersection of 1, 2, 3. Then 
(1).(2). (3) .(IV) is equivalent by § 2 to two successive re- 
flexions, so that the theorem is proved. 

Ex. Every even number of successive reflexions is equivalent to 
four successive reflexions. 

§ 4. The movement (1).(2).(3) is reduced to its simplest 
form as follows. If 2 and 3 meet in a line I, (2) . (3) may be 
replaced as in § 3 by (2') . (Ill) ; where 2' is perpendicular 
to 1. Then (1).(2') may be replaced by (I). (II) where I is 
a plane perpendicular to the planes II and III. Now 
(II) . (Ill) = a rotation about the intersection A of II and III 
which is pei'pendicular to I. Hence (1) . (2) . (3j = a rotatory- 
reflexion, i.e. a reflexion in a plane followed by a rotation 
about a line perpendicular to that plane. The reflexion and 
rotation are obviously permutable. 

Since a reflexion in I has evidently the same efiiect as an 
inversion about the intersection of I and h followed by 
a rotation through -n about h, the movement is also equivalent 
to a rotatory-inversion, i. e. an inversion about a point 
followed by a rotation about a line through the point. The 
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inversion and rotation are obviously permutable. Evidently 
no two rotatory-inversions can be equivalent unless they are 
identical. Hence : — 

Every odd number of successive reflexions is equivalent to 
a unique rotatory-inversion. 

Reflexion, inversion, &c., are particular cases of rotatory- 
inversion. One case requires special mention ; that in which 
the line h is at infinity. The movement is then called a 
gliding-reflexion, and is equivalent to a reflexion in a plane 
followed by a translation parallel to that plane. 

Ex. 1. (i) An odd number of successive reflexions brings in 
general one and only one point to its original position, (ii) What 
are the exceptions ? 

Ex. 2. Show that a gliding-reflexion S is equivalent to a 
rotation through ir about a line I followed by inversion about 
a point not lying in I. 



§ 5. We shall now show how to reduce an even number 
of successive reflexions to its simplest form. By § 3 it is 
suflBcient to consider four successive reflexions in the planes 
1, 2, 8, 4. As in § 4 we can reduce the movement (1) . (2) . (3) 
to (I) . (II) . (Ill), where the planes II and III meet in the 
line h pei-pendicular to I. Then (II) . (Ill) can be replaced by 
(2). (3), where the planes 2, 3 pass through A and 3 is 
perpendicular to 4. Now the planes I and 2 are perpen- 
dicular, and so are the planes 3 and 4. Hence (1) . (2) . (3) . (4) 
= two successive rotations through it about two lines a, b ; 
where a is the intersection of I and 2, and b is the intersection 
of 3 and 4. 

Let k be the line meeting a, b at right angles. Let 
a and ^ be the planes through k, a and k, b. Let k^, k^ be 
the planes through a, b perpendicular to k. Then two succes- 
sive rotations through -n about a, b = (a) . (kj) . (/3) . (k^) 
= (a) . (/3) . (icj) . (/Cj), since reflexions in the two perpendicular 
planes k-^, ji are evidently permutable. But (a) . (/3) = a rota- 
tion about k, and (icj) . (k^) = a translation parallel to k. 

This combination of a rotation about k followed by a 
translation parallel to k is called a screw about k. The 
rotation and translation are obviously permutable. Two 
screws are evidently equivalent only if they coincide. 
Hence : — 
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Every even number of successive refieocions is equivalent 
to a unique screw. 

A rotation or translation is a particular case of a screw. 

§ 6. Every geometrical movement is equivalent to a screw 
or a rotatory-inversion. 

Let A, B be the initial positions of any two points of a 
figure, and let A', Bf be their final positions after the figure 
has been subjected to any movement leaving unaltered the 
distance between every pair of points. Let c be the plane 
bisecting A A' at right angles; and let B-^ be the reflexion 
of B in c, so that A'B^ = AB. Let d be the plane bisecting 
B'B^ at right angles. Since A'B^ = AB = A'B^ , d passes 
through A'. Hence (c) . {d) brings A to A' and B to B'. The 
movement is completed by successive reflexions in planes 
passiog through the line A'K; for evidently every movement 
keeping both A' and B' fixed is obtained by combining such 
reflexions. Hence the whole movement is equivalent to a 
number of successive reflexions ; which proves the theorem. 

If the movement is equivalent to a screw, the initial and 
final positions F, of the figure are congruent or ' super- 
posable '. The movement is called a movement of the firkt 
sort, and is equivalent to an even number of successive 
reflexions. 

K the movement is equivalent to a rotatory-inversion, 
F and G are enantiomorphous ; they are related in the same 
way as a right and left hand, or as an object and its reflexion 
in a mirror. The movement is called a movement of the 
second sort, and is equivalent to an odd number of successive 
reflexions. 

Ex. 1. AA\ BB", CC are diameters of a sphere. The spherical 
triangles ABC, A'B'ff have corresponding sides and angles equal 
and are enantiomorphous. 

Ex. 2. A movement is completely determined when we are 
given the initial and final positions of four non-coplanar points 
of any figure to which the movement is applied. 

Ex. 3. What movements leave a given point fixed ? 

§ 7. If »S and T are any two movements, and S brings 
a figure from the position F to the position G, while T 
brings it from G to H; the figure is brought from Fto H hy 
a unique screw or rotatory-reflexion U which may be con- 
sidered as the product of S and T {ST = U). 
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It is obvious that, when the law of combination of move- 
ments is defined in this way, elements obey the associative 
law and satisfy the conditions by which elements were 
defined. The identical element is the operation of leaving 
the figure unmoved. The element inverse to S is the unique 
screw or rotatory-inversion bringing the figure from the 
position G to F. 

Ex. 1. The product of r movements of the first sort and s move- 
ments of the second sort is of the first or second sort according 
as s is even or odd. 

Ex. 2. A rotation or rotatory-inversion of angle a is of finite 
order if and only if a -7- ir is commensurable. 

Ex. 3. A screw is not in general of finite order. 

Ex. 4. Find the order of a rotatory -inversion of angle 2it -^n 
{n integral). 




Fig. 4. 



§ 8. Any movement may be conveniently represented by 
a geometrical diagram. Thus Fig. 4 (i) represents a transla- 
tion parallel to the line AB through a distance AB. Again, 
Fig. 4 (ii) represents the rotatory-inversion consisting of an 
inversion about followed by a rotation about I thi-ough a ; 
where I is the line through perpendicular to the plane 
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of the diagram and a is the angle subtended at by the 
arrow there shown.* A rotation may be denoted by omitting 
the O, and a screw by combining the diagrams representing 
a translation and a rotation. 

Ex. 1. Another convenient representation is as follows : — 
Denote a screw by a pair of unlimited straight lines, and a 
rotatory-inversion by a pair of unlimited intersecting straight 
lines with a O at their point of intersection. 

Ex. 2. All equal straight lines drawn in the same direction 
represent the same translation. 

§ 9. The transform of a movement S by a movement T is 
found by performing the mjovement T on the geometrical 
representation of S. 

Let X be any geometrical representation of S. Let any 
point P' be brought to the position P by T~^, let P be 
brought to Q by (S, and let Q be brought to Q' by T. Let 
X be brought by T into the position \'. Then T brings P, Q, \ 
into the positions P', Q', X.' respectively. Hence the figure PQK 
is congruent or enantiomorphous to the figure P'Q'k' according 
as 2* is of the first or second sort. Now k is the representation 
of the movement 8 bringing P to Q: hence X' is the represen- 
tation of a similar t movement S bringing P' to v. But 
T-^ST brings P' to Q', and this is true for all positions of the 
point P'. Hence S' = T-^ST. 

Ex. 1. If iS is a right-handed screw, S' is a similar screw but 
right- or left-handed according as T is of the first or second sort. 

Ex. 2. The transform of a rotation is a rotation, and of a 
translation is a translation. 

Ex. 3. If S is any given screw, T any given translation, we 
can always find a translation t such that TS = St. 

Ex. 4. li T, t are given equal translations, we can always find 
a rotation 22 such that TR — EL 

Ex. 5. If S, s are two similar screws (both right- or both 
left-handed) about parallel lines I, V, we can always find trans- 
lations T, t such that ST = Ts, S = st. 

Ex. 6. If /S is any screw and R any rotation of the same angle 
about parallel lines 2 and I', we can find translations T, T' such 
that S = RT= T'R. 

* The rotatory-inversion may be called 'a rotatory-inversion through 
a about O and I'. 

+ For example, if 5 is a rotatory-inversion, S' is a rotatory-inversion 
through the same angle; if S is a screw, S' ia a, screw with the same 
translatiou and angle, &c. 
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Ex. 7. If I, i are any two similar rotatory-inversions about 
parallel lines, we can find translations T, T' such that I = iT =^ Ti. 

Ex. 8. If S is a screw and R a rotation of the same angle about 
a parallel line, while s is a second screw and r a rotation of the 
same angle about a parallel line, we can find translations T, T' 
such that Ss = Er.T=T' . Br. 

Ex. 9. Prove a result similar to that of Ex. 8 for the product 
of a screw and a rotatory -inversion or of two rotatory-inversions. 

Ex. 10. Prove the following practical construction for finding 
the resultant of screws of angles a, ^, ... about lines a, b, — 
' Find the position to which any convenient point 0' is brought 
by the successive screws. Find the resultant R of rotations 
through a, /3, ... about lines through parallel to o, b, .... Let 
M be the screw equivalent to a translation represented by O'O 
followed by the rotation iJ. Then M is the required resultant.' 

Ex. 11. Obtain a method similar to that of Ex. 10 for finding 
the resultant of any number of successive screws and rotatory- 
inversions. 

Ex. 12. The resultant of three screws of angle -n about three 
perpendicular non-intersecting sides of a rectangular parallele- 
pipedon whose translations are represented by twice the respective 
sides is identity. (The resultant of the three translations taken 
alone is represented by twice that diagonal of the parallelepipedon 
which meets none of the three sides.) 

Ex. 13. If a, b are two lines inclined at an angle 6 and at 
a distance z apart, the resultant of screws through ir about a and 
b whose translations are 2x and 2y is a screw through 2d of 
translation 2e about a line whose distances from a and b are 
cosec 6{y + x cos 6) and cosec 0{x + i/ cos 6). 

Ex. 14. ABCB is the face of a cube ; AOA', BOB', COC, 

DOD' are its diagonals. Find the resultant of a rotatory -inversion 

2Tr 
through -X- about A and AD, a screw of angle tt and translation 

o 

represented by AB about C'D', a screw of angle ■jr and translation 
2 C'A about a line through parallel to C'A, and a gliding- 
reflexion in the plane ABB'C of translation AD. 

§ 10. If a movement (other than identity) brings every 
point of a figure F into the position previously occupied 
either by itself or by some other point of F, F is said to 
possess symmetry. If F is thus brought to self-coincidence 
by reflexion in a plane s, s is called a symmetry-plane of F. 
If J" is brought to self-coincidence by a rotation about a line I 
through a positive angle a (but through no smaller angle), I is 
called an n-al rotation-axis of F, where -na = %ts. Similarly 
we can have an ' 7i-al symmetry-axis of rotatory-inversion ', 
a 'centre of symmetry', a 'screw-axis of symmetry', &c. 
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For example, a cube has its middle point as a centre of 
symmetry (i.e. it is its own inverse about 0), its diagonal 
as a 3-al rotation-axis, the plane through two opposite edges 
as a symmetry-plane, &c. 

Ex. 1. Find other symmetry-axes of a cube. 

Ex. 2. (i) If i is an «-al rotation-axis or symmetry-axis of 
rotatory-inversion, n is integral, (ii) Give a case in which w = oo . 

Ex. 3. No translation nor screw (unless it reduces to a rotation) 
can bring a finite figure to self-coincidence. 

§ 11. Many other geometrical operations besides ' move- 
ments ' satisfy the conditions to which elements are subject. 
As an example we may take successive inversions in any 
number of circles all of which are orthogonal to a fixed 
circle. 

If we project any figure on a sphere 2 from a point F of S 
on to the plane through the centre perpendicular to OF 
(stereographic projection), the projected figure is the inverse 
of the original with respect to a sphere of centre V and radius 
\/2. OV. Hence a circle projects into a circle, and angles are 
unaltered by projection. If c is any circle on 2, and P, Q 
are points on 2 inverse with respect to c (FQ passes through 
the pole of the plane of c with respect to 2), all circles on 2 
through P and Q are orthogonal to c. Hence, if c', P', Q' aie the 
projections of c, P, Q, all circles through P' and Q' are orthogonal 
to c', i. e. P' and Q' are inverse with respect to c'. In particular, 
if c is a great circle, P and Q are reflexions of each other 
in the plane of c ; while c' is orthogonal to the fixed circle 
which is the projection of the circle at infinity on 2. Hence 
from each theorem concerning successive reflexions in planes 
through a given point, may be deduced a theorem concerning 
successive inversions in circles orthogonal to a fixed circle. 

Ex. 1. Show that in any plane (i) a rotation about a point, 
(ii) a translation, (iii) a magnification with respect to a point 
are particular cases of two successive inversions. 

Ex. 2. The operation consisting of successive inversions in two 
given real circles is of finite order only if the circles cut at a real 
angle commensurable with tt. It is equivalent to successive 
inversions in any two circles cutting at the same angle in the 
same points. 

Ex. 3. Any even number of successive inversions in circles 
orthogonal to a fixed circle is equivalent to two successive 
inversions. 
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Ex. 4. If iS is an operation consisting of successive inversions 
in the circles jj, Jit j^, ■■■, and T is a similar operation changing 
these circles into the circles ij, i^, %, ..., T'^ST is the operation 
consisting of successive inversions in ij, i^, ^3, .... 

Ex. 5. Take rectangular Cartesian axes of reference in a plane. 
Let any geometrical operation displace a point from the position 
(x,y)io the position {x\ y'). Let z = x+iy, / = x' + iy' {i= V — 1). 
Find geometrical operations such that (i) s' = d—z, (ii) / = h-^z, 
b and d being reaL Deduce the fact that the product of these 
substitutions is finite only if <^ is commensurable with ir, where 
cos (^ = d -f- 2 -/b. 

Ex. 6. To successive inversions in any two circles corresponds 

a substitution of the form z' = , • 

cz + d 

Ex. 7. If to the substitution 5 = ( / = ; ) corresponds an 

\ cz + d/ 

inversion in a circle j followed by a reflexion in a line I, cos <f) x 
the radius of j =^ the perpendicular on I from the centre of j 
(see III 212). 

Ex. 8. If the equations of j and I are real, (i) S is not loxo- 
dromic, (ii) A is conjugate to D and B to C with respect to a 
rectangular hyperbola whose centre is the origin and whose 
asymptote bisects AD ; where A, B, C, D are the points repre- 
senting the complex quantities o, b, c, d. 

Ex. 9. When a, b, c, d are real, to S corresponds an inversion in 
<?x^ + (?y''- + 2cdx + {bc—ad-\-d^)=0 followed by a reflexion in 
2cx = a—d. 

§ 12. As another example we may take the case of col- 
lineation. 

If two figures are such that each point P of one figure 
corresponds to a single point F' of the other, while conversely 
the single point P' conesponds to P ; one figure is said to be 
derived Irom the other by a coUinear or projective transfor- 
mation. 

First take the case in which both figures are plane. If 
(x, y, z), [x, y', z') are the coordinates of P, P' referred to any 
two triangles of reference (one in each figure), we have 
evidently relations of the form 

x'= ZjX + mii/ + 7ii2, y'=l^x + 'm^y->t-'n,^z, z' = l^x + m^y + n^z. 

If we choose the triangles of reference ABC, A'B'C so that 
A and A', B and B', G and C aie corresponding points in the 
two figures, 2/= 2 = when y = z = 0, &c. Hence we have 
obviously iri-j = 11^= 71^ = 1^=1^ = m^ = 0. When we ai"e given 
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the coordinateB of another pair of corresponding points, we 
can find the ratios Zj : m^ : 1I3. Hence a collinear transforma- 
tion of one plane figure into another is completely determined 
by the correspondence between four points of one figure (no 
three of which lie on a straight line) and four points of the 
other. 

Plane projection evidently establishes a collinear transfor- 
mation of one plane into another, which is, moreover, the 
most general possible ; for we can always project four given 
points A, B, C, V into four other arbitrary points a, 6, c, v as 
follows. Let AV, 5 F meet BC, CA in D &nd E; and let 
av, bv meet 6c, ca in d and e. Take X on BC such that the 
cross-ratio of [BDCX) = hd-r-cd, and take Y on CA such that 
the cross-ratio of (CEAT) = ce —- ae. Then project XT to 
infinity, the angles BAG, CBA into angles equal to bac, cba, 
and the line AB into a line of length equal to ab. 

Similarly if the figures are three-dimensional, we can show 
by taking the vertices of the two tetrahedra of reference as 
corresponding points that the collinear transformation is 
completely determined by the correspondence between five 
points of one figure (no four being coplanar) and five points 
of the other. 

It is at once evident that to any number of coplanar points 
of one figure correspond coplanar points of the other. Simi- 
larly to collinear points of one figure correspond collinear 
points of the other. 

Let a = 0, /3 = be the equations of two planes in one 
figure and a'= 0, )3'= the equations of the corresponding 
planes in the other figure. Then to the planes 

a = A^^, a = X^/S, a = X3/3, a = X^^ 

in one figure correspond the planes 

a'= X,/3', a'= Xg/3', a'= Xg/S', a'= X^)3' 

in the other. Hence the cross-ratios of the con-esponding 
pencil^ of planes are identical, being both equal to 

(Xi-XiJ(X3-X,) -r (X,-X,)(X3-X2). 

It follows at once that the cross-ratios of corresponding pencils 
of lines or ranges of points are identical. 

The operation of making one figure correspond to another 
by a collinear transformation is called a collineation. A col- 
lineation evidently satisfies the conditions by which an element 
was defined, the identical element being the collineation 
which makes each point of space correspond to itself. 
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Ex. 1. Carry out the reasoning of § 12 using Cartesian instead 
of homogeneous coordinates. 

Ex. 2. A collinear transformation of one straight line into 
another is completely detennined when three pairs of correspond- 
ing points are given ; and the ranges formed by corresponding 
points are homographic. 

Ex. 3. If the coordinates of two corresponding points referred to 
the same tetrahedron of reference are connected by relations 
defining a substitution S, the coordinates referred to any other 
tetrahedron are connected by relations defining a transform of S. 

Ex. 4. A geometrical movement is a particular case of 
collineation. 

Ex. 5. A collinear transformation of (i) a line, (ii) a plane, 
(iii) a three-dimensional figure into itself transforms in general 
respectively 2, 3, 4 points into themselves. Mention any 
exceptions 

Ex. 6. Find the self-corresponding points in the collineation 
defined by (i) a rotation of a plane about a point 0, (ii) a screw 
about a line I, (iii) a rotatory- inversion about and I. 

Ex. 7. When both figures are referred to the same rectangular 
Cartesian axes of reference a homogeneous linear substitution 
defines a collineation leaving fixed the origin and the plane at 
infinity ; and an orthogonal substitution defines a rotation or 
rotatory-inversion. 

Ex. 8. A collineation leaving the circle at infinity fixed is 
equivalent to a magnification with respect to a point followed 
by a geometrical movement. 



§ 13. Suppose now that the two figures derived from each 
other by collinear transformations are referred to the same 
tetrahedron of reference. Then the coordinates 

(x\ y', z\ w'), {x, y, z, w) 

of correspondinij points P', P are connected by relations of 
the form 

x'= l^x + rn^y + 71^2 +p^w, y'= l^x + m^y + n^z+p^w, 

z'= l^x + m^y + n^z+p^w, w'= l^x + 7n^y+n^2r+p^w, 

These equations define a substitution S. If (S is of finite 
order, we can express it in terms of new variables X, Y, Z, W 
such that 

X'= a>jZ, F = a.i,F, Z'= a>sZ, W'= co^W. (Ill 8). 

Taking Z = 0, F = 0, Z = 0, F = as the faces of a new 
tetrahedron of reference, the corresponding points 

(x', y', s', «/), {x, y, z, w) 
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are connected by the relations 

x' =■ tOjX, y = ui^y, a/ = m^z, w'=:u>^z. 

If iS is of order 2, ajj* = w^* = ojg* = co^^ = 1, and therefore 
cuj, (Og, cog, co^ each = + !• 

If in this case oij = oj^ = <^3 = <"4) ^ is * similarity and 
the coUineation is the identical collineation making each 
point correspond to itself. If — lOj = ojj = cog = o)^, PP passes 
through the vertex (1, 0, 0, 0) of the tetrahedron of reference 
and is divided harmonically by that vertex and the opposite 
face a; = of the tetrahedron. If —a>^■=—w^ = u>^=w^, 
PP' intersects two opposite edges of the tetrahedron and is 
divided harmonically by them, as is at once proved. 

Hence we see that there are two kinds of collineation of 
oi-der 2 ; the ' perspective ' in which the line joining two 
corresponding points passes through a fixed point and is 
divided harmonically by it and a fixed plane, and the ' non- 
perspective ' in which the line joining two corresponding 
points intersects two fixed non-intersecting straight liiies and 
is divided harmonically by them. 

Just as we deduced from each theorem concerning successive 
reflexions in planes through a given point a theorem con- 
cerning successive inversions in circles orthogonal to a fixed 
circle, so we may deduce a theorem concerning perspective 
coUineations of a plane whose fixed point and line are pole 
and polar with respect to a fixed ciicle (and hence by pro- 
jection with respect to any fixed conic). For, using the 
notation of § 11, let c be a great circle of the sphere 2 and 
let the straight line c' be the (' gnomonic ') projection of c 
from the centre on to the tangent plane at V. Let the line 
through perpendicular to the plane of c meet this tangent 
plane at C , and let i", Q' be the projections of two points 
P, Q on 2 which are the reflexions of each otBter in the plane 
of c. Then if CV meets c' in N' (Fig. 5), C'JT is evidently 
perpendicular to c', and 

C'V. FiV'= OV^ since CON'= OVN'= \ ir. 
Hence C is the pole of c' with respect to a fixed circle whose 
centre is Fand radius V — OV^. Moreover, the lines OP, OQ 
are evidently coplanar with and equally inclined to OC. 
Hence if C'P'Q' meets c' in r, (CF', FQ') is harmonic since 
COF'= i TT. Therefore P', Q' are derived from each other 
by a perspective collineation whose fixed point is C and fixed 
line is c'. 
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Fig. 5 (i). 




Fig. 5 (ii). 
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In the above statement, for ' successive reflexions in planes 
through a given point ' we may substitute ' successive rota- 
tions through t: about lines thi-ough a given point '. For if Qj 
is the point diametrically opposite to Q on 2, Q' is the 
projection of Q^ as well as of Q, and P is brought to the 
position Qi by a rotation through ir about OC 

Ex. 1. If a straight line is transformed into itself by a 
collineation of order 2, correspondiag points are the pairs of an 
involution on the line. 

Ex. 2. If a plane is transformed into itself by a collineation 
of order 2, the line joining corresponding points passes through 
a fixed point and is divided harmonically by it and a fixed 
straight line. 

Ex. 3. A perspective collineation of order 2 transforms the 
fixed point and every point of the fixed plane into itself ; and 
a non-perspective collineation of order 2 transforms every point of 
the two fixed lines into itself. 

Ex. 4. A rotation through -ir about a line I is a particular case 
of a non-perspective collineation of order 2. 

Ex. 5. A reflexion in a plane and inversion about a point are 
particular cases of a perspective collineation of order 2. 

Ex. 6. If a collineation T makes a point P' correspond to a 
point P and a plane cr' to a plane o-, and S is the perspective 
collineation whose fixed point and plane are P and cr, T'^ST 
is the perspective collineation whose fixed point and plane are 
P' and </. 

Ex. 7. If T makes lines V, m' correspond to I, m and U is the 
non -perspective coUineation of order 2 whose fixed lines are I, m, 
ij^-i jjji jg |;]jg collineation whose fixed lines are I', m'. 

Ex. 8. If Y is an involutive collineation on a line I whose 
double points are P, Q and T is a collineation transforming I, 
P, Q into V, P', Q:, T'^VT is an involutive collineation on V 
whose double points are P', Q'. 

Ex. 9. If two coUinear transformations of order 2 on a 
straight line are permutable, their double points form a harmonic 
range. 

Ex. 10. If Oj, O2 are the fixed points of two permutable 
perspective collineations and o-j, a^ are their fixed planes, Oj lies 
on o-j and 0^ on o-j. The product of the two collineations is 
a non-perspective collineation of order 2 whose fixed lines are 
O1O2 and the intersection of (t-^ and a-^. 

Ex. 11. If Oi and <Tj, Oj and (t^ are the fixed points and planes of 
two perspective collineations Si, S^, the fixed points of S^S^ are 
every point on the intersection of o-j , a^ and the double points of 
the involution determined on 0^0^ by 0^, o-j and 0^, cr^. 

Ex. 12. Any odd number of successive (i) perspective collinea- 

BII.TOH w. u. £ 
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tions with the same fixed plane, (ii) perspective collineations 
with the same fixed point and with fixed planes passing through 
a given straight line, (iii) non-perspective collineations of order 2 
with one fixed line in common and the other fixed line passing 
through a given point, is equivalent to a Bingle such collinea- 
tion. 

Ex. 13. Any odd number of successive perspective collineations 
whose fixed points all lie in a given plane and which transform 
a fixed conicoid into itself is equivalent to three such successive 
collineations. 



CHAPTER V 
GROUPS 

§ 1. A set of elements is said to form a group, if (1) the 
product of any two (or the square of any one) of the elements 
is an element of the set; (2) the set contains the inverse 
of each element of the set. If the set satisfies condition (1) 
but not (2), it is called a semi-group. 

Any group G contains the identical element ; for if a is any 
element of G, so is a~^ and aa~^ = 1. 

If G contains n distinct elements, it is said to be of order n. 
The group is called finite or infinite according as n is finite 
or infinite. We shall assume a group finite unless the contrary 
is stated. 

A group or semi-group every two elements of which are 
permutable is called Ahelian or commutative. 

If G is any group and g is any element of finite order m, 
gr™ = 1 is in G. If g^ is the first of the elements g, g^, g^, ... 
which is contained in G*, r is called the order of g relaiive to G. 
The order r ot g relative to G' is a factor of the ' absolute ' 
order m. For ii (k+l)r>7n>kT {k being a positive integer) , 
gm-kr _ gm g-kr _ (gi'')-* is in G, and hence m = kr. 

Similarly we may prove that, if g^ is any positive power 
of g contained in 0, r is a factor of I. 

Ex. 1. Suppose we have 6 elements 1, a, i, c, d, e whose laws 
of combination are given by the ' multiplication table ' (see p. 52) 
in which the product of the element at the left of the i-th row and 
the element at the top of the j-th. column is given at the 
intei-section of the i-th row and the j-th column (e. g. be = d, 
cb ^ e). Then 1, a, b, c, d, e form a group. Such elements are, 
for example, the 6 permutations 1, (xys), (xzy), iyz), {xy), {zx) or 
the 6 substitutions 

, 1 x—1 1 X 

X = X, 5 , ) — ) :> X — X. 

1—X X X X—1 

Ex. 2. A group contains every positive and negative power of 
any element it contains. 

Ex. 3. Every element of a finite group is of finite order. 

£ 2 
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Ex. 4. If o, 6 are any two elements of a group G, we can always 
find elements g, hin G such that ag = b, ha = b. 

Ex. 5. The positive powers of any element form a group or 
semi-group according as the element is of finite or infinite order. 

Ex. 6. A finite number of elements satisfying condition (1) of 
§ 1 satisfy condition (2) and form a group. 

Ex. 7. Every semi-group contains elements of infinite order. 

Ex. 8. If the elements a, b, c, ... form a group, so do g'^ag, 
g-^bg,g-^cg 
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Multiplication table of group in Ex. 1. 

Ex. 9. Every group of even order contains an odd number of 
elements of order 2. 

Ex. 10. Every group contains an even number of elements of 
order r{r> 2). 

Ex. 11. A group whose elements are all of order 1 or 2 is 
Abelian. 

Ex. 12. (i) If <7i, gr^, gfg, ... are the elements of a group, so are 
9\9x^ 9%9x^ 939x, - an<l so are gyg^, gyg^, gyg^ (ii) The 

permutations C ^^ ^^ ^^ - ) and f ^' ^^ ^^ - ) 
^9i9x 929x 9i9x ■■■ ' ^9y9i 9y9i 9y93 —' 

are both regular and are permutable. 

Ex. 13. The positive integers form an Abelian semi-group the 
law of combination being (i) ordinary multiplication, (ii) ordinary 
addition. 
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Ex. 14. All positive real quantities form an infinite Abelian 
group or semi-group according as the law of combination is 
ordinary multiplication or ordinary addition. 

Ex. 15. All positive and negative integers form an infinite 
Abelian group when the law of combination is ordinary addition. 

Ex. 16. (i) The marks of the GFlp^l form an Abelian group 
of order p^, the law of combination being addition, (ii) The 
marks excluding zero form an Abelian group of order p^—1, the 
law of combination being multiplication. 

Ex. 17. All the permutations on the symbols x^, x^, ■■-, x„ 
which (i) leave a function /(a;j , X2, ... , a;^) unaltered, (ii) multiply 
f{x^, X2, ..., x„,) by some constant independent of Xi, X2, ..., x^ 
form a group. 

Ex. 18. Prove a similar result for substitutions on the variables 

^li ^21 • • • » •''m • 

Ex. 19. The movements bringing any geometrical figure to 
self-coincidence form a group. 

Ex. 20. All possible homogeneous linear substitutions of non- 
zero determinant on m given variables with coefficients in a 
GF[p'^] form a group. 

Ex. 21. The following elements form a group : 

(i) The permutations 1, (xyzw), {x0){yio), {xwzy), {x£), {xw){yz), 

(yw), {xy){we). 

(ii) The permutations 1, (xyzieu), (xzuyw), {xwyuz), {xuwzy), 

{uy)(zw), {xu){yw), {xw){yz), {xz){uw), {xy){zu). 

2rir 

(iii) Botations through about the origin and reflexions 

w 

in the lines « = tan — . a; (r = 1, 2, ...,«). 

(iv) Eotations through 0, -^ » -g- about the diagonals of a 

cube and rotations through ir about lines through its centre 
perpendicular to its faces. 

(v) The substitutions 
x' = lo^x, a^ = 60* -T- X (A = 1, 2, ... , m), where co™ = 1. 

(vi) The 12 substitutions 

1 , -x+l . -a; — 1 ar-fi , x—i , 

(vii) The 24 substitutions 

x' = i*ar, - . i*^^ i^ ^ (ft = 0, 1, 2, 3). 
X x+l x+t 

(viii) The substitutions 

/ 2rii . 2rx . 2rTt 2rw \ , -, n \ 

feos x-sm y, sin— x-fcos— •yj,{r=l, 2, ..., w). 
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(ix) The 8 substitutions {±x, ±y), {±y, ±x). 
(x) The 8 substitutions {±a;, ±y, ±g). 
(xi) The substitutions 
,_ 3a; + 4 4a: + 2 6a; + 4 6 3a;+3 5a: + 4 3x + 6 
^ ~^' 4a;+l' 2^+3' ix + l' x' Qx+4:' ix + 2' 3x + 4: 
with coefficients in the GF[7]. 

(xii) The substitutions 3/ = x, 4ar, 2a", 8a;, -, -, -, - with 

^ ' ' X X X X 

coefficients in the GF[3^] where P{x) = x'^+2x + 2. 
Ex. 22. Which groups of Ex. 21 are Abelian? 
Ex. 23. Find the order of {xzyw) relative to the group (i) of 

Ex. 21, the order of a rotatory-inversion through - about the 

b 

centre and diagonal of the cube relative to (iv), the order of 

x'=^{'i/B + i)x relative to (vi), the order of { — y, —z, —x) 

relative to (x). 

Ex. 24. Construct multiplication tables for the groups (i), (iv), 

(x) of Ex. 21. 

§2. The set formed by all the elements ai,a2,...,o^ is 
usually denoted by a^ + aj + . . . + a, . If J. denotes this set, so 
that A = a^ + a2+ ... +a^, and b is any element ; then the set 

a-^b + a2b + ...+a^b 
is denoted by A b, and the set 

ba^ + ba^ + . . . + ba^ 
by bA. If B denotes the set 61 + 62 + ... + bg, AB denotes the 
set of rs elements ajb: (i = 1, 2, ...,r ; ^' = 1, 2, ..., s), and 
BA denotes the set of rs elements b; a^. 

If a, b,c, ... are any elements, {a, b, c, ...] denotes the 
group or semi-group composed of all distinct elements obtained 
by combining in every possible way all products and powers 
oi a, b, c, .... 

More generally, if ^, B,... denote sets of elements, and 
g,h,... denote elements, {A, B, ..., g, h, ...} denotes the 
group or semi-group composed of all distinct elements obtained 
by combining in every possible way all products and powers 
of gr, A, ... and every element o{ A, B, .... 

Ex. 1. Let a, b, c be elements of orders 4, 2, 2 respectively such 
that ab = ba^, ac = ca, be = cb. Combining all possible powers 
of 6 and c we get only the 4 elements 1, b, c, be ; for example, 
j,6g7j,5g4^2 _ g5_ Hence {b, c} is a group H of order 4. 

Again, combining all possible powers of a, b, c we get only the 
16 elements 1, a, a^, a^, b, ba, ba% ba^, e, ca, ca^, ca\ cb, cba, cba^, cba^ ; 
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for example, a^c'b^dbc^b^ = a^ba = ha^. Hence {a, 6, c} is a 
group Cr of order 16 identical with {H, a} . 

Ex. 2. If a is of order n, \a\ contains n elements. 

Ex. 3. {a, b, c, ...} is identical with {{a}, {&}, {c}, ... }, {{a, b}, 
c, ...}, {{a, c}, b, ...}, .... 

Ex. 4. If a° = 6' = 1 and ab = 6a, {a, b] contains 15 elements. 

Ex. 5. If ab = ba*, every element of {o, b) is of the form bVa^. 

Ex. 6. If in§2r isfiniteand.4^ = ji + .ii+ J.+ ...,^ isa group. 

Ex. 7. If J. and .B are groups and 

{ABf = AB + AB+AB+..., 

AB is a group and is identical with BA. 

Ex. 8. If A and B are groups and jlJS = BA, AB is a group. 

Ex. 9. If Gf is an AbeUan group of order n and g is any element 
of order m permutable with every element of G, {G, g] is an 
Abelian group whose order divides nm. 

Ex. 10. If p divides the order of an Abelian group G, G 
contains at least one element whose order is a multiple oip. 

§ 3. The elements g^, g2> 93> ■•• are called independent if 
no one of them can be expressed as a product of any number 
of the rest ; i.e. if gr^ is not contained in 

{9i,g2> ■'■,9i-i^9{+u •••} 
for any value of i. In this case gi,g<i,gz, ... are called inde- 
pendent generating elements or generators of {fi'i.gra'fl's' •••}• 
A group is said to be given abstractly when we know the 
number of elements it contains and the way in which any two 
combine. These data are evidently completely given when 
we know a set of generating elements and the equations 
connecting them ; so that a group is given absti-actly by 
a set of generating elements and certain independent (and 
mutually consistent) relations which they satisfy. It is in 
this way that a group is usually defined. Thus, for example, 
' the group a* ■=h'^ = c^ = {oibY = \,ac = ca, he = cb' means 
'the group {a,h,c} generated by the elements a, b, c of orders 
4, 2, 2 respectively which ai'e connected by the relations 
^aby = 1, ac = ca, be = cb '. 

Two groups G, G' with the same number of elements com- 
bining according to the same laws are considered as being 
one and the same abstract group in the pure group-theory, 
as opposed to its applications. We may denote this by the 
notation G = G' ; while G = G' would imply that G and G' 
contained the same elements and were absolutely identical. 

Two groups containing the same number of elements of 
order 2, the same number of order 3, the same number 
of order 4,.,. are called conformal. 
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Ex. 1. Show that the group of V Ij is generated by o, c where 
a^ =:^c'^ = {acY = 1, or by c, d where (? =. d'^ ■= {cdY = !• 

Ex. 2. Find generating elements of the groups (i), (iv), (v), (viii), 
(x)ofVl2i. 

Ex. 3. Construct a multiplication table for the group 
a^ = &2 _ 1^ a}) = j,(j, and for a* = 1, &2 _ j,a^ ^^ _ IqZ^ 

Ex. 4. The groups a" = 6^ = (aVf = l and 0^ = 1^ = {obY - 1 
are abstractly identical and are of order 2m. 

Ex. 5. The groups a^ = 1^ = {aVf - 1 and o^ = V =(dbf = 1 
are abstractly identical. 

Ex. 6. rind the group generated by the permutable permuta- 
tions (1234)(5678) and (1638)(5274). 

Ex. 7. Show that (i) reflexions in two planes, (ii) rotations 
through TT about intersecting lines, (iii) inversions in two circles, 
inclined at an angle -n-r-n generate a group of order 2«. 

Ex. 8. Use Ex. 7 (i) to show that exactly 8 angles are found by 
taking the supplement and complement of a given angle, the 
supplement and complement of the angles so obtained, and so 
on ; angles being considered identical when they differ by a 
multiple of 27r. 

Ex. 9. Any element permutable with a, b, c, ... is permutable 
with every element of {a, i, c, ... }. 

Ex. 10. If each pair of generators of a group G is permutable, 
G is Abelian. 

Ex. 11. Prove that the following sets of elements form groups 
of order 4 which are identical when considered as abstract 
groups : — 

(i) The permutations 1, {xy){ew), {xz){yto), {xw){ys). 

(ii) Rotations through and ir about three perpendicular inter- 
secting lines. 

(iii) Reflexions in two perpendicular planes and rotations 
through and ir about their intersection. 

(iv) Rotations through and it about a line, reflexion in a 
perpendicular plane, and inversion about their intersection. 

(v) The substitutions x' = +x, + -• 
^ ' ~ ~ X 

(vi) The substitutions ( + «, ±y). 

I s mu V i-i. i.- ' ^ ax — ^y fiyx—aP , 

(vu) The substitutions x = -> , , where a, 

^ ' X yx—a ax—py 

P, y are marks of any GF[p^]. 

Ex. 12. Prove that the following sets of elements form groups 

of order 6 which are identical when considered as abstract 

groups : 

(i) The permutations 1, {xye), {xey), {yz), (ex), {xy). 

(ii) Rotations through 0, -^, —^ about the origin and re- 
flexions in the lines y = 0, y= + •/%%, y = — -/Zx. 
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m^ mx—m^ mP- mx 



(iii) The substitutions x' = x, 

m—x X ' x' x—m' 

m—x. 

(iv) The fractional substitutions (x, 2/), (^, iV (^, -\ {jf^x), 

\y yr \x x)' 

(v) The substitutions in the ^^[2] (x, y), {x+y, x), {y, x+y), 
(jf, x), (x+y, y), (x,x+y). 

(vi) The substitutions in the GF[3] x' = x, x+1, x + 2, 2x 
2a; + l, 2a; + 2. 

(vii) The substitutions in the GF[7] x' = x, g-^> 6x + 6 ^ 

ix+1 4:X + 3 6a; + 3 
ix + 3' 6a; + 3' ix+l' 

(viii) The substitutions in the GFril] a;' = x, I^^, ^£±1, 

ox+o 3x+i 
_4^ x + 5 x + 9 

8x' 4^+10' x+io' 

(ix) The substitutions in the GJ'[32] where P{x)=x'^ + 2x + 2 
,_ 4 2x4-4 2 8x 8x + 2 

4x+l 4a; a; 2x + 4 4 

Ex. 13. Show that the groups (i), (ix), (xi) of VI21 are abstractly 
identical and so are (iv) and (vi). 

Ex. 14. The groups a** = 6* = 1, db = 6a« and o^s = Z,s _ j^ 
ab = ba are conformal. 

Ex. 15. The groups o' = 6^ = c^ = 1, ab = ba*, ac = ca', 
be = cb and a^ = b^ =<^ = 1, ab = ba, ac = ca, be = cb are 
conformal. 

§ 4. It may happen that certain elements of a group G 
taken by themselves form a group H. In this case H is 
called a subgroup of G, and is said to be ' contained in G'. 

The simplest possible group is that which contains only 
the identical element. It is called the identical group, and 
is denoted by 1 if no confusion is caused thereby. In a sense 
any group G contains as subgroups both the identical group 
and G itself; but for the sake of conciseness in enunciating 
and proving theorems it is sometimes convenient to consider 
one or both of these as not included among the subgroups 
of G. It win always be clear from the context whether they 
are included or not. 

The order r of any subgroup H of a group G of finite order 
n is a factor of n. 
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Let 1, ^j, ^21 •••) ^r-i be the elements of H. Let g^ be any 
element of G not in H. Then the elements 

are all distinct from each other and from 1, h-^, h^, ..., h^_i. 
For A,grj = h^g-^ would involve A^ = hj ; and A^gfj = Aj would 
involve g-^ = hf'^h; which is in if. 

Let g^ be an element of G not included in if or Hg^. Then 
the elements g^, h-^^g^, ^^g^, •••> K-i92 ™*y ^^ proved as 
before to be distinct from each other and the elements of 
H and iTgrj. 

Proceeding in this way we may show that each element 
of G is included once and only once in a finite number of 
sets H,Ug-j^,Hg^, ... ; which proves the theorem. The integer 
j = n-^r IS, called the index of H in G. 

The sets H, Hg^, Hg^, ..., Sgj_-^ may be called partitions 
of G with respect to H. The decomposition of G into these 
partitions may be expressed by the identity 

G = H+Hgi + Hg^ + ... + Egj_.^, 
where none of the g'a is in if ; or, if we prefer it, by 
G = Hg, + Hg^ + ... + Hgj, 

where one and only one of the g's is in H. The decomposition 
is unaffected by substituting hg^ for g^, where A is any 
element of H. 

Similarly we may show that we have the identity 
G = H + y,H + y,H+...+yj_,H, 
or G=y^H+YiH+...+yjE. 

Ex. 1. In the group G = {a, 6, c} of V2i where 

a* = 6^ = c^ = {ahy = 1, ac = ca, be = cb, 
the sets of elements 

H=l + b + c+cb, E=l + a + a^+a^, i= l+a^ + c + co^, 
M = l + a^ + b + ba\ N= l + a + a'^ + a^+b + ba + ba^ + ba^ 
0=l + a^ + b + ba'^ + c + ca^+cb + cba^, &c. form subgroups. 
We have 

G = H+Ha + na^ + Ha^ G = K+Kb + Kc+Kcb, 
G = L+La + Lb + n>a, G = M+Ma + Mc+Mca, 
G = N+Nc, G=0 + Oa, &c. 
Ex. 2. Any set of elements of a finite group G which satisfy 
condition (1) of § 1 also satisfy condition (2) and form a subgroup. 
Ex. 3. The powers of any element of a finite group form a 
subgroup. 
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Ex. 4. The order of every element in a group of order n is 
a factor of n. 

Ex. 5. The only groups not containing a subgroup are those 
whose order is a prime. 

Ex. 6. If G = Hg, + ng^ + Hgs+ ..., 

G=gr^H+gi-^H+g^-^H+ .... 

Ex. 7. It is not always possible to divide a given group G into 
partitions Hg^, Hg^, Hg^, ... with respect to a given subgroup H 
in such a way that g\, 92, g^, ... form a subgroup of G. 

Ex. 8. The p-ih. power of any element of a group is contained 
in every subgroup of index p. 

Ex. 9. If H and K are groups of orders \ and )x, the order n of 
{H, K\ is not necessarUy finite. If n is finite, n is a multiple 
of the L. C. M. of X and fi. 

Ex. 10. If H, K are subgroups of a group G, (i) {H, E} is 
a subgroup of G ; {ii) G= \H, K] when the order of G= the 
L. C. M. of the orders of H and K. 

Ex. 11. The elements of a group G permutable with every 
element of G form an Abelian subgroup. 

Ex. 12. The elements of G permutable with any given element 
(or with each of a number of given elements) form a subgroup. 

Ex. 13. {^1, ^2, ...,5y} is a subgroup of {g^, g^, ..., gf, ..., g,,}. 

Ex. 14. Every subgroup of an Abelian group is Abelian. 

Ex. 15. Those elements of an Abelian group whose orders 
divide a given number form a subgroup. 

Ex. 16. Those elements of an Abelian group which are q-th 
powers of some other element of the group form a subgroup. 

Ex. 17. The elements of finite order in an infinite Abelian 
group form a subgroup. 

Ex. 18. The elements common to two or more given groups 
form a subgroup of each. 

Ex. 19. (i) A group of permutations containing an odd per- 
mutation, (ii) a group of movements containing a rotatory-inversion, 
(iii) a group of homogeneous orthogonal substitutions containing 
a substitution with negative determinant, contains a subgroup of 
index 2. 

Ex. 20. The group of rotations bringing a cube to self-coincidence 
contains as subgroups the group of rotations bringing to self- 
coincidence (i) a regular tetrahedron, (ii) a right equilateral 
triangular prism, (iii) an ellipsoid. 

Ex. 21. The group of V l2i(i) contains as a subgroup the group 
of V3ii(i), Vl2i(,ii) contains Vl2i(vi) and V3ii(t), and Vl2i{ix) 
contains V3ii(vi;. 

Ex. 22. In Ex. 1 divide JT and into partitions with respect 
to 1 + a^ and l-)-6. 

Ex. 23. Divide the group of permutations {(12), (1234)} into 
partitions with respect to if = {(12)(34), (13)(24)}. ^ 
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§ 5. The simplest finite group other than the identical 
group is the group G = {a} of oi'der n composed of the 
powers a, a^, ..., a" of a single element of order n. Such 
a group is called a cyclic or cyclical group. It is Abelian, 
since a^ay = aVa'. 

Let a* be the lowest power of a contained in any sub- 
group H of G, and let a* be any other element of H, where 
{k + \)s>x>lcs (k being a positive integer). Then since 
a*~ *^* is in //, a; = fcs. Hence the ele m ents of £f are a' , a^*, a'*, . . . . 
Therefore G contains a single subgroup {a«} of index s, when s 
is a factor of n. 

Ex. 1. Verify the fact that {a^} is the single subgroup of index 
s in {a}, taking a as (i) the circular permutation (1 2 ... w), (ii) a 
rotation through 2tt -—n. 

Ex. 2. Every subgroup of a cyclic group is cyclic. 

Ex. 3. Two cyclic groups of the same order are abstractly 
identical. 

Ex. 4. A cyclic group is abstractly identical with any conformal 
group. 

Ex. 5. Every group of prime order is cyclic. 

Ex. 6. Show that (i) {a} = {a*} if i is prime to n, (ii) {a*"} 
is a subgroup of index d in {a} if d is the H. C. F. of w and r. 

Ex. 7. A cyclic group {a} of order p" contains (i) p^ elements 
whose orders divide ^''(r < a), {u)p'^~^{p—l) elements of order 2?''. 

Ex. 8. (i) A cyclic group of order n contains m elements whose 
orders divide a given factor m of n, and </) (m) elements of order m. 
(ii) A group with x cyclic subgroups of order m contains a;^(m) 
elements of order m (see footnote on p. 32). 

Ex. 9. Every Abelian group whose order is a multiple of p 
contains an element of order p. 

Ex. 10. Every Abelian group whose order is the product of 
distinct primes is cyclic. 

Ex. 11. If the orders of a, b are A, ^ and their orders relative 
to {b}, {a} are a, /3, while b^ = a^ ; ii) k-i-a = u. — B, (u) a is 
theH.C.F. ofXandr. 

Ex. 12. If in Ex. 11 db = ha, the order of db is rr/S, where x is 
the smallest integral solution of x{r+0) = (mod A). 

Ex. 13. Find the order of ab when (i) a^^ = 1, 6' = a^, db = la, 
(ii) a^" =1, 6* = a", ab = ba. Find also the order of a relative 
to {b}. 

Ex. 14. In a GF[p'^'\ (i) the p integral marks combined by 
addition, (ii) the powers of any mark combined by multiplication, 
form a cyclic group. 

§ 6. If gfi, ^2. ^3. ••• are the elements of a group G, the 
transforms of g^, g^, g^, ... hy any element a form a group 0'. 
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This follows at once from the fact that if 

9i9j = 9k> a~^ ?(« • a"^ fl'j« = a-^9i9ja = a-'^g^a. 

We denote G' by a~'^ Ga and call it the transform of G by 
a ('result of transforming G by a'). If (?', G contain the 
same elements, i.e. are one and the same group, a is said to be 
permutable with G. 

If we transform any element A, of G by every element of G 
and obtain thus the distinct elements h, h^, h^, ... all con- 
tained in G; h, hi, h^, ... are called the conjugates of h in G. 
They are also the conjugates of h^. For if fiTi, gfj, ... are 
elements of G such that 

then 

^ = 9iK9r\ K = {9i~^9^~^h {9i~^9i\ h = {9{'^9z)~'^Ki9r^9z\ 

and so on: while conversely any conjugate of h^ such as 
9x'^fh9x= (9i9x)~^M9i9x) is a conjugate of k. Similarly 
h, Aj, Ag, ... are the conjugates of A^j ^j •••• For this reason 
h,,h^,h^, ... are spoken of as a conjugate set of elements in G. 

Since gf^h~^gi=hf'^ when hi=gf^hgi, we can easily prove 
that A~^, Aj~^, Aj"^! ••• ^^6 * conjugate set of elements in G 
a h, hj^, h^, ... are a conjugate set. The two sets are called 
inverse conjugate sets. If the two sets coincide (i.e. h~^ is 
conjugate to h),h,h^,h^,... is called a self-inverse conju- 
gate set. 

As before, if we transform any subgroup If of G by every 
element of G and obtain thus the distinct groups n,H^,H^,... 
which are all subgroups of G; H, H^, H^, ... are the con- 
jugates ot Hin G, while H, E^, H^,... form a conjugate set of 
subgroups. 

Ex. 1. For example, (i) the elements of o* = 6^ = {ahY = 1 
form the conjugate sets 1, a*, a + a^, b + ba% ba + ba^ each set 
being self-inverse. The subgroups 1 + 6 and l + ba^ form a 
conjugate set. (ii) The elements of o'' = 6^ = 1, a6 = 60" form 
the conjugate sets 1, a + a^ + a* and a^ + a^ + a\ b + ba+ba^ + ba^ 
+ ba* + ba^ + ba^ and b'^ + b^a.^ +b^a^+b^a'^ + b^a^ + b^a + b^a\ 
The subgroups {6}, {ba}, {fca^}, {6a»}, {ba'}, {6a'}, {ba^} form 
a conjugate set. 

Ex. 2. Any transform of a group G is the same as G when 
considered as an abstract group (G' = G). 

Ex. 3. Every element or subgroup of a conjugate set has the 
same order. 
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Ex. 4. ab is conjugate to ha in {a, h}. 

Ex. 5. If (? is a group of order n and a is any element 
permutable with G, the order of [G, a} (i) is wp if o is of order jj, 
(ii) divides wg if o is of order q. 

Ex. 6. Every element conjugate to A in a group G is of the form 
Tw, where c is the commutator of two elem.ents of G. 

Ex. 7. If h" is conjugate to A in G (i) a is prime to the order 
m oi h; (ii) fc° A°^ h"^, ... are all conjugate to h; (iii) *^°i, 
fe^°2, h^'h, ... are the powers of h conjugate to A^ if A°i, fe°2, /i°3, 
... are the powers of h conjugate to 7i ; a; being prime to m. 

Ex. 8. If an element of order m is conjugate to t of its powers, 
< is a factor of <^(w) (see footnote, p. 32). 

Ex. 9. If a subgroup H oi G contains no two elements conjugate 
in ff, H is AbeUan. 

Ex. 10. g-^{a, b, c, ...} g = {g-^ag, g~'^bg, g-'^cg, ...} and 
Sr-i {A, JB, C, ...}g= {g^'^Ag, g ^Bg, g ^Cg, ...} ; a,b,c ... being 
any elements, and A, B, C, ... any sets of elements. 

Ex. 11. If fl' is a subgroup of G, a'^Ha is a subgroup of a'^Ga. 

Ex. 12. If o*" is the lowest power of a permutable with a group 
G, r divides the order of a relative to G. 

Ex. 13. If an element a of order p is permutable with a group 
G of order n, but is permutable with no element of G, (i) j> is a 
factor of w- 1, (ii) gg^g^ ... g^_-^ = {ga'^YaT, (iii) gg^g.^. - 9p-\ = 1. 
(iv) a is permutable with {g-^, g^, ..., S^-i}, where g is any 
element of G and ga' = a'g^. 

Ex. 14. If the order of each element of a group is 1 or 3, each 
element is permutable with every conjugate. 

Ex. 15. If each element of a group G is permutable with every 
conjugate, (i) the commutator of any two of the elements is 
permutable with both, (ii) those elements of G whose orders 
divide a given odd number c form a subgroup. 

Ex. 16. A group G of even order contains self-inverse conjugate 
sets. 

Ex. 17. The group of V3ii(i) is permutable with every per- 
mutation on the symbols x, y, e, to. 

Ex. 18. Find the conjugate sets of elements in the groups of 
V Ij, V l2i(ii) (iv) (ix), V2i, V83, and in the group ffli* = 6* = 1, 
db = ia\ 

Ex. 19. Find the subgroups conjugate to 1 + c in V 1, and to 
J2-inV4i. 

Ex. 20. Find the conjugate sets of elements and the subgroups 
conjugate to {ba} in a^* = ft^ = 1, ab = ba\ 

§ 7. If every element of a group G transforms an element g 
of G into itself, so that g is permutable with every element of 
G, g is called a nornud, self-conjugate, or invariant element 
of G (or ' an element normal in G ')• 
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Similarly, if every element of G transforms a subgroup H 
into itself, H is called a normal, self-conjugate, or invariant 
subgroup of G (or ' a subgroup normal in G '). 

A group containing no normal subgroup (except itself and 
identity) is called a simple group. A group wbicb contains 
a normal subgroup (i. e. ia not simple) is called composite. 

If g, h are two elements normal in G, gh is normal in G. 
For y being an element of G, y .gh = gyh = gh.y. Hence 
the elements normal in G form a subgroup. This subgroup 
is called the central of G or the 'group of elements self- 
conjugate in G'. It is evidently Abelian and normal in G. 

Ex. 1. For example, l+a'^ + b + ba^ is a normal subgroup of 
the group a* = 6^ = {dbY = 1 of order 8. For the transforms of 
i and la^ by 1, a^, b, ba^ are respectively 6 and ba^, and their 
transforms by a, a^, ba, ba^ are respectively ba'^ and 6 ; while 
1 and a^ are permutable with every element of the group. 
Similarly 1 + a + a^ + a^, l + a' + ba + ba^ are normal subgroups. 
The central of the group is 1 + a^. 

Ex. 2. Every subgroup of an Abelian group is normal. 

Ex. 3. If a cyclic group is simple, its order is prime, and 
conversely. 

Ex. 4. If a group contains only one subgroup of a given order, 
that subgfroup is normal. 

Ex. 5. If /»+/»! + ^2+ ••• i^ * s®*' °f conjugate elements in G, 
{h, Aj, ^2, ••• } i^ * normal subgroup of G. 

Ex. 6. If G = gi+g2+93+ --J {9i, 92 7 93, — } is a normal 
subgroup of G. 

Ex. 7. If a, 6, c, ... are the elements of a group G whose orders 
(i) are equal to, (ii) divide a given number, {a, b, c, ... } is normal 
in G. 

Ex. 8. If ff is a normal subgroup of G, a ^Ha is a normal 
subgroup of a~^Ga. 

Ex. 9. A subgroup of {a, b, c, ...} permutable with a, b, c, ... 
is normal. 

Ex. 10. If a normal subgroup H oi G contains a subgroup E of 
G, it contains every subgroup conjugate to K in G. 

Ex. 11. The elements common to two or more normal sub- 
groups form a normal subgroup. 

Ex. 12. A subgroup of index 2 is always normal. 

Ex. 13. If jBT is a normal subgroup of G, S is normal in any 
subgroup of G containing H. 

Ex. 14. If Ci, Cj, C3, ... are the commutators of all pairs of 
elements of G, {Cj, c^, C3, ... } is a normal subgroup of G. 

Ex. 15. If a cyclic group H is normal in G, so is every 
subgroup of H. 

Ex. 16. If 5 ia any element of G = Bgi+ Hg^ i- Eg3+ ..., 
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where if is a normal subgroup of G, (i) Hg = gH, (ii) H+Hg 
+ Hg^+... is a subgroup of G, (iii) G = g^H + g^H + gsH + ..., 
(iv) every element of Hg^ . Hgj lies in the same partition of G. 

Ex. 17. If H is a nornial subgroup of G and the order m oi H 
is prime to its index in G, any element g of G whose order divides 
m is contained in H. 

Ex. 18. If if is a normal subgroup of {G, H), the elements 
of G permutable with every element of H form a normal sub- 
group of G. 

Ex. 19. The central of a group G only coincides vdth G? if G is 
Abelian. 

Ex. 20. A normal subgroup of order 2 is necessarily contained 
in the central. 

Ex. 21. If C is the central of G, (i) a'^Ca is the central of 
a~' Ga ; (ii) if G is normal in r, so is 0. 

Ex. 22. The order of the central C of a group G is r. Prove 
that: (i) If g is any element of G, \G, g\ is Abelian. (ii) If 
g, ^, /',... are mutually permutable elements of G, {C, g, g', g', ... } 
is Abelian. (iii) If if is a subgroup of order jpr in G- contaimng 
C, H is Abelian. 

Ex. 23. If the central of a group of permutations on m given 
symbols contains a circular permutation of degree m — 1 ot m, the 
group is cyclic. 

Ex. 24. Every subgroup of the group a* = 1, a" = (o6)^ = b'^ 
of order 8 is cyclic and normal. Its central is 1 + a^. 

Ex.25. The subgroup 1 + b'^ + a^b^a + ab^a^ is normal in 

o» = 6* = {abf = 1. 

Ex. 26. {a^, (baf, {abY} and {o^, (a6)^} are normal subgroups 
of a6 = 6^ = {a^bf = {abf = 1. 

Ex. 27. Those substitutions of a group of homogeneous linear 
substitutions whose determinant is 1 form a normal subgroup. 

Ex. 28. The group of V3,i(ii) is a normal subgroup of Vl2i(iv) 
and V3n(vi) ofVl2i(ix). 

Ex. 29. L is the central of the group G of V 4i. 

Ex. 30. The square of any element not in {a} of a^ = 6^ = 1, 
ab = ba^ is in the central of the group. 



§ 8. The elements of a group permutable with any given 
dement h of G form, a subgroup whose index is equal to the 
number of elements conjugate to h in G. 

If g and g' are any two elements of G permutable with k, 
h . gg'=ghg' — gg'. h, bo that gg' is permutable with h. Hence 
the elements of G permutable with h form a subgroup F, 
which is called the norm^aliser of g in G. 
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Let (? = r+rgfj + rgf2+ .... Then it g is any element of T, 
(99i)~^M99i) = 9i'^9~^hggi_= gf^hgi = ^^(say). 
Therefore every element of Tg^ transforms k into the same 
conjugate h{. 

Moreover, h^^hj unless i =j: for if A^ = hj , gf^ hgi = gf^hg, 
and therefore h . g^g:'^ = g^gj'^ . h ; which is only possible 
if g^ = gj. Hence the index of F in G is equal to the number 
of elements conjugate to h (including h). 

Let Tf be the subgroup formed by the elements of 
permutable with h^. Then T,- = gr,-^ r^r^ . For if a is an 
element of G such that a'^h^a = A,-, a'^g^-^hgta = gf^hg^, 
and therefore h . g^ agf^ = g^ agf^ . h. Hence gr^ agf'^ is in f, 
and therefore a is in gr,~^ rg^. 

Ex. 1. For example, in the group G oiYi^ the subgroup of 
index 2 is the normaliser of b, while b + ba^ is a conjugate set 
of elements in G. 

Ex. 2. When h is normal in <?, r = G. 

Ex. 3. c~^Tc is the normaliser of c~^hc in c~^Gc. 

Ex. 4. r is a subgroup of the normaliser T^ of A*. If x is 
prime to the order of h, T^ = r. 

Ex. 5. Prove a result similar to that of § 8 when h is not in G. 

Ex. 6. If an element a of order 2 is permutable with a group 
G but with no element of G (except 1), (i) every element of 
{G, a] not in G is of order 2, (ii) a transforms every element 
of G into its inverse, (iii) every element of G is of odd order, 
(iv) G is Abelian. 

Ex. 7. If exactly half the elements of a group G are of order 
2 and the remaining elements form a subgroup, this subgroup 
is Abelian of odd order. 

Ex. 8. Find the normaliser of 6 in the groups of Vli, VSs, V6i, 
and in a* = 6^ = 1, ab = ba*. 

Ex. 9. Find the normalisers of {xzuyw) in Vl2i(ii), of a;' = - 

a; + 1 
and x' = i z in V IzUvi), and of {y, x) in V l2i(ii;)- 



§ 9. rA« elements of a group permutable with a subgroup 
H form, a subgroup of G whose index in G is equal to the 
number of subgroups conjugate to H in G. 

These statements are proved by putting H for h. Hi for A; 
in § 8. As before T is called the normaliter of H in G. 

If Ef = gr<~^ Hgi is one of the subgroups conjugate to 
H, gi'^Tgi is the subgroup formed by the elements of G 
permutable with iTj. 
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Ex. 1. For example, the normaliser of {a} in the group 
a^ = 6* = (o6)2 = 1 of order 24 is the subgroup {a, b^a^b} of 
order 6. The subgroups conjugate to {a} are {a}, {b^ab}, 
{b^ab^}, {bab^}. 

Ex. 2. When H is normal in G', T = G. 

Ex. 3. c"^rc is the normaliser of c^^Hc in c~'^Gc. 

Ex. 4. r contains H normally, and every subgroup of G 
containing H normally is a subgroup of V. 

Ex. 5. If r is the order of the normaliser of an element Ti of 
order m in G, the order of the normaliser of {h} is r x a factor 
of <^(»w). 

Ex. 6. Prove a result similar to that of § 9 when if is a group 
not contained in G. 

Ex. 7. If n is the order of a group, the number of elements 
conjugate to any given element or of subgroups conjugate to 
a given subgroup is a factor of n. 

Ex. 8. The central of a group of order p° ^ 1. 

Ex. 9. The normalisers of a set of conjugate elements or 
subgroups form a conjugate set. 

Ex. 10. No subgroup of G can contain an element from every 
conjugate set of elements in G. 

Ex. 11. Jih is an element of order ^r in a group G whose order 
is prime io p—1, the normalisers of h and {h\ in G are identical. 

Ex. 12. If the set of subgroups H, if,, fij' ••• conjugate to H 
in G is also a conjugate set in K'= {H, if,, H^, ■■■], then every 
element of Gf is in KT, where V is the normaliser of J? in (?. 

§ 10. The elements common to two or more groups form 
a subgroup of each group. 

For if a and b are both contained in each of the groups, 
so is ab. 

This subgroup is called the greatest common svhgroup 
(G. C. S.) of the given groups. 

Ex. 1. For example, in V 4, the G. C. S. of iV and is ilf ; and 
of ^, L,Mis l + a2. 

Ex. 2. In what case does the G. C. S. of G and H coincide 
withfl"? 

Ex. 3. The order of the G. C. S. of two or more groups is a factor 
of the H. C. F. of their orders. 

Ex. 4. The G. C. S. of a subgroup of H and a subgroup of K 
is contained in the G. C. S. of H and K. 

Ex. 5. If D is the G. C. S. of G, H, E, ... , g-^Bg is the G. C. S. 
oi g-iGg,g-'Hg,g-^Eg, .... 

Ex. 6. Two groups have only identity in common if their 
orders are prime to one another. 
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Ex. 7. Two groups have only identity in common if one is of 
prime order and is not a subgroup of the other. 

Ex. 8. If H, K are subgroups of G, and H is normal, the 
G. C. S. (J*) of fl" and ^ is normal in K. 

Ex. 9. Find the G. C. S. of (i) V ^(i), (lo; (ii) V laKvO and the 
group generated by x' = 1 -f- x, a/ = ia; ; (iii) H, M, and ^ in V 4i. 

§ 11. If H, K, L, ... are norjnal subgroups of a group G, 
their greatest common, subgroup D and {H, K, L, ...} are 
normal subgroups of 0. 

If gr is any element of G, g~^Dg is evidently the greatest 
common subgroup of g~^Hg, g-^Kg, g~^Lg, ..., i.e. of 
H, K, L, .... Hence g'^Bg = D, and D is normal in G. 

Again, evidently g'^ {H, K, L, ...} g = {g-'^Hg, g'^Kg, 
g'^Lg, .,.} = {H,K,L, ...} ; so that {H,K,L, ...} is normal 
in G. 

Ex. 1. In V 4i £■ and M are normal subgroups of G. Hence 
their G. C. S. l + a^ and N= {K, M] are normal in G. 

§ 12. If H, K,L, ... are a conjugate set of subgroups in 
a group G, their greatest common subgroup and {H,K,L,...} 
are normal in G. 

Let g be any element of G. Then no two of the groups 
gr^Hg, g~^Kg, g~^Lg, ... are identical; for H = K if g'^Hg 
= g~^Kg. Hence these groups are the groups H, K, L, ... in 
some order or other. The theorem then follows as in § 11. 

Ex. 1. In V4i H and l + 6a^ + c+c6a'' are a conjugate set of 
subgroups in G. Hence their G. C. S. 1 + c and = {H, 1 + b(i^ 
+ €-^■€1)0^] are normal in G. 

Ex. 2. If Z* is a normal subgroup of G contained in a subgroup 
H, D is contained in every subgroup conjugate to H. 

Ex. 3. If if, ifi, ^2) ••• *r® * conjugate set of subgroups in 
G; K, El, K2, ... are a conjugate set, and so on, the G. C. S. 
of H, Hi, H^, ..., K, El, E^, ..., ... and {H, Hi, H^, ..., E, 
El, E^, ..., ...} are normal subgroups of G. 

Ex. 4. Any simple group G can be generated by a conjugate set 
of elements of prime order. 

§ 13. If G, H are finite groups of orders m, n, and the 
•mn elements GH are the same as the mn elements HG, except 
possibly as regards arrangement (§ 2), (r and H are said to be 
permutable, and {G,H} ia called a decomposable group. It is 

r 2 
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readily seen that every element of { G, H} is included among 
the elements GH = HG. 

If G and E are two permutable groups of orders m arid n, 
while the order of their greatest common subgroup D is b and 
of [ G, H} is X, m,n = X6. 

Suppose H = D\ + Dh^ + Dh^ + .... Then 
{G,E} =Gh^ + Gh^ + Gh^ + .... 

For every element of {G, H} is included among the 
elements GH, i. e. among GDh-y + GDh^ + GDh^ + . . . , i. e. among 
Qh-^ + Gh^ + Gh^ + .... Again, Gh^ and Ghj have no element in 
common, since otherwise h{hj~^ would be contained in both 
H and G and therefore in D. 

Hence A. = m x (n -r 6) or 7nn = \8. 

Ex. 1. For example, in V4i the groups L and M of order 4 
are permutable, their G. C. S. 1 + 0^ is of order 2, and 0= {L, M} 
is of order 4x4-^-2 = 8. 

Ex. 2. A normal subgroup of any group is permutable with 
every other subgroup. 

Ex. 3. If a group is permutable with each of the groups G, 
H, K, ... , it is permutable with {G, H, K, ... }. 

Ex. 4. (i) If G and H are two groups of orders m and n, while 
their G. C. S. (D) is of order 6 and { G, H] is of order A, mn < \b. 
(ii ) If mn = X6, G and H are permutable. 

Ex. 5. Two subgrroups if, JT of a given group G are [>ermutable 
if their indices are (i) prime to one another, (ii) both = p. 

Ex. 6. If G, H are permutable subgroups of orders q^r, cfir in 
a group of order g'r, g being prime to r, the order of their G. C. S. 
is divisible by r. 

Ex. 7. If G, H are two permutable groups of orders q^r, qVs, 
where each of q, r, s is prime to the other two, {G, H] is of 
order g'rs. 

Ex. 8. The G. C. S. (D) of two permutable gi-oups A, B is per- 
mutable with any group C contained in B and permutable with A. 

Ex. 9. If H, K are normal subgroups of G such that H is not 
contained in a normal subgroup of G and does not contain K, 
G is decomposable. 

Ex. 10. If H, K are subgroups of G such that H is normal, is 
not contained in any subgroup of G, and does not contain K, G ia 
decomposable. 

Ex. 11. The groups H and JV of V4i and the groups of V6i 
are decomposable. 

§ 14. If the order a of a subgroup A normal in a group G 
is prime to the index n -f- a of A in G, every subgroup of 
G whose order divides a is contained in A. 
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Let B of order /3 be a subgroup of G such that ^ divides a, 
and let A, 5 be the orders of {A, £} and the greatest common 
subgi-oup D of 4 and B. Since A is normal in G, A and B 
are evidently permutable ; and hence a/3 = \h. 

Now {A, B} is a subgroup of G, so that \ divides n. 

Hence — = - divides - • Again, - divides a since B divides a. 
6 a a ° 6 

Therefore — = 1 ; for it is a factor of a and n — a which are 
6 

prime to one another. Hence D coincides with B; i.e. B is 

contained in A. 

Ex. 1. For example, the group a^" = 6^ = 1, ab = ba^^ of order 
210 contains a normal subgroup {a} of order 70. Therefore the 
only subgroups of orders 2, 5, 7, 10, 35, 70 are respectively {a^°}, 
{ai*},{a"}, {a'}, {a^}, {a}. 

Ex. 2. G contains only one subgroup of order a. 

Ex. 3. Those elements of G whose orders divide a form a 
subgroup of order a. 

Ex. 4. The — th power of any element g oi G ia in A. 

Ex. 5. If G is normal in H, so is A. 

Ex. 6. li A, B, C, ..., G, H are groups such that each is 
normal in the succeeding one, while the order of A is prime to 
its index in G ; A is normal in H. 

Ex. 7. If (r is a group of order n= ok, where a is prime to 
K, every normal subgroup whose order divides a is contained in 
all the subgroups of order a in G. 

Ex. 8. The order of a subgroup H is prime to its index in G. 
If r is the normaliser of H in Gf, r is its own normaliser in G. 

Ex. 9. The group a^^ = fc^ = 1, ab = ba? contains a single 
normal subgroup of order 2, 11, 22. 

Ex. 10. The group o*' = 6^ = c^ = 1, ab = ba^, be = cb"^, ac = ca 
contains only one subgroup of order 343, and one non-cyclic 
Abelian subgroup of order 49. 

Ex. 11. The group a« = 6' = c' = 1, ab = ba\ be = cb^, 
ac = ea^ contains only one subgroup of order 301 and one of 
order 43. 

§ 15. If each element of a group G is pei-mutable with 
every element of a group H, and G, H have only identity 
in common ; {G, H} is called the direct product of G and H. 

More generally, if Gj, G2, G3, ... are groups such that for 
each value of i P = {G^, G^, G3, ...} is the direct product 
of Gi and {G^, G^, ..., G^,,, Gi+^, ...}, P is called the direct 
product of the component groups Gj, G^, G^, — 
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Ex. 1. For example, the group ff of V 4i is the direct product 

of N and 1 + c. 

Ex. 2. The order of a direct product is the product of the 
orders of the component groups. 

Ex. 3. The component groups are normal in their direct 
product. 

Ex. 4. A direct product is ' decomposable '. 

Ex. 5. If {Gi, G^, ..., H^,H^, ..., K„ K„ ..., ...} is the 
direct product of Gi, G^, ..., H^, H^, ..., -Kj, £21 •••> •••> ^* i^ 
the direct product of {Gj, G2, ■■■ }, {-Hi, H^, ...}, {i\, £"2, •••}• 

Ex. 6. The central of a direct product is the direct product of 
the centrals of the components. 

Ex. 7. If two groups contain respectively r and s sets of 
conjugate elements, their direct product contains rs sets. 

Ex. 8. If ^ is an element of order gr, q being prime to r, {g} is 
the direct product of {g^} and {g^}. 

Ex. 9. In how many ways can a cyclic group of order 1260 
be expressed as a direct product ? 

Ex. 10. The direct product of Abelian groups is Abelian. 

Ex. 11. In an infinite Abelian group G the elements of finite 
order form a subgroup H and the elements of infinite order form 
(with 1) a subgroup K, whUe G is the direct product of H and K. 

Ex. 12. An Abelian group G of order p° each of whose elements 
is of order j) or 1 is the direct product of a cyclic groups of 
order p. 

Ex. 13. If G ia the direct product of groups A, B, C, ... whose 
orders are relatively prime, and the G. C. S. of A and a subgroup 
G' of G is A', of B and G' is B', of C and G' is C, ... , G' ia the 
direct product of A', B', C, — 

Ex. 14. The semi-group formed by all positive integers, the 
law of combination being ordinary multiplication, is the direct 
product of the semi-groups {1}, {2}, {3}, {5}, {7}, {11}, .... 

Ex. 15. The group a?* = BP = 1, a& = 6a is the direct product 
of any two of the groups {a}, {b}, {aib}, but not of all three. 

Ex. 16. In V 4i the groups H, L, M, are direct products. 



§ 16. Suppose that two gioups G, V are so related that 
to each element y of F corresponds one or more elements 
g, g', g", ... of G, while reciprocally to each element g oi G 
corresponds one or more elements y, /, y", ... of T. Suppose, 
moreover, that if g^, gj are elements of corresponding to 
elements y^, yj of T, g^gj is an element of G corresponding 
to yi yj in P. Then G and T are said to be isomorphic. 

If G and T are isonwrphic groups, the dements of G 
corresponding to identity in T form a normod subgroup of G. 
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If gfj, g^ are any two such elements of G, g^g^ corresponds 
to 1.1 = 1 in r. Moreover, g being any element of G 
g ^g^g corresponds to y-Hy= 1 in r. Hence the theorem' 
follows. 

If G arid F are isomorphic groups, arid L of order I is the 
subgroup formed by the elements of G corresponding to identity 
in r, I elements of G correspond to ecLch element of F. 

For if g^, gj correspond to the same element y of F, gf'^g- 
corresponds to y-iy=l in T, and hence gf^gj is in d 
Therefore the elements corresponding to y are the I elements 

Lgi{=giL). 

If I elements of G correspond to each element of T, and 
A elements of T to each element of G, G and T are said to 
have an {I, A) isomorphism with each other. The most 
important case is that in which I = X= I. In this case 
G and T are called simply isomorphic (' holohedrally isomor- 
phic'). Two simply isomorphic groups are not distinct 
abstractly speaking. 

Another case of importance is that in which A = 1, but 
I > 1. Here only one element of T corresponds to each 
element of G, and the order of G is ^ times the order of F. 
G is said to be multiply isomorphic with T (or T "mero- 
hedrally isomorphic' with G). 

Ex. 1. For example, the group {G) a^^ = &3 _ i^ ^jj, _ j^e ^^j 
the group (r) c' = d? = 1, cd = dc^ have a (43, 7) isomorphism ; 
L and A being {a} and {c} respectively. To the elements 
Va^{x=l, 2, ..., 43) correspond the elements d'^cy{y~l, 2, 
... , 7) and to d'^cv correspond &''a^. 

Ex. 2. A group is simply isomorphic with any transform. 

Ex. 8. Two simple isomorphic groups are simply isomorphic. 

Ex. 4. Two groups simply isomorphic with the same group are 
simply isomorphic with one another. 

Ex. 5. If G' is simply isomorphic with G and r' with r, whUe 
G and T have an (Z, A) isomorphism, so have G' and T'. 

Ex. 6. Every AbeUan group may be exhibited as simply 
isomorphic with itself by making each element correspond to 
its inverse. 

Ex. 7. The group G oiY i:■^ is multiply isomorphic with that 
ofVSii. 

Ex. 8. The groups a^^ = j,^ = 1, ab = la? and &^ = d^ = 1, 
cd = dc* have a (22, 93) isomorphism. 

Ex. 9. The groups of V 14^0 , u have a (49, 43) isomorphism. 
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§ 17. If H is a normal subgroup of G so that 
G=Hg^ + Hg^ + Hg^ + ..., 
then the partitions Hg^, Hg^, Hg^, ... may be considered as 
the elements of a group ichich is completely defined when 
G and H are given. 

We have first to show that these partitions may he looked 
upon as elements, i. e. that they have a unique law of com- 
bination, &c. 

Let Aj, ^2, A3, ... be the elements of H. Then h^gi-hyg^ 
is an element of the same partition {Hg^, say) as gigj- For 
since E is normal, gihygf^ is in H (= h^, say). Hence 
K9if^y9j = K9i^y9i~^9i 9j = KK9i9j . ^l^icli is in Hgig^ = Hgj, . 

Hence if we denote the partitions by y,, y2, y^, ..., the y's 
obey a unique law of combination defined by y^-y- = yj, and 
a similar relation for each pair of y's. 

The y's also obey the associative law. For if every element 
of Hg^ . Hgj is in Hgj^ and every element of Hgj . Hg^ is in Hgi, 
the elements Hg^ . Hgf and the elements Hgi . Hgi lie in the 
same partition, since the elements of G obey the associative 
law. Hence y^ yy = y^ y^ or (y^ yj) yy = y^ {yj yf). 

Finally, if g^ is that one of the g's which is in H, and 
Hg^ is the partition containing gri~\ yi = ye7i = 7i7e ^^^ 
ye ^yiyu = yuyi- . Therefore y^, y2^ y^, ... may be treated 
as elements according to the definition of I 1, y^ being the 
identical element and y„ the inverse of y^ . 

This set of elements evidently forms a group ; for the 
product of any two of the elements is contained in the set 
and the number of elements is finite. 

The group formed by the y's is called the quotient oi Ghy H , 

and a factor-group of G. It is denoted by G/H or ^, and is 

of fundamental importance in the theory of groups. It is 
evident that G is multiply isomorphic with G/H, the elements 
of H corresponding in G to identity in G/H, and the elements 
of Hg^ coiTesponding to y^. 

In the above reasoning If is a normal subgroup of G. If ^ 
is a subgroup of G but not normal, G/H denotes the same as 
G/D, where D is the normal greatest common subgroup of all 
subgroups conjugate to if in (? (§ 12). The symbol G/H is, 
however, very rarely used unless H is normal in G. 

Ex.1. InV4i <?= i + ia + i6 + i6o = yi + y2 + y3 + y4(say). 
Now a^, b\ {baY are in yj, b^a and bob are in y^, aba and 
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ba^ are in 73, db and 60 are in y^. Hence the partitions y^, 
y^i Vs) y\ ™*y ^^ considered as elements combining according 



to the multiplication table. 
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yy 


yz 


Xj 


Xr 


yz 


yz 
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Xr 


yz 
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ya 


y^ 


yy 


yz 
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y^ 


y3 


yz 


Yf 



Therefore GjL is the group of V 3ji. 

Ex. 2. B and GjU in § 17 do not define G. 

Ex. 3. (i) The order of G/IT is the index of H in G. (ii) If B. 
is of prime index, GjB. is cyclic. 

Ex. 4. If G' = H->tHg + Hg-^+ ... , G/H is cyclic. 

Ex. 5. G/H=a-'^Ga/a-^Ha. 

Ex. 6. If the order of an element g in G ia m, the order of 
the corresponding element y of G/H is a factor of m. 

Ex. 7. If H and K are conjugate subgroups of a group A, while 
H is normal in G and GinA,E is normal in G and G/E = G/H. 

Ex. 8. A factor-group of an AbeUan group is Abelian. 

Ex. 9. If fi" is a normal subgroup of G such that G/H is 
Abelian, H contains the commutator of any pair of elements of G. 

Ex. 10. If G is an Abelian group of order n, the elements of G 
whose orders divide a factor to of w form a subgroup H, and 
G/H is simply isomorphic with the subgroup of G formed by 
the w-th powers of all the elements of G. 

Ex. 11. (i) If G, G' are isomorphic and L, L' are the subgroups 
of G, G' corresponding to identity in G', G respectively, G/L 
and G'JL' are simply isomorphic, (ii) If two groups have an 
(i, V) isomorphism, their orders are in the ratio I : V. 

Ex. 12. If Hi is a normal subgroup oi G^, H^oi G^, ..., while 
{6?!, G2, ... } is the direct product of G^, G^, ..., 

{Gi, G2, •■■} / {Hi, H2, ...} _ . -u .-, TT 

is the direct product of groups simply isomorphic with GJu^, 
C /H 

Wis." 'in § 13 {G, H}/G = H/B. 

Ex, 14. If G is the group o* = 1, a^ = {ahf = 6^ and If = 1 + d^ 
find G/B. 

Ex. 15. Find {a, I, c] / {a^, c], where a^^ = b^ = {aby = c^ = 1, 
ac = ca, be = cb. 

Ex. 16. Find {a, bj/ia""} and {a, &}/{a"}, where a^^ = 6= = 1, 
db = 6a*. 

Ex. 17. Find {a, b}/{a''}, where o" = 6'' = 1, ab = ha^. 
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§ 18. If E is a normal subgroup of G, to each subgroup A 
of r = G/H corresponds a subgroup L of G containing H, 
such, that K = L/H. If A is normal in Y, L is normal in G 
and G/L = F/A. 

Retaining the notation of § 17", if y„, yj, are any two elements 
of a subgroup A of T, each element of Hg^^ . Egj, corresponds 
to VaVft- Hence the elements of G corresponding to the 
elements of A foim a subgroup L of G, such that L contains 
if and A = L/E. 

Again, if y'^yay is in A, where y is any element of T, 
g~^ . Egg^ .g is in L, where g is any element of G. Hence 
if A is normal in T, L is normal in G. In this case 
if r = Ayj-I-Ay2 + Ay3+ ... and every element of Ay^-Ayj 
is in Ayj^, every element of Zgrj.igr.- is in Lg^. Hence 
G/L=T/\. 

Ex. 1. For example, in "V i^ to the 3 normal subgroups of 
{a, 6, e}/{a^, c} correspond the 3 normal subgroups {a, c], 
{a^ 6, c], {a^, ba, c} of {a, b, c} containing {o^, c}. (See VlTj.) 

Ex. 2. To a subgroup L oi G containing H corresponds a sub- 
group A of r. If L is normal in (r, A is normal in H and 
G/L = r/A. 

Ex. 3. If r is simple, H is contained in no normal subgroup 
of G ; and conversely. 

Ex. 4. If {H, K] is the direct product of H and K, 
{H,K}/H=K. 

Ex. 5. If a normal subgroup L oi G contains a subgroup H 
normal in G and G/H is Abelian, so is G/L. 

Ex. 6. If H, K are two normal subgroups of G whose G. C. S. 
is Z), G/B contains two normal subgroups H/D, K/D with only 
identity in common. 

Ex. 7. If the G. C. S. of two subgroups H and K oi G is B, and 
H is normal in G, G/H contains a subgroup K' simply isomorphic 
with K/B. li K is normal in G, K' is normal in G/H and 
G/{H, K) = {G/H)/E'. 

Ex. 8. Assuming that every group of order PyP^ •■• Pt-iPt 
(where Pi, p^, •■•, Pt are distinct primes in ascending order 
of magnitude) has a normal subgroup of order Pf, prove 
that it contains a normal subgroup of order PrPr+X"-Pt com- 
posed of all those elements of the group whose orders divide 

PrPr+l-Pf 

§ 19. An Abelian group G whose order is divisible by 
a prime p contains an element of order p. 
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Suppose G is generated by 91,92,93,... and let a^ be the 
order of 9^, a^ the order of g^ relative to {grj}, Og the order 
of grg relative to {fiTj, gfj}, a^ the order of g^ relative to 
{Sn 9ii 93} J aiid 30 on. Then G contains evidently ajajOj ... 
distinct elements 

ffi^' 92^'93^^ - Oi = 1. 2, ..., a.. ; i = 1, 2, 3, ...). 

Hence ajO^aj ... is divisible by p, and therefore one of the 
quantities Qj, 02, 03, ... is divisible by p. Suppose a,- is 
divisible by p. Then the order of 9i = kp, where k is integral 
(§ 1) ; and 9^ is an element of order ^ in G. 

§ 20. -471 Abelian group G of order n contains a subgroup 
of order r, where r is any factor of n. 

The theorem is readDy verified for groups of orders 

1, 2, 3, 4, Assume it true for all Abelian groups of order 

< n. Let p be any prime factor of r, and let gr be an element 
of order p in G (§ 19). 

By the assumption G/ {g} (which is obviously Abelian 
of order n-i- p) contains a subgroup of order r -^ p ; and the 
corresponding subgroup of G is of order r. The theorem is 
now at once proved by induction. 

Ex. 1. It is not conversely true that a group G of order n 
is necessarily Abelian if every factor of w is the order of some 
subgroup of G. 

Ex. 2. (7 is an Abelian group of order p^q^r-f ..., p, q, r, ... 
being distinct primes. Prove that (i) G contains one and only 
one subgroup of order p" ; (ii) G is the direct product of the 
subgroups P, Q, B, ... of orders p", q^, r*, ... ; (iii) G is cyclic if 
P, Q, B, ... are cyclic. 



§ 21. If G is a group of order n, the number N of elements 
in G whose r-th power is conjugate to a given element a 
is a multiple of the H. C. F. of n and r. 

We assume the theorem true for all groups of order < n, 
and then deduce the required result by induction. 

(1) First suppose that r is a factor of n and that a is not 
normal in G. 

Let E of order tti be the normaliser of a in (?. If fif is 
an element of G such that g^ = a, g is in H. Hence by our 
assumption the number M of elements such as 3 is a multiple 
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of the H. C. F. (d) of m and r. Let b = c~'^ ac be any element 
conjugate to a in G. Then (c-^gcY = c^g'c = c'^ac = b; 
and conversely an element g^ of G whose r-th power = 6 is 
the transform by c of the element cg^c'^ whose r-th power = a. 
Hence G contains M elements whose r-th power = b. Now G 
contains n-~m elements conjugate to a (§ 8). Therefore 
N = Mn -J- m. But if is a multiple of d. Hence iV is a 
multiple of r.* 

(2) Next suppose that r is a factor of n while a is normal 
in G. First take the case in which r = p'^ {p prime), while 
the order fc of a is divisible by p. 

Let g be an element of G such that g^ = a. Then 

gkr -a^ = i and gi'P"'^ = a''-? ^ 1, 

so that g is of order kr. If (g'Y = a, a' = (g'-y = {g')' = a ; 
and therefore s = 1 (mod k). Hence {g'f = a if and only 
if gf» is any one of the distinct elements g^'*'^, g^*^^, ..., 9^"^ - 
Moreover in this case g = {g'Y where e is chosen so that 
se = 1 (mod kr) ; which is always possible since s is prime to k, 
and therefore to p and r. It follows that those elements of G 
whose r-th power = a can be divided into sets of r elements 
such that each element of a set is a power of all the rest. 
Now the number of elements in G whose r-th power =ai& N. 
Hence iV is a multiple of r. 

(3) Now suppose as in (2) that r =p^ and is a factor of n, 
while a is normal in G ; but that k is not divisible by p. 

The normal elements of G whose orders are not divisible by 
p form an Abelian subgroup K ; for if the orders of two 
permutable elements are prime to p, so is evidently the order 
of their product. 

Let t be the order of K. Find a number u such that 
wr = 1 (mod t) ; this is always possible since t is prime to /> 
by § 19. Now \i g = a^h is an element of G such that 
g^ = a, h^ = (ga'^y = g^a'^'' = g^a,-^ (since a' = 1) = 1 ; while 
conversely if h'' = 1, {a^hy = a. Hence N = the number of 
elements in G whose r-th power = 1. This is true whatever 
element oi K a may be. Hence the number of elements in G 
whose r-th power is in K is M. Now the total number of 
elements in (? is a multiple of r, and by (1) and (2) the 
number of elements whose r-th power is not in a is a multiple 
of r. Therefore N't is a multiple of r. Hence iV is a multiple 
of r, since t is prime to p. 

* For if m = m'd, r = r'd, n = n'r, Mn-^m is a multiple of dn-~m = n'r-i-m' : 
and n'-i-m' is integral since n'i'-i-m' = n-r-m is integral. 
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(4) Now suppose r is any factor of ti, while a is any normal 
element of G. 

Let r = p°g [q prime to ^). If A is an element of G such 
that hi — a, {cr'^hi)i = c~'^hic = c~^ac = a. Hence the elements 
of G whose g-th power = a form one or more conjugate sets 
of elements. Now if gr is an element of G such that g'^ = a, 
gP is an element whose q-th power is a. But by (1), (2), (3) 
the number of elements whose p°-th power is an element such 
as A is a multiple of p*^. Hence iV is a multiple of p"- 
Similarly iVis a multiple of every power of a prime dividing r, 
so that iV is a multiple of r. 

(5) Lastly, let r be any positive integer and a any element 
of G. 

Let n = dn' and r = dr', where d is the H.C.F. of n and r. 
Find integers x, y such that r'x — n'y = 1 ; this is always 
possible since r' is prime to n'. Then if 

g'' ^a,g^ = g'^'^-^y = /* = a'', 
while conversely if 

g<^ = a^ g"- = a"-'" = a«'2'+i =o, 

since a"' = gr"^" = 1. 

But the number of elements of G whose cZ-th power = a'' 
is a multiple of d by (1) and (4). Hence the theorem is 
completely proved in every case. 

CoBOLLABY. If n is the order of a group G, the number 
of elements in G whose order divides a given factor r of n is 
a multiple of r. 

Ex. 1. For example, in the group a^ = b^ = {ahy = c^ = 1, 
ac = ca, he = cb of order 18 (i) there are 9 elements whose 3rd 
power is 1 and 9 elements whose 3rd power is conjugate to & ; 
(ii) there are 4 elements whose 10th power is c or c^, 4 whose 
10th power is 1, and 2 whose 10th power is conjugate to a, ca, 
or d^a. 

Ex. 2. A group of order 2m {m odd) contains m elements of 
odd order. 

Ex. 3. (i) If a group G contains g' elements whose orders 
divide q and r' elements whose orders divide r (g prime to r), 
G contains at most gV elements whose orders divide qr. (ii) If 
q' =^ q and r =-r, G contains exactly qr elements whose orders 
divide qr. 

Ex. 4. If those elements of a group G of order aic (a prime to k) 
whose orders divide a generate an Abelian subgroup if, if is of 
order a. 
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Ex. 5. The number of elements in a group G of order « whose 
r-th power is a is divisible by the H. C. F. of r and the order of 
the normaliser of o in (?. 

Ex. 6. If Mj. is the number of cyclic subgroups of order p^ in 
a group G whose order is divisible by p^, 
(Mi-l)+(M2-l)iJ + (M3-l)i''+ - +K-l)j)^-i = 0(modiJ^). 

Ex. 7. Verify the result of § 21 when r = 3 in the group of 
V6i(ii). 

Ex. 8. V Ig is a particular case of the result of § 21. 



CHAPTEE VI 
PERMUTATION-GROUPS 

§ 1. A group whose elements are permutations on m given 
symbols a;^, x^, ... , x^ is called a permutation-group of 
degree m. 

One such group is that containing each of the m ! possible 
permutations on the m symbols. It is called the symmetric 
group of degree m, and is of order tu ! . 

Again, there are i ml possible even permutations on the 7n 
symbols which form a group of order ^ ml called the alter- 
Tiating group of degree m. For since the product of two 
even permutations is even, the even permutations form a 
group A. Let t be any transposition, and h any odd per- 
mutation. Then ht~^ being even is in A, so that h is in At. 
Hence the symmetric group =A + At, and A is of order ^ onl. 

The alternating group is a normal subgroup of the symmetric, 
since any transform of an even permutation is obviously even 
(see also V Vj^)- 

If every permutation of a group G is regular, G is called 
a regular permutation-group. 

If G contains permutations y^, >£' •••>)'m replacing x^ by 
each of the symbols x-^, x^, ..., x^, G contains a permutation 
(e.g. fr'^yg) replacing any given symbol x^ by another given 
symbol x^. In this case G is called a transitive permutation- 
group; while if G does not contain m such permutations, 
is called intransitive. 

A transitive group containing a permutation replacing any 
two given symbols by any other two given symbols is called 
doubly transitive. Similarly, a group containing a permu- 
tation replacing any 3, 4, ..., k, ... given symbols by any 
other 3,4, ...,&, ... given symbols is called tHply, quadruply, 
..., k-ply, ... transitive. A group which is transitive but not 
doubly, triply, ... transitive is called simply transitive. 

Ex. 1. Every permutation-group of degree w is a subgroup of 
the symmetric group of degree m. 

Ex. 2. The Bymmetric group of degree m contains aa subgroups 
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every symmetric group of degree < m, and the same is true of 
alternating groups. 

Ex. 3. Every symmetric group is decomposable. 

Ex. 4. A transitive group of order and degree m can always be 
found, but there is no transitive group whose order is less than 
its degree. 

Ex. 5. (i) The symmetric group of degree m is m-ply transitive, 
(ii) the alternating group is (»i— 2)-ply transitive, (iii) there is no 
(m — 1 )-ply transitive group of degree m. 

Ex. 6. If the permutations of an intransitive group G replace 
Xihj x-^, X2, ■■■, x , every permutation of G permutes these /x 
symbols among each other. 

Ex. 7. Every subgroup of degree m in an intransitive group of 
degree m is intransitive. 

Ex. 8. If two permutation-groups G, H act on distinct symbols, 
{G, H} is their direct product and is intransitive. 

Ex. 9. If a transposition is a normal element of a permutation- 
group G, G is intransitive and a direct product. 

Ex.10. Prove that {(1 2)(3 4), (1 3 5)(2 4 6)} is a transitive 
group of degree 6 and order 12. 

Ex. 11. Find two transitive and one intransitive group of 
degree and order 4. 

Ex. 12. Every two conjugate elements of a permutation-group 
are similar. 

Ex. 13. Any two similar permutations on the same symbols 
are conjugate in the symmetric group. 

Ex. 14. Every conjugate set of elements in the symmetric 
group is self-inverse. 

Ex. 15. (i) A permutation of degree m containing a, /3, y, ... 
cycles of degree 1, 2, 3, ... has a normaliser r of order 

2J=l°a! 2^/3! 3Ty! ... 

in the symmetric group of degree m. (ii) If a, /3, y, 6, r, ... are 
all or 1, r is Abelian. (iii) When is V contained in the alter- 
nating group ? 

Ex. 16. Find the nimiber of subgroups conjugate to 

{(1 2)(3 4)(5 6 7)(8 9 10 11)} 

in the symmetric group on 1, 2, ... , 14. 

Ex. 17. The nimiber of conjugate sets in the sjrmmetric group 
of degree m is the coefficient of af" in 1 -r- (1— a;)(l— a;^)(l— a:*) 

Ex. 18. Two similar even permutations a, b are conjugate in 
the alternating group if a is permutable with an odd permutation c. 

Ex. 19. (i) The permutations similar to an even permutation a 
form two conjugate sets in the alternating group if a is not 
permutable with any odd permutation, (ii) This is the case if 
and only if the cycles of a are of odd and distinct degrees. 
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Ex. 20. (i) An even permutation a of degree m containing a, 
A y, S, •, C, ^1, S, ', K, K - cycles of degree 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, ... has a normaliser of order rPa! 2^/3! Zl y\ ... -j- 2 
in the alternating group of degree m, where 

^^ j_l_ (»w-a)(«i-l-a) ■■■ (2-a) (w-/3) ■■■ (1-^) 
(to— 1)! {m — a(»»— 1)} m! 

(m-y)...(2-y) (m-g) - (1-8) 



(to— 1)! {to— y(m — 1)} w! 

(ii) a is conjugate to a~^ in the alternating group when r = 1 or 
when r= 2 and y + t) + X.+ ... is even. 

Ex. 21. (i) The permutation a = (1 2 3) (4 5 6 7 8 9 10) is 
conjugate to a, a* a*, o**, a^^, a^" in the alternating group on 
1, 2, ..., 11. (ii) Find the number of subgroups conjugate to 
{a} in the alternating group. 

Ex. 22. Those permutations of a group which (i) do not 
displace (ii) permute among each other any given symlaols form 
a subgroup. 

Ex. 23. Those permutations of a group which leave a given 
function of the symbols unaltered form a subgroup. 

Ex. 24. If permutations leaving a function / of the symbols 
unaltered form a group G and a permutation T changes / into f, 
every permutation of T'^ GT leaves f unaltered. 

Ex. 25. (i) No permutation of 

G = l + (o6)(cd) + (ac)(6d) + (od)(6c) 
changes the function (difference of one pair of symbols x differ- 
ence of the other pair), (ii) Deduce that G is normal in the 
symmetric group on o, h, c, d. 

Ex. 26. (i) Find the group G formed by those permutations on 
a, b, c, d which leave ac + lid unaltered, (ii) G is the normaUser 
of (ac){hd) in the symmetric group on o, h, c, d. 

Ex. 27. The function Xt^ + Xx^ + X^X3+ ... +Z™~ia;„ is in 
general changed into m ! distinct functions by the permutations 
of the symmetric group on Xi , x^, ... , ic^. 

Ex. 28. Construct a function of Xj, Xj, ..., a;„ which is un- 
altered by the permutations of a given group G but by no other 
permutation on these symbols. 

Ex. 29. (i) If o, b, c, it — a, w— /3, iT—y are the sides and angles 
of a spherical triangle, and R, ^"t—p are the radii of the circum- 
scribed and inscribed circles ; any formula connecting the sides, 
angles, &c., of a spherical triangle remains true when we apply to 
it any permutation of the group G generated by {aa){p fi)(cy)(R jj), 
(6c)0y), (ca)(ya). (ii) G is decomposable, intransitive, and of 
order 12. 

§ 2. Every abstract group of order n is siinply isomorphic 
with a regular permutation-group of degree and order n. 

BILTOX F. a. Q 
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Let gTi, fifj, ..., sr„ be the elements of a group G of order n. 
Then g-^Qi, g^gi, ■.■,gn9i are the elements g^, g^, ..., sr„ in 
some order or other. For they are all in G and they are all 
distinct, since g^gi = gygi would involve g^= gy 

Let Si denote the permutation ( ^^ 92 ■•■ 9n \ qq the 
' ^9i9i 929i--9n9i^ 

symbols gi,g2, ...,?«• Then since S^ replaces g^ by g^gi and 

Sj replaces,.,, by ,.,,,,,^.S-(J;^. /4::: J;^,.)' 

Hence if gigj = gk> ^i^j = ^h- Therefore the permutations 
S-^, S2, ..., S„ form a permutation group P on the symbols 
,j, ,2! •••! Sfn of order and degree n simply isomorphic with G. 

The group P is transitive, since it contains a permutation 
replacing ,1 by any arbitrary symbol g^ ; namely, the permu- 
tation St, where g^^g^ = gt- 

If gf is of order e, any cycle of S^ is of the type 

{9z9i 9x9i---9x9i)- 
Therefore (S, is regular, being the product of n -r- e cycles of 
degree e. Hence F is regular. 

Ex. 1. (i) G is simply isomorphic with the group P' formed 

by the permutations S/ = ( ^^ ^^ '" ^'^)- (ii) Each per- 

^9i9i 9i92 ■■■ 9i9n^ 
mutation of P' is permutatable with every permutation of P. 
(iii) The G. C. S. of P and P' is simply isomorphic with the 
central of G. (iv) The only permutations on g^, g^,, ..., g^ 
permutable with every element of P are the elements of P'. 

Ex. 2. If aj = w(l ), where e,- is the order of g^, and 

9x9y9z - = 9t ; o.r-^x^y^z - « even. 

Ex. 3. The groups P, P' of Ex. 1 are at once derived from the 
multiplication table of G. Thus S^ is obtained by writing the 
elements of the column headed g^ under the corresponding 
elements of the left-hand column, and S{ is obtained by writing 
the elements of the row headed gi under the elements of the 
top row. 

Ex. 4. (i) The multiplication table of a group of order w is a 
' latin square of order n ', i. e. an array of n rows and n columns 
formed by n symbols where no row and no column contains the 
same element twice, (ii) Though we can find in this way a l\tin 
square of any given order, we do not obtain all possible latin 
squares in this way. (iii) Find all possible latin squares of order 
2, 3, 4. 
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^ 3. If a group G contains a subgroup H of index m, 
G is isomorphic with a transitive perrnutation- group of 
degree m. The isomorphism is simple if H contains no 
normal subgroup of G. 

Let G = Hgj + Hg^ + ... +Hg^. Denote the partitions 
-^S'l. ^<72' ••• > -^9'm by the symbols Vj, y2, ...,>„• Let a, b be 
any two elements of G. Every element of II g^ . a lies in the 
same partition of G (the partition containing g^a) ; let this 
partition be y/. Similarly suppose that each element of y{ . b 
lies in the partition y/'. Let 8, T denote the permutations 

/yi^y2 ••• ym\ ^ /Vi V2^ ••• Ym\ . rpj^^^ g^gg g^ element 

^Yi 72 •■■ ym ' ^yi Va •■• y,n ^ 

of Hgi.ab lies in y/' and &T = P\/'„ ■" ^™ ,V to the 

^yi y-i ■■■ym ' 

product of a and b corresponds the product of the permu- 
tations S and T corresponding to a and b respectively. 
Hence all the permutations such as S, T, ... form a group Q 
of degree m isomorphic with G. Q is transitive, for we can 
always find an element g of G (e. g. g^'^gi) such that 

HOx ■ 9 is y,-. 

Identity is the only element of Q corresponding to identity 
in G. The elements of G corresponding to identity in Q form 
a normal subgroup K oi G (V 16). Let k be any element 
of K ; then Eg^k = Hgi for all the values 1, 2, ..., m, of i. 
Since one of the g's is in H, Hk = H, i. e. A is in H. There- 
fore H contains the normal subgroup K of G. If H contains 
no normal subgroup of G, the isomorphism between G and Q 
is simple. 

CoROLLAEY. A group G containing a set of m conjugate 
elements or subgroups H^, H^, ..., H^ is isomorphic with 
a transitive permutation-group R of degree m. 

For the normaliser of any one of the conjugate elements 
or subgroups is of index m. 

Ex. 1. Q and R are simply transitive. 

Ex. 2. Q= G/H. (See end of V 17). 

Ex. 3. To the subgroup H oi G and to the normaliser of H^ in 
G corresponds the subgroup formed by those permutations of 
Q and R respectively which do not displace one symbol. 

Ex. 4. The group R of the corollary may be considered as 
a transitive permutation-group on the symbols Hj, B.^, ..., H,„ 

in which the element ( _, JL. _■, 2- '" _, ^ ) of i? corre- 

\a ^H^a a ^a^a ... a H^a/ 

spends to the element a of G. 

Q 2 



84 



PERMUTATION-GROUPS 



[VIS 



Ex. 5. To identity in R corresponds every element of G 
permutable with each ot Hi, H^, ••■, 3j„. 

Ex. 6. The group a^ = l^ = {dbY = 1 is simply isomorphic 
with the symmetric group of degree 3. 

Ex. 7. Show that a' = 6^ = (o5)^ = 1 is simply isomorphic 
with the alternating group of degree 4. 
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The group o= = &« = (aft)" =1. o • - -, 5 - 
Fig. 6. (See Ex. 8 on this page.) 



Ex. 8. If o* = 6* = {aVf- = 1, (i) H= {a, ba^b^} is simply 
isomorphic with the symmetric group of degree 3, 

(ii) {a, b}=H+Hb + m^ + Hb^ 
is simply isomorphic with the symmetric group of degree 4. 

Ex. 9. If o« = 6' = (o6)2 = 1, (i) H= {b, a^¥a} is simply 
isomorphic with the alternating group of degree 4, 

(ii) {a, b} =H+Ea + Ha^->rHa^ + H<ifi 
la simply isomorphic with the alternating group of degree 5. 
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Ex. 10. A group G of order 12 containing a normal subgroup 
H of order 4 is either Abelian or simply isomorphic with the 
alternating group of degree 4. 

Ex. 11. A group of order 24 (or 60) containing a conjugate set 
of 4 (6) subgroups of order 6 (12) and containing no normal 
subgroup of order 2 or 3 is simply isomorphic vdth the symmetric 
(alternating) group of degree 4 (5). 




The group a' = b^ = c^ = (a5)* = 1, ac = ca, ic = ch. a , b^, c — . 

Fig. 7. 

§ 4. The simple isomoi-phism between any group G of 
order n and a regidar permutation-group of degree and 
order n (§ 2) can be shown geometrically as follows. 

Represent each element of G by a point. Associate a colour 
with each element of (excluding identity); for example, 
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suppose red associated with the element gr^. From each of 
the points grj, fiTa, ■■■,9n <i''aw to the points gigi,g29i^ ■■•,9n9i 
respectively red lines with arrow-heads to show their 
direction; and draw similar coloured lines for the other 
elements. We have then n points joined by n{n-l) lines. 
One line of each of the n—l colours starts from each of the 
n points, and one line of each colour ends at each point. 




Fig. 8. 



A red line runs from a symbol g^ to the symbol g^g^ replacing 
it in the permutation S^ (§ 2), and so for the other colours. 

The geometrical representations are usually called ' Cayley's 
colour-groups'. They are somewhat complicated, but may 
conveniently be simplified by the omission of all the coloured 
lines except those associated with a set of independent 
generators of G. 
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If gi is one of these generators, red lines run from g^ to g^ gi 
and from g^g--^ to g^. If gr,- is of order 2, g^g^ and g^gi'^ 
coincide. In this case it is usual to draw only one of the two 
lines joining g^ and gr^^gf^ and to suppress the arrow-heads 
(see Figs. 7, 9, 10). 

The simplified diagram enables us to find very readily 
every relation satisfied by those generators whose colours are 
retained. For example, if in Fig. 6 we start from any point and 



/ 



/ V 

/ \ 



(^ 



■> 



a' = c^ = {acy = 1. 
Fig. 9. 



pass in the direction of the arrows along the lines in the order 
^^"~, ""•") """■"] ^"^) ^^^1 
we return to the original point. 
ba^^a^b^ = 1 or (ba^b^f = 1. 
along the lines in the order - - - , 



we return to the original point. Hence we have obviously 
ba^b^a^b^ = 1 or (ba^b^f = 1. Similarly if in Fig. 7 we pass 



-, we return to the original 



point. Hence we have in this case (abc)* = 1. 
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The coloured diagram can sometimes be drawn with advan- 
tage on a sphere or other closed surface instead of on a plane. 

Ex. 1. For example, Fig. 8 shows the complete colour-diagram 
for the group of Vlj. If we simplify the diagram by retaining 
only the lines corresponding to the independent generators a and 
c we get Fig. 9. If we retain only the lines corresponding to 
c and d we get Fig. 10. 



c' = d» = (c<j)» = 1. 
Fig. 10. 

Ex. 2. The complete colour-diagram gives immediately the 
multiplication table of the group. 

Ex. 3. In a diagram showing only the colours corresponding 
to a set of independent generators yj, yji fs, — of a group G 
the red lines corresponding to y^ are erased. Prove that (i) the 
diagram breaks up into sets of points H, g^H, g^H, ..., where 
G=zH+g^H+g2H+ ... and H= {y^, y^, ...}, so that no two 
points in difiFerent sets are connected by a line ; (ii) if fl" is 
normal in G, all red lines starting from a given set of points 
end in the same set. 

Ex. 4 In the group of Fig. 6prove dba^b^a^laH^ baHdb^a= 1, 
aHa¥ab = 1, and find the orders of aba''b', a^V^, ai>^o*. 



VI 4] COLOUR-GKOUPS 89 

Ex. 5. In the group of Fig. 7 find the order of bac, dbca, hah. 

Ex. 6. Draw colour-diagrams (simplified) for the groups 
(i) a'Orrl ; (ii) 0= = 62 = i, ab = ha; (iii) a^ = h^ = {ahf = 1 ; 
(iv) 0^ = 62= (oft)6 = 1. Show that (i) and (ii) are the same 
abstract group, and so are (iii) and (iv). 

Ex. 7. Draw a colour-diagram for the group 

a* = h^ = (^= {ab)^ = 1, ac = ca, he = cb 
of V4i. Show that the group is the same as that of Fig. 7, 
and that it cannot be represented on a diagram with less than 
three colours. 

Ex. 8. (i) Draw a colour-diagram for the group a^ = 1, h^ = 0% 
ah = ha. (ii) Prove the results of V Bu by means of a colour- 
diagram. 

Ex. 9. Draw colour-diagrams for the groups a^ = h'^ = (a^b)^ = 1, 
{abf = {hay and a« = b^= 1, a^b = ha^, (abf = {ba)K 

Ex. 10. Draw the complete colour-diagrams for the groups 
(i) a' = 1, (ii) o2 = 62 = 1, ab = ha. 

Ex. 11. ABO is an equilateral triangle and is its centre ; 
BC= 5 in. Points A^ and A^, B^ and B^, C, and Cj are taken 
on the sides distant 1 in. from A, B, C. Points JD^ and A^ are 
taken on OA distant respectively ^ in. and 1^ in. from ; and 
points Dj and B2, D3 and C3 are taken similarly on OB, OC. 
The black-sided triangles A^A^A^, B^B^B^, C1C2C3, AA-O3 
with clockwise arrows and red lines B-^(\, C^A^, A^B^, A-^D-i, 
B2D2, C3B3 are drawn. What group does the diagram represent ? 

Ex. 12. A, B, C, B are points of longitude 0°, 90°, 180°, 270° 
on the equator ; X, Y, Z, W are points in latitude 45° of longitude 
45°, 135", 225°, 315°. Red triangles XBY, ZDW, and black 
triangles YCZ, WAX are drawn, and the figure is completed 
by reflexion in the plane of the equator with interchange of the 
two colours. If clockwise arrows are inserted round the triangles, 
what group does the diagram represent ? 

Ex. 13. Draw two parallel concentric regular w-sided red poly- 
gons. Denote the vertices by 1, 2, ..., m and 1', 2', ..., m'. 
Turn one polygon through a right angle. Put clockwise arrows 
round each polygon. Join by black lines the vertices (i) 1 and 1', 
2 and 2', 3 and 3', ... ; (ii) 1 and 1', 3 and 3', 5 and 5', ... , 2' and 

^+2, 4' and ^-1-4,6' and ^ + 6, .... "What groups do the 

diagrams represent ? 

Ex. 14. Put clockwise arrows round one red polygon of Ex. 13 
and counterclockwise round the other. Black lines run (i) as 
in Ex. 13 (i) ; (ii) as in Ex. 13 (ii) ; (iii) with arrows joining 

1 and 1', 2 and 2', 3 and 3', ..., 1' and ^ + 1, 2' and ^ -t- 2, 3' 
and ? + 3, .... What groups do the diagrams represent ? 
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Ex. 15. A simplified colour-diagram drawn on a sphere divides 
up the surface into polygons in such a way that no two of the 
coloured lines intersect (except at an extremity of both). Prove 
that (i) the two lines of the same colour meeting at any point 
are not separated by a line of another colour ; (ii) the polygons 
formed by lines of a given colour contain no vertex in their 
interior. 

Ex. 16. Show that diagrams representing the groups of Ex. 7, 
8, 9, 13, 14 can be drawn on an anchor-ring so that no two lines 
intersect 

§ 5, By definition, a fc-ply transitive group on m symbols 
contains a permutation not displacing any k given symbols. 
If S and T are any two permutations which do not displace 
these k symbols, ST does not displace them. Hence : — 

TJvose permutations of a k-ply transitive group G which do 
not displace k given symbols form a subgroup H, 

Ex. 1. The permutations of G not displacing I of the k given 
symbols form a subgroup of Q containing H. 

Ex. 2. If the permutations of H do not displace x^, oTj, ..., 
a;^ ; while ^ is a permutation of G replacing these symbols by 
x{, x{, ..., Xj^, the elements of G not displacing x{, x^, ..., x^ 
form the subgroup g~^Hg. 

Ex. 3. H contains no normal subgroup of G. 

Ex. 4. If e is Abelian, H=\. 

Ex. 5. Any normal element c of 6 (i) displaces every symbol, 
(ii) is regular. 

Ex. 6. Every transitive Abelian group is regular. 

Ex. 7. Every element of prime degree p normal in a group is 
circular of order p. 

Ex. 8. A permutation S permutable with every element of 
a group G and acting on the same m symbols displaces all the 
symbols and is regular. 

Ex. 9. The order /x of the central of a transitive group G of 
degree m is a factor of m. 

Ex. 10. (i) The permutations such as S of Ex. 8 form a group 
whose order is a factor of m. (ii) Find this group when G is the 
permutation-group P of § 2. 

Ex. 11. Find the group H in the case of {P, P'} of § 2 ; and 
prove that H = G/C where C is the central of G. 

§ 6. The order of a k-ply transitive group G of degree m, is 
qm(m—l) (m— 2) ...{m — k+l); where q is the order of the 
subgroup H whose elements do not displace k given symbols. 
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Let 91,92,93, ••' be permutations of G each of which 
replaces the k given symbols by a distinct set of k symbols. 
The number of such permutations is m! -^ (m— fc)! ; for the 
number of aiTangements of m symbols A; at a time is 
ml-i-{m-ky.. Then Q = Hg^ + Hg^ + Hg^-ir .... For if gr, c/' 
are two elements of G replacing the k given symbols by the 
same k symbols, g'g~^ does not displace any one of the k given 
symbols, and is therefore contained in H. Hence G is of 
order gxinl -^-(Tn.— fc)!. 

Ex. 1. The elements of G permuting among themselves the 
li symbols not displaced by the permutations of H form a sub- 
group of order q.hX containing H normally. 

Ex. 2. If 9 = 1, G contains permutations displacing only 
m—k+1 symbols but no permutation displacing less than 
m—lc+l symbols. 

Ex. 3. If the degree and order of a transitive group are equal 
q := k= 1. Every group is simply isomorphic with a permutation- 
group of this type. 

Ex. 4. Prove the converse of § 3: — 'If a group G is simply 
isomorphic with a simply transitive permutation-group of degree 
m, G contains a subgroup of index m containing no normal 
subgroup of G.' 

Ex. 5. The degree of a simply transitive Abelian group = its 
order. 

Ex. 6. In a simply transitive group G of degree m the permuta- 
tions displacing every S3frmbol (i) are at least w— 1 in number, 
(ii) generate a normal subgroup of G. 

Ex. 7. If the number of permutations not displacing r given 
symbols in a transitive group of order w and degree m ia v^, 

m m 

n = 2i;- = 2rr_. 
^ ^ 

Ex. 8. The elements of a A;-ply transitive group displacing 
every symbol cannot form a group with identity unless k = 1 or 
k = 2 and q= 1. 

Ex. 9. Show that no doubly transitive group of degree 5 is of 
order less than 20 ; and prove that a S (1 2 3 4 5), 6 = (1 2 4 3) 
generate a doubly transitive group of minimum order. 

§ 7. Let (t be an intransitive group containing permutations 
which replace the symbol x^hy x^, x^, ..., x^ but by no other 
symbol. Then any permutation g oi G replaces a;^ by one of 
the symbols Xj, ajj, ...,x^. For let h be an element of G 
replacing x-^ by iCj, and suppose hg replaces x^ by x^. Then g 
replaces a;,- by Zi. Hence the permutations of G permute 
the symbols of the transitive set x^, x^, ..., x^ among them- 
selves. 



92 INTRANSITIVE GROUPS [VI 7 

Similarly if the permutations of G replace the symbol ^j by 
2/11 2/2' •••> 2/« only, they permute the symbols of the ' transitive 
set' 2/1,2/2, ...,2/e among themselves; and so on. 

Ex. 1. A cycle of any permutation of G only contains symbols 
from one transitive set. 

Ex. 2. G is a subgroup of the direct product of the symmetric 
groups on the symbols [xj, X2, ..., a:^], [«/i, ^21 —t lfs]> •••• 

Ex. 3. The order of G is a factor of r ! x s ! x ... . 

Ex. 4. Those permutations of G which do not displace the 
symbols of certain given transitive sets form a normal subgroup 
of G. 

Ex. 5. Those permutations of G which do not displace x^ form 
a subgroup of index r. 

Ex. 6. If those cycles of any generator of a permutation-group 
G which contain one of the symbols x^, x^, ..., x^ contain no 
symbol other than Xi, x^, ..., x^, Gib intransitive ; and conversely. 

Ex. 7. If in § 2 H is a subgroup of G = Hga + Hg,, + Hgc+ ..., 
the corresponding subgroup of P is intransitive, the transitive sets 
being the symbols g^^H, gi,~^H, g~^H, .... 

Ex. 8. Find the transitive sets of 
{(1432) (5876) (9 10), (2 4)(5 8) (6 7)} and of {(1234), (24), (56)}. 

§ 8. Let certain of the transitive sets of symbols affected 
by an intransitive group G be denoted collectively by <t, and 
let the remaining sets be denoted collectively by r. If k, k' 
are two elements of G permuting only the symbols of <r 
(displacing no symbol of r), and if g is any element of G, then, 
evidently kk' and g~^kg do not displace any symbol of r. 
Hence those elements of G which permute only the symbols 
of a- form a normal subgroup K of 6. Similarly the elements 
of G permuting only the symbols of t form a normal subgroup 
K' of (?. 

If we leave out of consideration the effect of G on th« 
symbols of r, G reduces to a group H on the symbols of <t 
alone. If g, ^ are any two elements of (?, while h, h' are 
elements of H permuting the symbols of <t in the same way 
as g,g' ; then gg' and hJi' permute the symbols of o- in the 
same way. Hence G and H are isomorphic. To the identical 
element in H correspond the elements of K' in G. Therefore 
H = G/K'. It is evident that H contains K && & normal 
subgroup. 

Now K and K' have only identity in common, and every 
element of K is permutable with each element of K'. Hence 
{K, K'} is the direct product of K and K'; and it is normal 
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in G, since K and K' are normal in 0. It follows that 
6/ {K, K'] and H/K have the same order. 

Now when we neglect the effect of the elements of on the 
symbols of t, each element of {K,K'} reduces to an element 
of K, and each element of to an element of E. If k^jk^, k^ 
are elements of {K, K'} and g^, g^, g^ elements of G which 
reduce respectively to i/, k^, k^ and g{, g^, g^ when we 
neglect their effect on the symbols of r, and if k^ g^ . k^g^ = k^g^ ; 
we have evidently k^g^.k^g^=k^g^. Hence G/{K, K' \ 
and H/K are isomorphic; and the isomorphism is simple 
since these two groups have the same order (cf. V I87). 

Ex. 1. If H' is the group to which G reduces when we leave 
out of consideration the effect of its permutations on the symbols 
of <T, H/K =; H'/K'. 

Ex. 2. The elements of G are found by multiplying each 
element of H by the corresponding elements of H'. 

Ex. 3. Find H, H', K, K' when (i) G = {(1 2 3 4), (2 4), (5 6)}, 
<r = [l,2, 3,4]; (ii) G = {(1 4 3 2) (5 8 7 6) (9 10), (2 4) (5 8) (6 7), 
<r = [9, 10] or [5, 6, 7, 8, 9, 10]. 

§ 9. Let ff be a simply transitive group on to symbols. 
Suppose that the ini symbols may be divided into r sets 
o-j, (Tj, ... , (T, each containing 8 symbols (in = rs), so that every 
permutation of G either permutes the s symbols of any set a^ 
among themselves or replaces them by the s symbols of 
another set <t • . Then G is called an imprimitive group, and 

o-j, o-j (Tf are called ivipriviitive systems. If no such 

division of the m symbols into sets is possible, G is said to 
be priinitive. 

Ex. 1. A Ai-ply transitive group (ft > 1) is primitive. 

Ex. 2. A transitive group of prime degree is primitive. 

Ex. 3. If a transitive group G of degree m contains a permuta- 
tion whose order is prime and greater than the largest divisor of 
m, 6 is primitive. 

Ex. 4. Those permutations of an imprimitive group G which 
do not displace the imprimitive systems but only permute the 
symbols of each system form a normal subgroup of G. 

Ex. 6. The central of a primitive group = 1. 

Ex. 6. The central of a ft-ply transitive group =1 if fc > 1. 

Ex. 7. No Abelian group is A;-ply transitive. 

Ex. 8. If M is any subgroup of the group Gf of § 2 and 
G = Hgi + Hg2 + Sg3+ ..., P is imprimitive in such a way that 
the symbols of Hgi, Hg^, JSg^, ... are imprimitive systems. 
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Ex. 9. {{xyz){abc), {xa){yc)(sb)} is an imprimitive group of 
order 6, the imprimitive systems being either \x, y, z] and 
[o, 6, c] or [x, a], [y, &], and [e, c]. 

Ex. 10. Find imprimitive systems in the groups (i) {(13 5) (2 4 6), 
(13)(24), (34)(56), (12)(34)} and (ii) {(14)(26)(35), (123)(456), 
(12)(45)}. 

§ 10. If y, y are two elements of an imprimitive group G 
•which do not displace the imprimitive systems but only 
permute the symbols of each system, then yy has evidently 
the same property. Hence elements such as y, y form a sub- 
group r of G. If G = rgr, + r(72 + rgfj + . . ., it is obvious that 
aU elements in the partition Ygi permute the imprimitive 
systems in the same way. 

The group F is normal in G. For let g be any element 
of G, and suppose that g replaces every symbol of any 
imprimitive system o-^ by a symbol of the system 0-^. Then 
since y permutes the symbols of o-j among themselves, g'^yg 
permutes the symbols of oj among themselves. The group 
G/r maybe considered as a permutation-group of degree r on 
the symbols o-j, a^, ..., cr^. 

Ex. 1. r is intransitive. 

Ex. 2. The index of r in G is a divisor of r !. 

Ex. 3. Find F for the groups of VI Sg, jg. 

§ 11. The group T of § 10 is an intransitive normal subgroup 
of the transitive group G. We show in this section that every 
intransitive normal subgroup of G is contained in a group 
such as r. 

Let Zf be an intransitive normal subgroup of G, and let 
x-^^x^, ...; 2/i, 3/2, •••; ••• be the symbols in the transitive sets 
of H. Then if g is an element of G replacing Xj by y-y, 
g~^ replaces y-^ by Xj. Hence since g'^Hg — H, g replaces 
every * xhy ny; and since gHg~^ = H,g replaces every y by 
an X (II 5). Therefore there are as many y's as x's. Similarly 
we can show that each transitive set of M contains the same 
number of symbols. 

Now since every element of G transforms H into itself, 
every such element permutes the transitive sets of H among 
themselves. Therefore G is imprimitive and has the transitive 
sets of H as imprimitive systems ; which proves the above 
statement. 

* For at least one permutation of H contains a cycle of the form (x, ij ... ), 
whatever i may be. If 9 transforms this cycle into (j/iVi,..), g changes 
ij into Vj. 
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Ex. 1. Every normal subgroup of a primitive group is transitive. 
Ex. 2. The order of a normal subgroup H oi & primitive group 
G is a multiple of the degree of G. 

Ex. 3. Every primitive composite group is decomposable. 
Ex. 4. If the group P of § 2 is primitive, it is simple. 

§ 12. The syinmetric group is the only primitive group 
containing a transposition. 

Suppose (1 2) is a transposition contained in a transitive 

permutation-group G on the m symbols 1, 2, 3 , m. Let (1 2), 

(13), ..., (1 e) be the only transpositions in G which affect the 
symbol 1. Then since (ij) = {li)(l j) {\i), G contains {ij) ; 
where i and j are any two of the set o- of symbols 1, 2, ... , e. 
Hence, unless G is the symmetric group, the set a- does not 
include all the ni symbols permuted by G. 

Let a be a permutation of G replacing 1 by a given symbol / 
not included in <t and replacing 2 by s (say). Then G contains 
a~^{\ 2) a = (f s). Now s is not in n- ; for otherwise G would 
contain (1 s) (/ s) (1 s) = (1 /). Hence each permutation of G 
permutes the symbols 1 , 2, . . . , e among themselves or replaces 
them by a completely different set r. 

If o- and T do not include all the m symbols on which G acts, 
let 6 be a permutation of G replacing 1 by a symbol not in 
<r or T. Then as before b replaces each symbol of <r by a symbol 
of a set V having no symbol in common with o-. Now v has no 
symbol in common with r either. For if a and b replace two 
symbols 1' and 2' of <r by the same symbol, ba~^ replaces 2' 
by 1'. Hence 6a~' permutes the symbols of a- among them- 
selves ; i. e. 6 = ba~^ . a replaces "• by r, or t and v coincide. 

Continuing this reasoning we see that the m symbols fall 
into sets permuted imprimitively by the elements of G ; and 
hence G is imprimitive. 

Ex. 1. The symmetric group is the only A;-ply transitive group 
{k > 1) or simply transitive group of prime degree containing 
a transposition. 

Ex. 2. G contains as subgroups the symmetric groups on the 
symbols of cr, t, v, — 

Ex. 3. The symmetric group is the only group of degree m 
containing the transposition (1 2) and (i) the circular permutation 
(1 2 8 ... m), (ii) a circular permutation 6 of degree tn in which 
the symbols 1, 2 are separated by i— 1 symbols, where i is prime 
to m. 

Ex. 4. The symmetric group of degree m is simply isomorphic 
with a group whose elements are birational substitutions of 
degree m— 3. 
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Ex. 5. The alternating and symmetric groups are the only- 
primitive groups containing a circular permutation of order 3. 

Ex. 6. A transitive group G containing a circular permutation 
of order 3 contains the alternating groups on the symbols of each 
imprimitive system. 

§ 13. The group G generated by every possible circvZar 
permutation of order r on the symbols 1, 2, ..., m is the- 
alternating or symmetric group on these m, symbols according 
as r is odd or even. 

First take r = 2. Since every permutation is the product 
of transpositions, G contains every possible permutation on 
the m symbols and is therefore the symmetric group. 

Next take r = 3 ; then G contains every possible product 
of two transpositions on the m symbols. For such a pro- 
duct is either of the form (1 2) (1 3) = (1 2 3) or of the form 
(1 2) (3 4) = (2 3 4) (12 3); and both these products are in G. 
Hence G contains every even permutation on the m symbols, 
and is therefore the alternating group. 

Lastly, take r > 3 ; then G contains every circular permu- 
tation of order 3 such as (1 2 3). For 

(12 3) = (1 3 2 4. ..r) (lr...4 3 2) 

which is in G. If r is even, G contains a circular permutation 
of even oi-der ; i.e.G contains an odd permutation and is the 
symmetric group. If r is odd, G is the alternating group. 

Ex. 1. The group G generated by every permutation of the 
type (1 2)(3 4) on m symbols (w» > 4) is the alternating group on 
the m symbols. 

Ex. 2. The theorem in Ex. 1 does not hold if m = 4. 

Ex. 3. If j9 is a prime < m, the symmetric group of degree m 
does not contain any subgroup of index < p except the alternating 
group. 

§ 14. The alter Tiating group G of degree m, is simple, 
unless m = 4. 

This is evident when m = 2 or 3. When m = 4, G has 
evidently a normal subgroup of order 4 containing the four 
pei-mutations 1 , (1 2) (3 4), (1 3) (2 4), (1 4) (2 3) ; where 1, 2, 3, 4 
are the four symbols on which G acts. 

Suppose that when m >4, (? contains a normal subgroup H. 
Let g be that permutation of H which displaces the smtdlest 
number of symbols. Let g be decomposed into its cycles. 
None of these cycles can contain more than three symbols; 



VI 15] THE SYMMETRIC GROUP 97 

for if gr = (12 3...)..., H contains /= (132) ^(123) and 
also gf~^ = (2) (31 ...) which displaces fewer symbols than g. 

Again, no cycle of g can contain three symbols unless it 
is the only cycle of g. For if g = (4,1 2) (3 ...) ..., gf = 
(2) (1 3 ...) ... displaces fewer symbols than g and is in If. 

Again, g cannot contain two cycles of two symbols each 
unless 771 = 4. For if ^ = (1 2) (4 5) ... , gf= (4) (5) (1 3 ...) ... 
displaces fewer symbols than g and is in H. 

We see then that g must be (if ■m- > 4) a circular permu- 
tation of order 2 or 3. The fonner is impossible since g is odd. 
If gr = (1 2 3), H contains every other circular permutation of 
order 3 such as (1'2'3'), and is therefore the alternating group 
(§ 13). For G contains one or other of the two permutations 
_/1234...m\ ,_/1234...mx 
"^ = \Y 2'Z' 4\..m) ""' ^ = {2'1' 3' 4'...m')' 
since ia"^ = (1 2) is odd. Hence (1'2'3') = a'^ga = b-^g'b 
is in H, since M is normal in G. 

§ 15. The symmetric group of degree 7n can contain no 
normal subgroup except the alternating group of degree m, 
unless m, = 4i. 

If m = 4, the subgroup of order 4 normal in the alternating 
group is also normal in the symmetric group. If in ^ 4, the 
proof is exactly the same as that of § 14. We have only 
to prove in addition that g cannot be a transposition. If 
3 = (1 2), H contains every other transposition such as (1' 2') 
in the m symbols and is therefore the symmetric group ; for 
H contains a~^ga. 

Ex. 1. A function /j of m symbols (w > 4) is changed into 
fit fit /31 ••• ^y *^® elements of the symmetric group on the m 
symbols. If those permutations which do not alter /i do not 
alter ^, f^tf^, ■■-, they form the alternating or symmetric group. 

Ex. 2. The alternating and symmetric groups are the only 
groups of degree m and order > (m— 1 ) ! (m^ 4). 

Ex. 3. (i) If G is the sjrmmetric group of degree 4 and H is 
its normal subgroup of order 4, G/H is simply isomorphic with 
the group formed by the substitutions xf = x, (1— a;)"^, {x—\)rrx, 
x~\ X -T- (x—1), 1—x. (ii) What is the geometrical interpretation 
of this result ? 
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CHAPTEE VII 

SUBSTITUTION-GROUPS 

§ 1, A GROUP whose elements axe substitutions on 77i given 
variables is called a substitution-group G of degree m. If the 
substitutions are homogeneous and linear (III 4), G is called 
a homogeneous linear substitution-group. If the substitu- 
tions are fractional and linear (III 9), G is called a fractional 
linear substitution-group. We shall suppose in §§ 1 to 8 
that all quantities considered (both coefficients and variables) 
are ordinary real or complex quantities unless the contrary 
is stated. 

Ex. 1. (i) A permutation-group is a particular case of a homo- 
geneous linear substitution-group, (ii) Each of its substitutions 
is real and orthogonal. 

Ex. 2. The similarities of a homogeneous linear group form 
a normal Abelian subgroup. 

Ex. 3. The determinant of every substitution of a finite homo- 
geneous linear group is a root of unity. 

Ex. 4. Those substitutions of a homogeneous linear group 
whose determinant is a power of a form a normal subgroup. 

Ex. 5. (i) The ' group of subtraction and division ' generated by 
xf = d—x and x' = b-^x is of finite order if i:-t-</> is rational, 
where 2 '/b cos cl>=i d. (ii) If b and d are rational, the group is 
of order 4, 6, 8, 12, or oo. 

§ 2. If every substitution of a substitution-group G on the 
m variables £&, , rSg , . . . , a;^ is expressed in terms of new variables 
Vk 2/2 > •••> ^m (functions oi x^, X2, ..., x^), we obtain a new 
substitution-group G' on the m variables 2/1, 2/2' •••> 2/ro- ^ 
now we put a;^ for j/f (* = 1, 2, ..., m) in the substitutions 
of G', every substitution of G' will be derived from the 
corresponding substitution of G by transforming by 

2' = (2/1,2/2, •■•,2/J 
(HI 3). Hence G' becomes T-' GT. 

Ex. Find T-^GT when G is generated by a:'= l-i-(l-a;) 
and a;' = 1 -f-x, and T ia x' = x—1. 
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§ 3. Suppose that every element of a substitution-group G 
on the variables x^,X2, ...,x^ when operating on any function 
/(a:,, a;^, ..., x^) either (i) leaves it unaltered for ail values 
of ajj, ajg, ..., a;„ or (ii) merely multiplies it by a constant 
independent of x^, x^, ..., x^. Then f (x^, x,, ..., xj is 
called (i) an absolute invariant or (ii) a relative invariant 
of G. By an invariant we shall mean an ' absolute invariant ' 
unless the contrary is stated. 

Every finite group G has invariants. For if the n sub- 
stitutions Qi, 02, ••■, <Jn of ^ change the function /^ into 
/i>/2. •••>/n. any symmetric function of /i,/^, ...,/„ (e.g. 
their sum or product) is an invaiiant of G. In fact gr • changes 
fi into /^, where gfQj = gr^ ; so that each substitution of G 
permutes /i,/2, ...,/„. 

Ex. 1. For example; x^y^ and rc^+y^ are absolute invariants, 
xy and x^—'jp' are relative invariants of the group whose elements 
are {x, y\ {-y, x), {-x, -y), {y, -x), {x, ~y), {y, x), {-x, y), 
{-y, -a;). 

Ex. 2. If /(Xi, X2 aj„) is an invariant of G, /(«>i, *2. — , *m) 

is an invariant of T~^GT; where x^ =^i(x^, X2, ..., a;„) is the 
substitution T''^. 

Ex. 3. An expression is an invariant of G if it is not altered 
when we perform on it every one of a set of substitutions which 
generate G. 

Ex. 4. Those substitutions of a group which leave unaltered 
one or more given expressions form a subgroup. 

Ex. 5. (i) If a homogeneous linear group has a homogeneous 
algebraic invariant / of the second degree with non-zero deter- 
minant, it can be transformed into a group of orthogonal 
substitutions, (ii) Illustrate by taking 

f=x^ + '2y'^-{-^z'^ + 2zx-2mi. 

Ex. 6. X]^ + X2 + x^+ ... i&& linear invariant of any permutation- 
group on the symbols x-y, X2, x^, 

Ex. 7. The sum of the symbols in any transitive set of an 
intransitive permutation-group (? is an invariant of G. 

Ex. 8. If a homogeneous linear group G has XiX2...Xj„ as a 
relative invariant, every substitution of G is monomial. 

Ex. 9. x+y—e is an invariant of the group generated by 
{y, -z, -x) and {x. -z, -y). 

Ex. 10. x—y + z is a relative invariant of the gi-oup generated 
by {Zx-Zy + \z, 2x—3y + 4:Z, —y + z) and 

{ — Sx + 4y—4:Z, —2x + 3y—iz, —z). 

Ex. 11. xx + yy is an invariant of the group generated by 
(i) (sine x— cosfl y, Qosd a;-)-sin0 y) and {y, x), (ii) {iy, ix) and 
{iy, -ix), {in){ix, -iy) and {y, x). 

H 2 
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Ex. 12. xy{x*—y*) and x*+y*±2'/ — Sx^y^ are relative in- 
variants of the group generated by {ix, —iy) and 
/1—i 1—i —\—i l+« \ 
(^^+^-^'^-^ + ^0- 

§ 4. If every substitution of a group G on the variables 
x^,x^,...,x^,y^,y.^,...,yf,Zi,z.^,...,Zg, ... changes ic^.^j, ....x^ 
into functions oi x^jX^, ..., x^ only, G is called 'reducible*. 
A substitution-group which can be transformed (by a suitable 
change of variables) into a group such as G is also called 
reducible. A group which cannot be so transformed is called 
irredvxihle. 

Suppose that (i) every substitution of the group G changes 
a:,, x^, .,., Xg into functions of ajj, x^, ..., Xg only; 2/1,1/2, ...,2// 
into functions of j/j,, y^, ...,yf only; z-^^,z^, •••' ^g ^^ func- 
tions of 01, z^, ..., z only; and so on: and (ii) that G is 
irreducible when considered as a group of degree e aflFecting 
x^, x^, ..., Xg only, and as a group of degree / affecting 
2/1, 2/2> •••' 2// o°fy> fl'Dd as a group of degree g affecting 
2i, Sji ••• ) ^o only, &c. Then G is called ' completely reducible '. 
A substitution-group which can be transformed into a group 
such as G is also called completely reducible. 

Ex. 1. If we transform by {x—y+e, y, e) the group G generated 
by {Sx—3y + 4g, 2x—3y + 4:e, —y + z) and ( — 3a; + 4y-4ir, 
— 2a;-|-3y— 4^, —z), we get the group G' generated by {x, 
2x—y + 2e, —y + z) and {—x, —2x+y~2z, —s). Since every 
substitution of G' obviously changes x into a function of x, G' 
and hence G is reducible. If we transform (?' by (a;, —x + y—z, 
x+z)we get the group G' generated by {x, z, —y) and {—x,y, —z). 
Since every substitution of G" evidently changes x into a function 
of X and y, z into functions of y, e while the group generated 
by {z, —y) and {y, —z) is irreducible (since these two substitutions 
have no pole in common), G" is completely reducible. Hence G' 
and G are completely reducible. 

Ex. 2. A homogeneous linear group whose substitutions have a 
pole in common is reducible. 

Ex. 3. Denoting 0^x^^ + 02X2+ ... +a„x^ by/i prove that (i) a 
homogeneous linear group G with /i as absolute or relative 
invariant is reducible ; (ii) if the substitutions of an irreducible 
homogeneous linear group H change /i into /i, f^, ..., f , 
/1+/2+... +/„ = 0. 

Ex. 4. A permutation-group of finite degree is reducible. 

Ex. 5. The group generated by {e, x, y) and (— y, —x, —e) is 
reducible. 
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§ 5. If A, B are any two homogeneous linear substitutions 
and a, j3 are their determinants, we see at once by III 4 that 
a/3, ^-\ and /3-'a/3 = a are the determinants of AB, B'^, and 
B~^AB respectively. Hence if G is any homogeneous linear 
substitution-group, those elements of G whose determinant 
= 1 form a normal subgroup T. If g, h are two elements 
of G with the same determinant, g~^h is in r, since its deter- 
minant = 1. Hence H Qi, g^, 93, ■•■ are substitutions of G 
such that no two have the same determinant, 

G = rg^+rg^+rg,+.... 

It is at once proved that the product of two similarities 
is a similarity, and that a similarity is permutable with any 
other substitution. Therefore the similarities of G form a 
subgi-oup M contained in the central of G. 

Let a, b be the fractional linear substitutions derived from 
any two substitutions A, B oi G (III 9). Then it is at once 
proved that ab is the fractional substitution derived from AB. 
Hence the fractional substitutions derived from each element 
of G form a group F isomorphic with G. The identical 
element of F may obviously be derived from any similarity 
of G but from no other element of G. Therefore to 1, in i^ 
corresponds M in G, so that F= G/M. 

Ex. 1. For example, in the group G of order 8 generated by 
(— y, a;) and {x, —y) M contains {x, y), { — x, —y), and F = G/M 
is the group generated by a;' = —l^x and of ■= ~ x. 

Ex. 2. If any homogeneous linear substitutions form a group, 
(i) the transposed substitutions, (ii) the conjugate substitutions, 
form simply isomorphic groups. 

Ex. 3. The monomial substitutions of a group G form a sub- 
group H, the multiplications of G form a subgroup K of if, and 
the similarities of G form a subgroup of K. 

Ex. 4. (i) The real substitutions of a group G form a subgroup 
H, the orthogonal substitutions of G form a subgroup K, and the 
unitary substitutions of G form a subgroup L. (ii) The G. C. S. of 
K&aA i = theG.C.S. of i and If = the G. C. S. of if and E. 

Ex. 6. The substitutions of G with a given pole or poles form 
a subgroup. 

Ex. 6. A homogeneous linear group of degree m is simply 
isomorphic with a group of real substitutions of degree 2m. 

Ex. 7. The totality of all substitutions of the type (ax+cy, 
Ix-^ay), where oa— cc = 1, form a group. 

Ex. 8. A set of substitutions of the type x' = {ax + V) -r {cx+d) 
with a pole in common form a finite group. Prove that (i) they 
have a second pole in common, (ii) the group is cyclic. 
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Ex. 9. Prove the following properties of the infinite ' modular ' 

group G formed of all substitutions such as a;' = — — -; where o, 

I, c, d are integers and ad-bc = 1. (i) No substitution of G is 
loxodromic ; (ii) every substitution of G is of order 1, 2, 3, or go, 
(iii) the substitutions for which a=d=l, b = c=0 (mod n) 
form a normal subgroup. 

§ 6. Every finite homogeneous linear group G has a positive 
Hermitian form, as an invariant. 

Let /i be any positive Hermitian form 

(e. g.XiX^ + x^x^ + X3X,+ ... ), 
and suppose that /j is changed into /i, /j, •••,fn ^7 the 
substitutions of G. By in5/j,/2, ...,/„ are Hermitian 
forms, and since /j is always positive for all values of the 
variables (not all zero) so sue f^, f^, ...,/„■ Then 

/1+/2 +...+/„ 
is evidently a positive Hermitian form and is an invariant of G. 

Ex. 1. In the group G= 1 + a + a^ + a^ + i + ba + ba^ + ba? where 
a =.{—x + 2y, —x+y), b = {x—2y, —y) take /^ = xx + yy. Then 
/a =/i, /a =/4 = 2xx + hyy-Zxy-'^xy, 

/s =fT=xx + by^-2x^-2xy, /g ^/^ = 2xxJryy-xy-xy, 
so that /i +/2 + . . . +/8 = 12{xx + 2yy — xj— xy). 

Hence xx + 2y^—x^ — xy is a positive Hermitian invariant of G. 

Ex. 2. Find a positive Hermitian invariant of the groups of 
orders 4, 8, 12 generated respectively by (i) { — x, —y) and 
{ — 2x—{u)—l)y, {w^—l)x + 2y), where oj^ = 1 ; (ii) {ix + (l—i)y, 
— iy) and {x, {l—i)x—y) where i^ = 1 ; (iii) [y, z, x) and 
{x, -y, -z). 

Ex. 3. Every finite homogeneous group can be transformed 
into a group of unitary substitutions. 

Ex. 4. (i) A homogeneous group of degree m with the invariant 
x^x^+X2X2-¥ ... +XgXg is reducible if s < m. (ii) A group with 
a hypohermitian invariant is reducible. 

Ex. 5. If an irreducible group G has two positive Hermitian 
invariants/ and y*, their ratio is a constant. 

§ 7. Any finite homogeneous linear substitution-group G 
is either irreducible or completely reducible. 

If G is reducible, it may be transformed by a suitable 
choice of variables x-^, x^, .,., Xj^, y-^yy^, ..., yi so that any 
substitution 9 of G is of the form 
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^ ^ . (s = 1,2,... , k;t = 1,2, ..., I). 

Let then 

{i,j,u = l,2,...,k; e,f,v=l,2, ...,l), 
be a positive Hennitian Invariant of G. 

Now express in terms of x^, x^, . . . , xj,, z^,z^, ...,zi, 
where 2/a = 2a + ''aia'i + «'a2^2 + - + «'aia;fc(a = 1. 2, ...,Z), and 
the Id quantities v are chosen so that 

»'TO + 9w''itt + 9i,2''2u+ ••• + 9„fti'fc„ = 0. 
This is always possible ; for by III 5 the determinant 



?ii 



ilk 



^0, 



Ikl • ■ • 9kk 
since H is positive. 

Then H takes the form 
2pi/xiXj + :2q^^z^z^+2 [(r„„ + ?,„i;,„+ ... +gj^i;;t„)i„0^ 

+ (^™ + 3z)i''iu+---+?rfc''fcj2:^a'a] = ^Pi/xiXj + ^q^^z^zj-. 

i = k _ 

Now express S^Jy-'x^Xy in the canonical form 2 Z^ Z^ (where 

i= 1 

Zi,Z2, ...,Zfc are linear functions of x^, x^, ....a;^) and 
express ^q^jZ^Zj in the canonical form ItZ^Zg. 
Suppose that when g is expressed in terms of 

-^1) •••> -^fe) ■^1) •••> ^i 
it takes the form 

^i = yM-X"! + • • • + ytk^k + h\^x + • • • + c«|^j . 
Then if we perform this substitution on f? = 2 Z^Z^ + 2 2^ Z^, 
the coefficient of Z„^p in H becomes 

yiu Cip + yau^z* + • • . + naCj„. 
This must vanish for w = 1, 2, . . . , Z, since H is not altered 
by the substitution g. But the determinant 



Cl« 



9^0, 



Ch 
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since the determinant of gr ^ 0. Hence 

This holds for each value of u, and therefore every sub- 
stitution of (? is of the type 

If (? is irreducible considered as a group aflFecting Xj, X^, 

..., Xj. and aa a gi-oup affecting Z^,Z^ Zi, the theorem 

is proved. K not, the process can be repeated until G is 
transformed into a completely reducible group. 

Ex. 1. Any ' Hermitian group ' (i. e. a finite or infinite group 
with a positive Hermitian invariant) is irreducible or completely 
reducible. 

Ex. 2. A finite reducible group of degree 2 is Abeliau. 

Ex. 3. A permutation-group is completely reducible. 

Ex. 4. A finite reducible group of degree 3 has a relative linear 
invariant. 

Ex. 5. The completely reducible group of § 4 can be transformed 
so that every positive Hermitian invariant is of the form 
a(a;iXi+ ... +a;,x,) + /3(«/i j^j-f ... +«//j'/)+y(«i^i+ ... + Vs)+ •"' 
where a, P,y, ... are real positive constants. 



§ 8. .4 finite Ahdian homogeneous linear substitution- 
group G can be transformed into a group each of whose 
substitutions is a muttiplication. 

If all the roots of the characteristic equation of an element 
A oi G are equal, ^ is a similarity. For find a substitution T 
such that T-'^AT = a multiplication M (HI 8). Now M is 
a similarity, since the roots of its characteristic equation are 
aU equal. Therefore A = TMT-'^ = M. Hence if each 
element of G is such that all the roots of its characteristic 
equation are equal, every element of (7 is a similarity. 

Now suppose A is an element of G whose characteristic 
equation has not aU its roots equal. Transform the group G 
(of degree m,, say) into a group G' so that A becomes a multipli- 
cation if =(<Oia;i, (ii^X^, ..., <^m^m)- Suppose ai^ = u>^= ... = o)^^ 
but Uj ^ t^r+u '"r+2> ••■' '^m (*^® reasoning is general). Now 
if M is permutable with 



B = (6iia;, + b^^x^ + . . . + b^^x^ , b^.^x^ + b^x^ -(-...'+ b, 
Kv^i -(- fc^aiBj + . . . + b^^x^), 



'2m^m' 
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as is evident on comparing MB and BM. Hence 6,-j- = 
if o),- ^ <Oj . Therefore every element of G' changes a^ , Xj , . . . , a;, 
into functions oi x^, x^, ..., x^ only and changes a;,+i, a;, +21 
... , x„ into functions of a;,+i, a;,^^, ..., a;„ only. 

Now if we consider the effect of the elements of G' on the 
variables x^, ccj, ... , a;, only, G' reduces to an Abelian group Hj^ 
of degi'ee r. Similarly if we consider the effect of the elements 
of G' on the variables a;^+i, 2:^+2, •••> ^m only, G' reduces to an 
Abelian group H^ of degree m—r. Now assume the theorem 
true for every Abelian group of degree < m. Then by the 
assumption we can find linear functions 2/i) 2/2' •••' 2/r '^^ 
Xi.Xj, ...,03, and functions 2/^+1, ^,+2,..., y^oi x^+i, x^^.^,..., 
Xj^ such that when H^ is expressed in terms oiy^,y^, ...,y^ every 
element of H^ is a multiplication; and similarly for H^. 
Hence G' may be expressed in tenns oi yi,y^, ■.., ym so that 
every element of G' is a multiplication. Then the theorem 
follows by induction. 

Ex. 1. A homogeneous irreducible Abelian group is of degree 1. 

Ex. 2. An Abelian group of degree m has m distinct positive 
Hermitian invariants ; and conversely. 

Ex. 3. The central of a homogeneous irreducible group consists 
solely of its similarities. 

Ex. 4. Transform the Abelian group of order 8 generated by 
{19x-12y-2ie, 10a;-7y-12«, 10x-6tf-lBe), 
{2bx-18y-B0s, Sx-By-lOe, 16x-12y-19e), 
and {^x-6y-6e, -2x+y + 22, 6x-6y-7g) 

into a group of multiplications. 



§ 9. We now consider the case of a group of homogeneous 
linear substitutions whose coefficients and variables are marks 
of a GFIp^"]. The totality of all possible homogeneous linear 
substitutions (of non-zero determinant) on m given variables 
Xi,X2, ...,«„ in a GFlp"] evidently forms a group G. It 
is called the general hovwgeneous linear substitution-group 
in the Field and is of order 

^N, = (js™'-!) (p""--y)(^™'"-y) ... (^""--pt^-i'^. 
For the substitutions of G leaving Xj unchanged form 
a subgroup E of order pC"-!)' x ^-i^r- In fact 

x/ = anXi + ai2X^+ ...+ainX^ {i = 1, 2, ..., m) 
is such a substitution when a^^ = 1 and 

<*i2 — 'hi = • • • = 'hm ~ ^y 
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■while each of the coefficients 021,031, ..., a^j is any one of 
the ip^ marks of the Field and «< 2 > "is > • • • > <^tm (* = 2, 3, . . . , m) 
are marks subject solely to the condition that their deter- 
minant ^ 0. 

Now if g, h are two substitutions changing x^ into the same 
linear function h^^x■^^ + h■^^x^+ ... + ^ima;™, gh~^ is in H. Hence 
G = Hgi + Hg2+...+Hgj„ where g-i, <72. —. .9^ are substitu- 
tions each replacing ajj by a different linear function. Now 
)fc =p""" — 1, for fell, 612, ..., feim may be chosen arbitrarily in 
the Field provided they are not all = 0. Therefore 

„iV, = (p™'--l)p<'»-i)^x„_iiV^„ _ 
and the required result follows at once by induction. 

Ex. 1. The general linear group may be considered as a 
permutation-group on p""' symbols. 

Ex. 2. We denote by P, Q, R the groups formed respectively by 
all substitutions of the types x' = x+h, x' = ax + b (a ^t 0), 

x'= -^ {ad— be ^ 0), where x, a, I, c, d are marks of a GFlp^]. 

Prove that (i) P may be considered as a simply transitive 

permutation-group of degree p'' and order p'^ ; (U) Q may be 

considered as a doubly transitive group of degree p^ and order 

p''(j)''—l) ; (iii) R may be considered as a triply transitive group 

of degree p'^+1 and order J'''(i'^'' — 1) ; (iv) every substitution of 

R is equivalent to a substitution with determinant 1 or v, where 

V is any given not-square of the Field ; the substitutions with 

determinant 1 forming a normal subgroup of index ^[3 — (— 1)^] ; 

(v) Q is the normaliser of P in iJ ; (vi) Q/P is cyclic ; (vii) Q 

contarus a cyclic subgroup of order p''—l consisting of the 

substitutions x' = ax + u{l — a) where m is a gfiven mark of the 

Field ; (viii) by varying u we get a set of p^ conjugate subgroups 

of Q ; (ix) every element of Q is in P or in one of these conjugate 

subgroups. 

Ex. 3. The totality of all substitutions of the type 

x' = (aa;+li) -—{hx+a.) where aa— bb = 1 

(III llio) form a group. 

dx -*- B 
Ex. 4. In the substitutions x' = ^ each coefficient is of 

yx+o 

the form u + vS, where u, v are marks of a GF[p], and S is a 
symbol not in the Field defined by S^ = 1 and combining with 
the marks of the Field under the ordinary laws of addition, &c. 
Prove that the totality of substitutions for which aS— ^Sy = 1 and 
(i) a = a, /3 = i), 7 = c, 8 = d (a, 6, c, d being marks of the Field), 
(ii) a = l + a{l + S),l3=b{l + S),y = c{l + S),b=l + d{l + S), 
(iii) a = l + a{l-S), ^ = b{l-S), y = c{l-S), b = l + d{l-S) 
form groups E, H^, H^. Every substitution of H^ is permutable 
with every substitution of H^ and Hi = H2 = K. 
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§ 10. The remarks of § 5 evidently apply to homogeneous 
substitution-groups whose coefficients and variables are marks 

Let G be the general homogeneous linear group of degree m, 
and let u be a primitive root of the Field. Then if g is 
(ux^, x^, iCj, ... , x^}, g^ = (u'iCj, Xj, Xj, ... , x^) is a substitution 
of G with determinant u*. But u' can be any non-zero mark 
of the Field; and hence G = Tg + Tg^ + ... + rgP''-\ There- 
fore G/r is cyclic of order p^ — 1. 

Again, if s = (uxj, ua;^, ••., '^^m)' every similarity of G is 
of the type s* = {u^x^, u^x^, ... , ti'-x^). Therefore M is cyclic 
of order p'"—l. 

The greatest common subgroup 2) of T and M is of order d, 
where d is the H.C.F. of p'^—\ and m. For s' is in T if and 
only if u'"* = 1, i.e. <m = (mod p^ — l); and the smallest 
value of t satisfying this congruence is (p^—\)rrd. 

The fractional linear group A of degree 7n — 1 derived from 
r = Y/D and is therefore of order „-ZV, -f- (^''—1) d. It may 
be shown that A is simple unless th. = 2 and p^ = 2 or 3 
(i. e. ^ = 2 or 3 and r — 1). For the proof of this result, and 
for a discussion of other simple groups derived from subgroups 
of the general homogeneous linear group with given invai-iants, 
we must refer the reader to Dickson's Linear Groups (Teubner, 
1901). 

Ex. 1. Show that the centrals of G and r consist solely of their 
similarities. 

Ex. 2. Show that there are simple groups of orders 60, 168, 
504, 660, 1092, 2448, 3420, 4080, 5616. 

Ex. 3. A is of even order.* 

Ex. 4. Those substitutions of G, T, A whose coefiScients are 
integral marks form a subgroup. 

Ex. 5. When w = 2 and r = 1 every element of A is included 
once and only once among iS'^TS^TS" and TS^'TS'^TS' (A, v, 
T= 1, 2, ...,p; iJL,<7 = l,2, ...,i(i>-l); per = 1 (modi?)); where 
5 is x' = a; + 1 and T is a^ = — 1 -f- a;. 

Ex. 6. Show that A can be generated by three substitutions of 
order 2 when m=2, r= 1, p > d. 

Ex. 7. If w = 2 and p^ = 2, G contains a normal subgroup 
of order 3 generated by {y, x+y); and G = r = A. 

Ex. 8. If m = 2 and p*" = 3, while A, B, C, B, E denote 
respectively (2a;, x+y), {y, 2x->ry\ {2y, x), {x+y, x + 2y), {2x, 2y), 
show that {£}, {D, E}, {C, D, E}, T = {B, C, B, E], G = {A, 
B, C,B,E} are of orders 2, 4, 8, 24, 48 and that each is normal 
in its successor. 

* No simple non-cyclic gronp of odd order has yet been discovered. 



CHAPTER VIII 

GROUPS OF MOVEMENTS 

§ 1. We shall consider in this chapter groups whose elements 
are geometrical ' movements ' of the kind discussed in Ch. IV. 
Such a group is called a group of movements. If each move- 
ment of the group leaves a given point unmoved the group 
is called a point-group. 

Ex. 1. A point-group can only contain rotations about lines 
through and rotatory-inversions about and lines through 0. 

Ex, 2. Every finite group of movements is a point-group. 

Ex. 3. If a group contains a rotation through 2 tt -f- to (to integral) 
about a line I and a reflexion in a plane through Z, it contains 
reflexions in m planes through I. 

Ex. 4. If a point-group contains a rotation through 2iT-T-m 
about I and a rotation through tt about a line perpendicular to J, it 
contains rotations through it about to lines perpendicular to I. 

Ex. 5. If a point-group contains rotations through ^TT about two 
perpendicular Lines, it contains a rotation through f tt about a line 
making an angle tan~^-/2 with each. 

Ex. 6. If a point-group contains rotations through fir about two 
lines inclined at an angle cos~^§, it contains a rotation through w 
about a line making an angle tan~^ V2 with each. 

Ex. 7. If a point-group contains rotations through fir about two 
lines inclined at an angle tan~'2, it contains a rotation through 
f TT about another line. 

§ 2. If G is any group of movements containing rotatory- 
inversions, the screws of G form, a normal subgroup which is 
of index 2 when is finite. 

We include rotations and translations as particular cases 
of 'screws', and reflexions, inversions, gliding-reflexions as 
particular cases of ' rotatory-inversions ' unless the contrary 
is stated. 

By IV 6 the product of two screws is a screw. Hence the 
screws form a subgroup H. Also the transform of a screw 
is a screw (IV 9), so that H is normal in O. 
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Let J" be a given rotatory-inversion of G, and let I be any 
other rotatory-inversion of 0. Then IJ~^ being a screw, is 
inH; so that 7 is in HJ. Hence G = H+ HJ; and iT is of 
index 2 if G is finite. 

§ 3. If any point, line, &c. P is brought to the positions 
^. -f*i'.^2> ••• by the movements of a group G; P, Pj, P^, ... 
are said to form an equivalent system, of points, lines, &c. 
under (?. 

If G contains a screw S about a line I, G contains a similar 
screw (one of equal angle and translation) about every line 
equivalent to I ; since G contains the transform of S by each 
movement of G (IV 9). These similar screws are the elements 
conjugate to ^S in G'. A like result holds for the rotatory- 
inversions of G. 

Ex. 1. Points equivalent under a point-group lie on a sphere. 

Ex. 2. If Gf is of finite order n, the number of points, lines, &c. 
in an equivalent system is in general n. 

Ex. 3. (i) If G contains a rotation through 2-n-i-m about a 
line OP, but no rotatory-inversion, there are n-rm points 
equivalent to P. (ii) If G contains a reflexion in a plane through 
OP there are n-i-2m points equivalent to P. 

Ex. 4. Every movement of G permutes P, P,, P^, .... These 
permutations of P, Pj, P^, ... form a permutation-group isomorphic 
with G. 

Ex- 5. Use Ex. 4 to prove the result of VI 2 for a point-group. 

Ex. 6. A normal subgroup H of any group of movements G 
contains a screw about a line I. Show that H contains a similar 
screw about every line equivalent to I under G ; and that a like 
result holds for rotatory-inversions. 

Ex. 7. If a group contains a screw of angle fir about a line I 
and a reflexion in a plane through I, it contains reflexions in two 
other planes through I. 

Ex. 8. If a group contains a screw of angle f -n about a line I 
and a translation perpendicular to I, it contains three independent 
translations. 

§ 4. The trandations of any group G of geometrical move- 
menta form a normal subgroup H, arid G/H is sim,ply 
isomorphic with a point-group. 

Since the product of any two translations is a translation, 
the translations of form a subgroup H, and since the 
transform of a translation by any movement is a translation 
(IV 9), E is normal in Q. 
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If (Sj, /S2, ... are any screws of 0, and R^^R^,... are 
rotations through equal angles about parallel lines through 
a fixed point 0, we can find translations T^,T^, ... such that 
S^ = R^T-^, 82 = R^^i' ■••■ Moreover we can find a transla- 
tion T such that Si Sj = RiRj . T (IV 9^ , „ «, 9). 

Similarly if /j, J^, ... are any rotatory-inversions of G, 
and /j, /g, ... are rotatory-inversions through equal angles 
about and parallel lines through 0, we can find translations 
ij, ij. •■• such that J^ = I^t.^, J^ — I^t^, .... Moreover we 
can find a translation t such that J^ /.- = Ii I.- . t, or such that 
SiJj = RiIj.t, or JiSj = IiRj.t. 

Hence the group G is multiply isomorphic with the point- 
group r consisting of the movements R-^, R^ /p I2, — 

To identity in T con-esponds every translation of G, so that 
r = G/H. 

A group (such as H) each of whose elements is a translation 
is called a translation-group. 

Ex. 1. H is infinite unless H ^ 1. 

Ex. 2. The group generated by rotations through ir about two 
perpendicular non-intersecting lines is isomorphic with the point- 
group of V3ji(ii), the subgroup H being generated by a single 
translation. 



§ 5. We proceed now to find all possible types of finite 
point-group leaving a given point unmoved. Every element 
of such a group G is a rotation about a line through or 
a rotatory-inversion about and a line through 0. Let R be 
any rotation about a line I through a positive angle a con- 
tained in the group, and suppose that the group contains 
no rotation about I through a positive angle < a. Then 

2ir 
a = — where n is integral. For if {n + l)a > 2it > na, 

a rotation through 2ir — na about Z is a movement of the 
group, 80 that 2 tt = na. Similarly if J is a rotatory-inver- 
sion through a about and I, and the group contains no 
rotatory-inversion about and I through an angle < a, 

2Tr 
a = — , -where n is integral. We shall speak of J? or / as 

an ' n-a.1 ' rotation or rotatory-inversion of G. 

Ex. 1. A 1-al rotatory-inversion is equivalent to inversion 
about 0. 
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Ex. 2. A 2-al rotatory-inversion about I is equivalent to reflexion 
in a plane through perpendicular to Z. 

Ex. 3. Find the orders of B and I. 

Ex. 4. If a group G of order N contains an w-al rotation or 
rotatory -inversion, N-—n is integral. 

Ex. 5. If a group contains an »-al rotatory-inversion, it contains 

an J {3— ( — l)"}-al rotation about the same line. 



§ 6. We first consider a 'holoaxial' point-group G of 
order n containing only rotations about lines through a 
point 0. 

If G contains 2-al rotations about u^ different lines, 3-al 
rotations about u^ different lines, ..., 

n—l = U2 + 2u3 + ^u^+ .... 
For any point P is brought to coincide with (m — 1) other 
equivalent points by successive rotations through 2 tt -f- m 
about any one of the u^ lines round which an in-al rotation 
of G takes place. We thus get U2 + 2u^ + 3u^+ ... points 
equivalent to P. Also since G contains only rotations, all 
the points equivalent to P are thus obtained except F itself. 
But in general there are n points equivalent to and in- 
cluding P. 

Ex. If a group G of order n contains 2-al rotations about Wg 
lines, 3-al rotations about Mg lines, ... and rotatory -inversions, 
^w— 1 = U2 + 2u^ + 3ui + ... . 

§ 7. Let now G contain <x-al, 6-al, c-al, ... (a > 6 > c > ...) 
rotations about lines OA, OB, 00,... no two of which are 
equivalent under G. We suppose these lines only drawn in 
one direction from 0. The prolongation OA' of OA is in- 
cluded among OB, 00, ... if and only if the two ends of the 
line A'OA are not equivalent, which is the case if G contains 
no rotation (through ir about a line perpendicular to OA) 
bringing OA to coincide with OA'. If t is any Une through 0, 
there are in general n lines equivalent to t ; but if t coincides 
with OA, these lines coincide in sets of a. Hence there are 
n — a lines equivalent to (and including) OA; and G con- 
tains a-al rotations about each. A similar result holds for 
OB, OC, .... Therefore G contains a-al rotations about n-i- a 
equivalent lines, 6-al rotations about ti -t- b equivalent lines, 
and so on. These lines are the U2-k,u^-^u^+ ... lines of § 6 
reckoned twice over. Thus, for instance, the line A'OA is 
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reckoned once as OA and once as OA'. Hence 



or 






The term inside each bracket of this equation is < 1 but > i. 
Hence there are on the right-hand side not more than three 
brackets or less than two. 



Fig. 11. 

The diagram shows the lines about which the 2-al rotations of l>^ take 
place. The 4-al rotation of D^ takes place about a line through perpen- 
dicular to the plane of the diagram. 

2 11 

(i) If there are two brackets, we have - = - + r • But 
in nab 

- and -r are integral ; hence a = b = n. Then 0£ is OA', 



\m.7] HOLOAXIAL POINT-GROUPS 113 

and G is a, cyclic group (C^) fonned by rotations about a 
single line. 

(li) If there are three brackets, we have 1 + -=- + - + -. 

n a b c 
Then c = 2 ; for otherwise n would be negative, since a>b>c. 

12 11 D ' 

Hence 2"^ n~ ~ '^ I' ^^ ^ ^^° ~ ^' ^® ^^^^ ^" ~ ^' 
b = c = 2. Then OA' is equivalent to OA, and G is the 
dihedral group (D„) formed by rotations through multiples 
of 2Tt -T- a about A'OA and rotations through ir about a lines 
perpendicular to OA each making angles ti -z-a with its 
neighbours (Fig. 11). 

The group D ( = Dj) formed by rotations through it about 
three mutually perpendicular intersecting lines is called the 
' Quadratic ' group (Vierergruppe). 

(iii) If c = 2 and 6 > 2, 6 = 3 ; for otherwise - + t ^ k ■ 
112 a o /t 

Then - = - h — , so that a < 5. 
a & n 

We can have n — \2, a = b = Z, c = 2. Then G contains 

rotations through fir about x ( — + t- ) = 4 lines. Each such 

2 \ a 0/ 

rotation brings the system of four lines to self-coincidence (§ 3). 

This is evidently possible only if the four lines lie along the 

diagonals of a cube. By IV 2 G also contains rotations 

through IT about three lines perpendicular to the faces of the 

cube. We call G in this case the tetrahedral group (T). 

(iv) Again, we can have n = 24, a = 4, 6 = 3, c = 2. Then 

as before G contains rotations through ^tt about four lines 

lying along the diagonals of a cube. It contains also rotations 

through in about the perpendiculars to the cube-faces and 

rotations through tt about the lines joining the middle points 

of opposite edges. We call G in this case the octahedral 

group (O). 

(v) Again, we can have n = 60, a = 5, 6 = 3, c = 2. Then 

1 n 
G contains rotations through fw about - • — = 6 lines. Each 

.& a 

such rotation brings the system of six lines to self-coincidence, 

and hence the six lines lie along the diagonals of a regular 

icosahedron. By IV 2 G contains rotations through f tt about 

the ten perpendiculars to the faces of the icosahedron, and 

rotations through tt about the fifteen Unes joining the middle 

points of opposite edges. We call G in this case the icosa- 

hedraZ group (E). 



aii.TO> r. o. 
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Ex, 1. Find the groups formed by the rotations bringing to 
self-coincidence (i) a right regular hexagonal pyramid, (ii) a right 
regular hexagonal bipyramid, (iii) a rectangular parallelepipedon, 
(iv) an ellipsoid, (v) a cube, (vi) a regular tetrahedron, (vii; octa- 
hedron, (viii) dodecahedron, (ix) icosahedron. 

Ex. 2. C„ and D are Abelian. 

Ex. 3. (i) C„ is a normal subgroup of D^, Da of D^ (a even), 

T of O, D of T and O. (ii) E is simple, (iii) O/D = D3. 

Ex. 4. D„ contains 1 or 3 conjugate sets of elements of order 2 
as a is odd or even. 

Ex. 5. If 3 is a factor of a, D„ contains q subgroups Da. 

1 

Ex. 6. Find the conjugate sets of elements in T. 

Ex. 7. O contains 4 subgroups D3 forming a conjugate set and 
3 subgroups D^ forming a conjugate set. 

Ex. 8. E contains 5 subgroups T forming a conjugate set, 
10 subgroups D3 forming a conjugate set, and 6 subgroups D5 
forming a conjugate set. 

§ 8. We now consider a point-group G containing rotatory- 
inversions.* The rotations of G form a normal subgroup H 
of index 2 (§ 2), and G is completely given when we know H 
and a single rotatory-inversion of G. We find then all 
possible point-groups by taking any one of the groups H of 
§ 7 and finding each w,-al rotatory-inversion X about and 
a line I which (1) brings to self-coincidence the system of 
lines about which the a-al, 6-aI, ... rotations of H take place, 

and (2) is such that if contain* a -j {3 — (— l)'"}-al rotation 

about I (Vm 5^). 

First we have cyclic groups (c„) generated by an m-al 
rotatory-inversion about and a line 1-. H is C^ or C^^ as 
m is odd or even. 

The only other cases in which H is the group C^ are those 
in which X is an invei-sion about 0, or a reflexion in a plane 
through the line Oil of § 7. We thus get two types of group 
(r„ and 8^). 

Again, we may derive a type (d„) by combining the group 
c„ with a rotation through tt about a line perpendicular to I : 
H is D^ or Di^ as m is odd or even. 

The only other case in which H is D^ is that of the 
type (Ato) in which Jf is an inversion about 0. 

From T we derive two types (0 and 6) by taking X as 

* Such groups are sometimes called ' extended ' groups. 
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an inversion about or a reflexion in the plane through two 
opposite edges of the cube of § 7, (iii). 

From each of O, E we derive a single type (fl, H) by 
taking X as an inversion about 0. 

Ex. 1. Show that d^ is identical with 82, T^ with c„ (w odd). 

Ex. 2. By taking H aa C„ or D^ and Z as a reflexion in a 
plane perpendicular to OA, we get no group not already obtained. 

Ex. 3. By taking H as D^ and X as a reflexion in a plane 
through OA (i) passing through one of the lines about which 
a 2 -al rotation takes place, (ii) bisecting the angle between two 
such lines, we get no new group. 

Ex. 4. Show that we have exhausted all distinct point-groups 
derivable from T, O, E. 

Ex. 5. 8m contains reflexions in m planes through OA each 
of which makes angles w -r w with its neighbours. 

Ex. 6. What are the groups of symmetry-movements of an 
ellipsoid, a parallelepipedon, a rectangular parallelepipedon, a 
sphero-conic, an oblique circular cone, a right square prism, 
a cube, a regular tetrahedron, octahedron, dodecahedron, icosa- 
hedron, a tetrahedron with two pairs of opposite edges equal, 
a tetrahedron with each pair of opposite edges equal, a tetra- 
hedron with two pairs of opposite edges equal and the third pair 
perpendicular, a square open tank, a bound book, a paraboloid. 

Ex. 7. c„, 82, A(= A2), r^ are AbeHan. 

Ex. 8. 8„ = D„, d^ = D,„ (m even), O = 6, Ta = D = 62- 

Ex. 9. 6/D = D3, 0/D = Ce, fl/T = D, Q/H = d^. 

Ex. 10. Which groups of § 8 are direct products ? 

§ 9. We shall now consider briefly the properties of a 
translation-group H containing no infinitesimal translation. 
Let be any point and let OA^ represent (IV 8) a translation 
of H such that do other translation of H is represented by 
a line shorter than OA^. Let Oi?j represent another transla- 
tion of H, B^ being chosen (out of OA-i) so that the area of 
the parallelogram OA-fiB^ is as small as possible. Take 
equidistant points ..., .4_2, -4_i, 0, A^, A^, ... along OA^, and 
through them draw lines parallel toOBy. Treat OB^ similarly. 
The net of points so obtained (see Fig. 12) includes aU the 
points in the plane AfiB^ which are equivalent to under H. 
For if y were such a point situated in a parallelogram r, 
then evidently the parallelogram OA^DB^ (and in fact each 
parallelogram of Fig. 12) would contain a point F equivalent 
to V situated with respect to OA^DB^ in the same way as V 
with respect to r. This is impossible ; for the parallelogram 
whose adjacent sides are OF, OA^ is smaller than OA^DBi- 

I 2 
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Let OCj represent another translation of H, C^ being chosen 
(out of the plane A^OB.^ so that the volume of the parallele- 




Fig. 12. 
pipedon whose adjacent sides are OA-^ , OB^ , OOj is as small 
as possible. Take equidistant points . . . , Cj , C.^ , 0, Cj , C^. • • • 
along OCj and through them draw planes parallel to OA^Bj. 
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Treat the lines 0^,, OB^ similarly. Then just as before we 
see that the lattice of points formed by the intersections of 
these three sets of parallel planes (Fig. 13j includes all the 
points equivalent to under H. Hence H is generated by 
the translations represented by OA^, OB^, OC^; and there- 
fore : — 




Fig. 13. 

Every translation-group containing no infinitesimal trans- 
lation is generated by not more than three independent 
translations. 

Ex. 1. Every translation of H is represented by a line drawn 
from any given point of the lattice to some other point of the 
lattice. 
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Ex. 2. The straight line joining two points of a net (or lattice) 
passes through an infinite number of points of the net (or lattice). 

Ex. 3. The plane through three non-collinear points of a lattice 
contains a net of points in the lattice. 

Ex. 4. If <i, <2, ^3 are the translations represented by OA-i, 
OBi, OCi in § 9, (i) prove that <i°i<2^i and ^i^sfj^a are independent 
if Qj/Sg — Qj/Si ?^ and generate a subgroup of {<i, ^2} which 
only coincides with {t^, ij} ^ <^il^2~^2^i= i.^ > ('^) ^^^ ^^^ 
condition that Tj = t^it<i^it{*i, Tj = t^'^it^^tt^fi, T3 = t^'^it^^it^iz 
should be independent ; (iii) show that JT = {tj, Tj, t^} is a 
subgroup of H and find the condition that H = K; (iv) show 
that {<!, <2> '3}/{*i% ^z") V} is an Abelian group of order xys 
generated by three permutable elements of orders x, y, z. 

Ex. 5. Find every group of movements such that H is generated 
by a single translation. 

Ex. 6. No function of the complex quantity x-\- V —ly can 
have more than two independent periods. 

§ 10, Let H be the normal subgroup formed by the trans- 
lations of any group of movements G (§ 4). Let G contain 
a screw S through an angle 2tt — n (but through no smaller 
angle) round any line. Let R be the rotation through 2Ti~n 
about a parallel line I through 0. Now S transfonns every 
translation of G into another translation of G, and hence S at 
most moves the lattice of § 9 parallel to itself. Hence R 
brings the lattice to self-coincidence. 

Let Ej^ be a point of the lattice such that no point of the 
lattice is nearer I than Ej (excluding points on I). Let the 
rotations R, i^^ ..., iJ"-^ bring E^ to E^, E^, ..., E„. Com- 
plete the parallelogram E^E^E^D. Then E^, E^, ...,£'„ are 
points of the lattice, and therefore E^E^, E^E^ represent 
translations of H. Hence E^D represents a translation of H ; 
so that Z) is a point of the lattice. Therefore D lies on I, 
or else is outside the polygon E.^E^...E^. We see at once 
that this is only possible if n = 2, 3, 4, or 6. 

A similar result holds for the rotatory-inversions of G. 
Hence : — 

If the subgroup H formed by the translations of a group G 
contains no infinitesimal translation, th^ point-group simply 
isomorphic with G/ H contains only 2-cd, Z-al, 4-ai, and 6-al 
rotations and rotatory-inversions. 

G is not necessarily given when H and G / H are given. 
If H is generated by three finite independent translations, 
G is one of 230 different types (of which 165 contain rotatory- 
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inversions). For the discussion of these we must refer to 
Schoenflies' Krystalhysteme und Krystallstructur, or Hilton's 
Mathematical Crystallography. 

Ex. 1. G/H is one of 32 different types. 

Ex. 2. The movements bringing a net to self-coincidence and 
not displacing form one of the groups Fj, A, A4, Ag. 

Ex. 3. The movements bringing a lattice to self-coincidence 
and not displacing form one of the groups c, r2, A, A,, A4, 
Afl, fl. 

Ex. 4. The only type of lattice brought to self-coincidence by 
Ag is that in which 

0^1 = 0£,, A-fiB^ = 120°, C,0^i = C-^OB. = 90° 
(§9)- 

Ex. 5. There are two types of lattice brought to self-coincidence 
by A4 ; that in which 

(i) 0^1 = 0^1, ^lOJSj = CfiA^ = C^OB^ = 90°; 
(ii) OA^ = OB-,, A-^OB-, = 90°, 
and the line joining Cj to the middle point of A^B-, is perpendicular 
to the plane OA-iB-,. 

Ex. 6. n CjO^i = Ci05, = 90° and G/H =€2, G is one of 
two possible types. If G/H = Cj, G is one of two types. 

Ex. 7. If A^OB-, = 120°, CiO^i = CiOB^ = 90°, and G/H=^ C.,, 
G is one of three types. 

Ex. 8. There is only one type of group for which G/H = Cg. 

Ex. 9. Find the groups in which H is generated by only two 
independent translations and G/H is Cj, C3, C4, or Cg. 

§ 11. If a given movement brings any point P to the 
position P', P and P' have a one-to-one correspondence. 
Therefore a movement may be considered as a particular case 
of collineation. If {x', y', z') and {x, y, z) are the coordinates 
of P' and P referred to the same Cartesian axes of reference, 
we have evidently relations of the form 

x'= a-^x + biy + c^z + d^, y'= a^x + b^y + c^z + d^, 

z'= a^x + b^y + c^z + d.^ 

(for if P is at infinity so is P'). These relations may be 
considered as defining a substitution. Hence any group of 
movements G may be looked upon as a group of collineations, 
while the corresponding substitutions evidently form a sub- 
stitution-gi-oup of degree 3 simply isomorphic with G. 

If G is a holoaxial point-group whose elements leave a 
point unmoved, G is simply isomorphic with a fractional 
linear substitution-group of degree 1. 
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For let 2 be any sphere with centre 0, and et a point P 
on 2 be brought to Q by a rotation of G equivalent to 
successive reflexions in two planes through meeting 2 in 
the great circles j, k. Let P', Q', f, k' be the stereographic 
projections of P, Q, j, k. Then F is brought to Q' by 
successive inversions in the circles /, k' (IV 11). Let the 
coordinates of P', Q' referred to rectangular axes be (x, y), 
(x, y') ; and let z = x + iy, z'=x' + i'i/ {i = -Z^). Let /, k' 
be the circles 

a;2 + 2/^ + 2ga; + 2/2/ + e = 0, x'-^y' + 2g^x + 2f^y + e^ = 0; 
and let (Z, F) be the inverse of {x, y) in / or of (x', i/) in k'. 
We verify at once that 

y_{ g'+P-^){x+g) „ y^ {9'+P-e){y+f) . 
{x+gf+iy+ff ^' {x+9Y+{y+fr ■'' 

Hgiic6 

X_iY ^ ^{-g-^if)-e ^ (similarly) ^' ^rf^-^^'^-^ - (i) 

^ + {g+^f) 2 +(.(71+^/1) ^ 

Solving (i) we have a substitution S of the form z' = — —5 

(where a, b, c, d are complex quantities) which is not altered 
by multiplying a, b, c, cJ by a common fiactor (not or od). 
It is usual to take ad — be = 1. The substitutions similar to 
S form a substitution-group G' simply isomorphic with G. 
If we change the vertex of stereographic projection or the axes 
of reference, we obtain a transform of G' by some substitution. 

Ex. 1. A point-group is simply isomorphic with a group of 
homogeneous orthogonal substitutions. 

Ex. 2. (i) The substitutions of a homogeneous orthogonal group 
of degree 3 whose determinant is 1 form a normal subgroup H of 
index 1 or 2. (ii) If H is finite, it can be transformed into one 
of 5 given types of group. 

Ex. 3. Find the simplest substitution-groups of degree 8 simply 
isomorphic with A, dg, D4, T, the group generated by an inversion 
and three independent translations, and the group generated by 
two screws through it and of equal translations about two parallel 
lines. 

Ex. 4. Find the simplest substitution-groups of degree 2 simply 
isomorphic with 64, the group generated by two rotations through 
IT about parallel lines, and the group generated by a reflexion in 
a plane and a rotation through ir about a parallel line. 

Ex. 5. Find the simplest fractional substitution-groups of 
degree 1 simply isomorphic with C^, D„, T. 

Ex. 6. Show that there are only 5 possible types of finite 
fractional linear substitution-groups of degree 1. 
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Ex. 7. By what substitution is the group C of § 11 transformed 
if (i) the plane of stereographic projection is turned through an 
angle a about the axis of y, the origin being at ; (ii) the axes of 
reference are turned through an angle /3 about the origin, the 
plane of projection remaining unaltered ? 

Ex. 8. Show that a point-group containing rotatory-inversions 
is simply isomorphic with a group composed of substitutions such 
as sf = (flx->rV)-^(cx-\-A) and 'pseudo-substitutions' such as 
x' = (aa; -J- 6) -f- (ex -I- d\ 

§ 12. We shall conclude this chapter by working out in 
detail one example showing the connexion between certain 
groups of movements, colLmeations, permutations, and sub- 
stitutions. 

Consider the octahedral group O formed by the rotations 
bringing a cube to self-coincidence (§ 7 (iv)). Take as Cartesian 
reference-axes the lines through the centre of the cube 
perpendicular to the faces. The group O may obviously be 
generated by a rotation a through \ it about x — y = and 
a rotation b through ir about y — 0, x = 2. 

Now let {x, y, z) be the coordinates of any point P. Then 
if the rotation a brings P to coincide with the point Pj and 6 
brings P to coincide with P^, the coordinates of P^ and P^ are 
(~y,x,z) and (z, ~y, x). Hence O is simply isomorphic 
with the homogeneous linear substitution-group of degree 3 
generated by x'= —y, y'— x, z!= z and x'—z, y'= —y, z'=x. 

Take OP as unit of length and project points on the sphere 
oi?-\-y^ + z^=\ stereographically from the point (0,0, —1) 
on to the plane z — O. Let (x, y), (x, , yj), (x^, y^) be the 
coordinates of the stereographic projections of P, Pj, P^ and 
let X = x-l- ■/— ly, Zj^Xj-f -/ — lyj,z2 = X2-l- \/— 1 y^. The 
rotation a is equivalent to successive reflexions in the planes 
y ■= 0, X = y and b is equivalent to successive reflexions in 
the planes y = 0, x = z. These planes meet the sphere in 
great circles whose projections are y = 0, x = y and y =0, 
x^^y'^ + 2x= 1.* Hence it follows by equations (i) of § 11 
that «i = V — 1 «, Sg = (1 — b) -f- (1 4-s). Hence O is simply 
isomorphic with the fractional substitution-group generated 

by x'= -/^l X and a;'= .; ' • 

•' 1 + x 

Again, every rotation of O interchanges the four lines 
* The circle through (0, +1) cutting i — at an angle of-. 
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x= ±y = ±2 (the diagonals of the cube) while evidently 
no rotation of O except identity brings each such diagonal 
to self-coincidence. Hence O being of order 4! must be 
simply isomorphic with the symmetric group of degree 4. 

Again, suppose a rotation r of O brings any line I to 
coincide with l'. Let I, I' meet a given plane in Q, Q'; and 
let the lines x = ±y = ±2 meet the plane in the comers 
of a quadrangle ABCD. Then the rotation r establishes 
a coUinear transformation of the plane ABCD such that Q' 
corresponds to Q. This coUineation interchanges the points 
A, B,G, D and therefore transforms the quadrangle ABCD 




Fig. 14. 

into itself. Moreover since a coUineation of a plane is com- 
pletely determined when four pairs of corresponding points 
are given and A, B, C, D can be interchanged in 4 ! ways, 
O is simply isomorphic with the group formed by all those 
coUineations of a plane which transform a given quadrangle 
into itself. The coUineations of order 2 in this group are 
at once seen from Fig. 14 to be the perspective colUneations 
whose fixed point and Une are X and TZ, T and ZX, Z and 
XT,E and CD, F and DA, and AB, H and BC, I and BD, 
J and AC. These correspond to the rotations through it 
contained in O as explained in IV 13. 

Ex. 1. Show that 6 is also simply isomorphic with the 
symmetric group of degree 4. 
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Ex. 2. Show that E is simply isomorphic with the alternating 
group of degree 5 and with the group generated by those collinea- 
tions of a plane of order 2 which transform into itself the figure 
formed by a regular pentagon and the line at infinity. 

Ex. 3. Show that an Abelian group composed of collineations 
of order 2 transforming (i) a straight line, (ii) a plane into itself is 
of order < 4. 

Ex. 4. Show that an Abelian group generated by perspective 
collineations of order 2 is of order < 8. 

Ex. 5. Show that in an Abelian group of collineations of order 
2 the non-perspective collineations form with identity a normal 
subgroup of index 1 or 2. 

Ex. 6. Discuss the groups generated by (i) two perspective 
collineations with a common fixed point ; (ii) four perspective 
collineations with a common fixed plane ; (iii) three non- 
perspective collineations of order 2 vrith one fixed line in common 
and the other fixed lines concurrent. 



CHAPTER IX 

GENERATORS OF GROUPS 

§ 1. We defined ' an independent set of generators ' in V 3. 
A group may have several such sets, but the group is com- 
pletely determined when we know any one such set of 
generators and all independent relations between them. So 
far our knowledge of the properties of generators is confined 
to isolated theorems (see the examples below) except in the 
case of Abelian groups which are discussed in §§ 3 to 6. We 
shall suppose the number of generators to be always finite ; 
this is the case for all finite groups. 

Ex. 1. The group o™ = 6" = 1 is infinite. 

Ex. 2. If a, b denote (i) permutations on any finite number of 
symbols, (ii) linear substitutions in a GF[p^], a and b are 
connected by relations other than the eciuations o"* = &" = 1 
giving their orders. 

Ex. 3. (i) The relations o^ = 1, b^ = a^, ab = ba'' * are incon- 
sistent unless k^—l = r{fc—l) = (mod X). (ii) If they are 
consistent, {a, b] is of order A/3, (ui) a^ = ftP = 1, ab = ba'' 
are inconsistent unless A; = 1. 

Ex. 4. If {a, b} is finite and 6^ = (^6)2, {a, 1} is of the type 

Ex. 5. The relations ab = ba'', ba = o6' define (if consistent) 
a finite group. 

Ex. 6. If a and 6 are of finite order and are both permutable 
with their commutator c, {a, b} is finite and each of its elements 
is of the form a^bVc^. 

Ex. 7. Ii aP = bP = c^ = 1, ab = ba, ca=bc; {a, b, c} is of 
order 2p'^. 

Ex. 8. a2»" = 62 — ((,6)2 _ g2 _ 1^ g^ — g(j^ jg _ eft cannot be 

generated by < 8 generators. 

Ex. 9. Find in their simplest form the elements of 

(i) <^ = b^= 1, ba = 0^62 ; (ii) a^ = ft6 = 1, ba = a^b''. 
Ex. 10. (i) Prove that if a* = b* = 1 and ba = 0^62, ab = (baf 

' This implies that K is the order of u, the order of b relative to {a}, 
A. > A > 0. 
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and {baf = 1. (ii) Deduce that o* = b' = 1, ba = a^b^ is the 
same abstract group us g* = h^ = 1, hg = gh^ and find its order. 

Ex. 11. Prove that a^ = b^= 1, ba = a^b^ is the same abstract 
group of order 55 as p^ = h}^ = l^ hg = gh^. 

Ex. 12. o^™ = 62 = {a^bf = 1, {aby = {baf and a'^"' = 6^ = 1, 
o^ft = ba^, {aby — {bay are of order imr. 

Ex. 13. Find the orders of (i) o* = b* = {aby = aH^ab^ — 1, 
(ii) o2 = 62 ^ c2 = (a6c)2 = (ac)5 (cbf = {acf {cbf = 1. 

Ex. 14. Find the orders of 

(i) o3 = 62 = (a6)3 = 1, (ii) a* = 6=* = (a6)2 = 1, 
(iii) o« = 62 = (a6)3 = 1, (iv) o^ = 62 = {abf = {a*b)* = 1. 

§ 2. Suppose we are given a finite or infinite group G 
generated by any given elements fifi, fifz, fifs, ... connected by 
given mutually consistent relations g^g^... = l,gi'g''... = l,&c. 
Consider the group T generated by elements yi, 72' V3, ... 
connected by the relations y^yf^... = l, yPy^... = l, &c., and 
also by any number of further relations y° yf • • • = 1 , y' y^ . . . = 1 , 
&c., not in general all independent but consistent with each 
other and with y^y^... = 1, y^y"--- = 1, &c. Now G and F aie 
evidently isomorphic ; for to the product of any two generators 
diy 9 J of G corresponds the product of y^, y,- in F, and conversely. 
To each element of G corresponds only one element of F, 
while to identity in F corresponds every element of G con- 
tained in the normal subgroup H whose elements are 1, 
g"a9^-, gl9l-,^^- Hence F = G/H. 

Ex. 1. (i) The addition of gd^g^^ ... = 1 to the relations 
connecting the generators g\, g^, g^, ■■■ of any group G involves 
A = 1, where h is any element conjugate to ga°9b^ •in G. (ii) If 
g ^QfP ... is normal in G and of order v, the addition of the 
relation ga°9b^ ... = 1 reduces the order oi G tol-^v its original 
value. 

Ex. 2. o2n __ (jnj2 _ i^ flj,a = 6 is a subgroup of index 2 in 
gin _ 54 _ 1^ 06a = 6. 

Ex. 3. Prove that in § 1, Ex. 14 the group (i) is simply 
isomorphic with the alternating group of degree 4, the group 
A(m = 2) in the GF[3] (see VII 10), and the tetrahedral group 
T ; that (ii) is simply isomorphic with the symmetric group of 
degree 4 and the groups O, 6 ; that (iii) is simply isomorphic 
with the alternating group of degree 5, the group A (m = 2) in 
the GF[5] and the group A(to = 2) in the GF[2% and the 
group E ; that (iv) is simply isomoiphic with the group generated 
by (1 2 3 4 5 6 7) and (12) (47), the group A (t» = 2) in the GF[7] 
and the group A(»n = 3) in the GF[2]. 
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Ex. 4. Prove that in § 1, Ex. 14 the group (i) is simply 

4 3x 
isomorphic vpith that generated hj of = r- and x' = ^ in 

the GP[5], and the group (iii) with that generated by x' = — 

and x' = -^^ in the GFlll]. 

Ex. 5. Prove that the group o^ _ 52 _ (^(^ly = 1 is simply 
isomorphic with the symmetric group of degree 3, the group 
A(w = 2) in the GF[2], and the groups D3, 6^. 

Ex.6. Show that a^ = 6^ = {06)^ = (a'fc)^ = 1 is simply 
isomorphic with the permutation-group generated by 
a S (1 2 3 4 5 6) and b = (3 6). 

Ex. 7. Show that a^ = b^ = {alf = ((fhf = 1 is simply 
isomorphic with the general homogeneous linear group of degree 
2 in the (SJF[3]. 

Ex. 8. Prove that a^ = W = {aVf = {a'^ldbf = l is simply 
isomorphic with the symmetric group of degree 5. 

Ex. 9. Find abstract groups generated by two elements simply 
isomorphic with 0, Q, H- 

§ 3. As independent generating elements of an Abelian 
group G of order n, we can always find elements g-^, g^, g^, ... 
satisfying the following conditions: — g^gj = gjgi for all 
values of i and j and g/'t = 1, where (i) the order ni of g^ is 
a factor ofni_-y and is the order of gi relative to {gfj, fiTj, . .., gf.-i } ; 
(ii) gr"i is in {gi, g^, .■■,9i-.i}, 9 being any element of G ; 
(iii) n = n^n^n^ 

(1) If TOj is the L. C. M. of the orders of all the elements 
of G, G contains an element whose order is Wj. For let 
n^ = p^q^r^ ..., where p, q, r, ... are prime numbers. Then 
G contains an element g whose order is p°m (m integral) ; 
and therefore G contains an element g"^ of order p°. Simi- 
larly G contains elements of orders q^, rt, ...; and the product 
gfj of these permutable elements of orders p°, q^, r^, ... is of 
order %. If g is any element of G, we have £f"i = 1. 

(2) Let the L. C. M. of the orders of all the elements of 
Gj = G/ {g-i} be n^. Any factor-group of an Abelian group 
is evidently Abelian ; in particular G^ is Abelian. Then G, 
contains an element h' of order Wj- Let h be an element of G 
con-esponding to h' in G^. Then n^ is the order of h relative 
to {gr,}. The order of any element of G relative to [g^] is 
a factor of n^; for it is equal to the order of the corre- 
sponding element of G^. Hence ^"i is {gi}, where g is any 
element of G. 
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Let A"2 = gr,'- Then t~-n^{=ze, say) is integral. For 
(JiV = A"i = 1 by (1) ; which is only possible if e is integral. 
Put g^ = hg,-^. Then g«, = {hgO\ = hS g{-"'. = h"^ g-*=\. 
Moreover h' is not in {g^} (s < n^, and therefore gr/ = {hg^-y 
= h^g{~^' is not in { gr^ } , if s is a positive integer < 'n^ . Hence 
iij is the order oi g^ and is its order relative to {gfj}. 

Since n^ divides the order of h which divides Wj, n^ divides 
Til (^-b® case 7i2 = Wj is not excluded). It is evident that the 
order of {g^, gi) is ""-jTIj, and that each of its elements is of 
the form gi^^g^^i. 

(3) Let the L. C. M. of the orders of all the elements of 
^2 = G*/ {gfi, STj} be TOg. Then G^ contains an element of order 
713. Let A; be a corresponding element of G. Then as in (2) 
Wj is the order of k relative to {gitg^}, and g^a is in {g^, g^], 
g being any element of G. 

Let kS = g^g^- Then v -f- ^ and w -i-n^ (=q and r, say) 
are integral. For g^^'Jig^i'' = k^^ is in {gfi} by (2) ; which is 
only possible if r is integral ; and g"ilg^i^ = k^i — \ by (1) ; 
which is only possible if q is integral. Put g^ = kg~ig^-^. 
Then as in (2) g^s = k'^^g^'^ g-'«' = 1, and g/ = h^g^-^'g^' 
is not in {g.^, g^} (s < n.^). Hence n^ is the order of g^ and is 
its order relative to {gi, 92}- 

Since k"2 is in {g^i, gfal and 7I3 is the order of k relative 
to {3i, S^J, TI3 divides n^ (V 1). 

(4) We now apply to {gi, g2> 93} the process applied in (3) 
to (gTi, g^} and so on. 

All the elements of G will then be included among the 
Tij TJj . . . Tij; elements 

gfi^iSr2^2...^/x (/3. = 1,2,.. .,7!--, i = 1, 2, ...,x). 

These elements are all distinct. For if g" fif2°'-"S'x°' 
= 9i^^92^^--9x^^> 9x"^~^'' is in {fl'i, g^, •■•, fl^x-i) and hence 
a^ = /Hjj; and then similarly a^_j = /3j._j, &c. Therefore 
n =z ■n.i7i2...7ij.. 



§4. The elements 9i,9i,gz, ... are said to form a 
[3,, (72,9^3, ...] of the Abelian group G. The base may be 
chosen in many different ways; but, however the base is 
chosen, the quantities Wj, «2, TI3, ... are always the same. 
For this reason tIj, rig, ^a, ... are called invariants of G, and 
G is said to be of the type {n^, n^, %, ...).* Two Abelian 

• An Abelian group of the type (p", pr, p , ...) is said by some authors to 
be of the type (a, fi, 7, ...) ; see § 7. 
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groups of the same type are simply isomorphic and two simply 
isomorphic Abelian groups are of the same type ; so that an 
Abelian group is completely defined as an abstract group 
•when its invariants are given. Abelian groups of every 
possible type exist. These statements we shall now prove 
(§§ 5 and 6). 

§ 5. The orders of the elements of two different hoses of an 
Abelian group G are respectively equal. 

If i9i, 92, 93> ■■■] and bi. ^2' Vz' •■■] ^re the bases, .9^ being 
of order -n-^ and y^ of order r^, we wish to prove 

ni = Vi, (i = 1, 2, 3, ...). 
Now Wj = Vj by § 3 (1). If therefore we can prove %< = r,- 
when we assume 7ii= v,, ^a = i-j, ..., ni_-^ = v^.j, the theorem 
can be proved by induction. 

Consider the elements obtained by raising every element 
of G to the %th power. They form a subgroup H of G, since 
g\h'"i = ighfi, g and h being any elements of G. Every 
element of i? is included in 
3je.» gr,e,- ... 3.ej-.,«,3.e.«.sr.e<+,"i ... 

{0t = l,2, ...,nt; t= 1,2,3, ...); 
i.e. in 
g,e,n,g^e,n, ... ge,_,n. (^^ = 1^ 2, ...,n,;t= 1, 2, ... , i-l), 

since 5r^ = ^.»^-^ = sr.»4=... = l. 

Now gt^t^i (,8^ = 1, 2, ... , ni) takes nf -f- rif distinct values, 
and therefore H is of order -J^ - -^ - - — ?^ - 



ni ni ni 

Again, the elements 

y^&.^iy^^^^i - ^i^r"* (^« = 1' 2, ■:,vt;t = 1, 2, ..., i-l) 

are all in Z? and are — • —•...• -^=-^ in number on the 

ni ni ni 

assumption Wj = i^j, ^2 = I'g, ..., ''^i-i = Vf-i. Hence every 
element of H is included among these elements and is there- 
fore in {vi, y^, ••■■,yi-\i- But y,"i is in H and is only in 
{yi» 72' •••>7»-i} if "» divides Tij. Hence r,- divides 72-^, and 
similarly ni divides Vi- Therefore «,• = i/,-, and the proof by 
induction can be completed. 

It should be noted in particular that every base contains the 
same number of elements. 
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§ 6. Two Abdian groups with the same invariants are 
sivrtply isomorphic. 

^^ \.9\^9i>9z>---\ [y].y2>y3)---] ^^ basesof the two Abelian 
groups. The g's are connected by precisely the same relations 
aa the y's and therefore {g^, g^, g^, ...} = {yi, y^, y^, ...}• 

Two siTnply isomorphic Abelian groups G and F have the 
same invariants. 

Let [gfj, g^, S's. ...] be a base of G and let y^ in T correspond 
to gi in G. Since the y's are connected by the same relations 
as the g's, the y's satisfy the conditions of § 3 and therefore 
form a base of T precisely similar to [^j, g^, g^, ...]• 

An Abelian group of any given type can always be found. 

Let the type be (tIj, n^, n^, ...). Taking for g^ the cyclical 
permutation (a^a^ . . . a.^), for g^ (b^b^ . . . 6„,),for g^ {c^c^ . . . c„J, &c., 
the required group is the permutation-group {gi, g^, g^, •■■}. 

Ex. 1. An infinite Abelian group is not of necessity generated 
by a finite number of elements. 

Ex. 2. The group G of § 4 is the direct product of fl^ = {g-^, g^, 
g^, gs, ... } and E ={gi, g^, y^, fl'v. ^^9. - } or of any two similar 
subgroups. 

Ex. 3. Every Abelian group is the direct product of cyclic 
subgroups. 

Ex. 4. Two conformal Abelian groups are simply isomorphic. 

Ex. 5. The subgroup formed by those elements of G whose 
orders divide «,■ is of the type (Mj, n,, ..., m^, «,+i, «i+2, ■•., n^). 

Ex. 6. The subgroup formed by the Wj-th powers of the elements 

of G is of the type (5. ^S 5^....). 

Ex. 7. If Wi =i)°i»ni, W2 =y°2»n2, ..., n^ =i'°»^*»^, where m^ 
OTj, .... m^ are prime to p, [g{^i, g^^ -, Px"*'] ^ » base of the 
subgroup of order |»°i+°2+ ••• +ai in G. 

Ex. 8. Find a base and the invariants of (i) a* = 6^ = 1 
ab = ba; (ii) a^<> = h^*=l, ab = ha; (iii) a'^ = 1, b^ = a^o, 
ab = ba; (iv) a^ = 1, b^" = a^", db = ba; (v) ai* = fti" = c« = 1, 
hc = cb, ca = ac, ab = ba; (vi) o" = 1, b^^ = d'\ c^" = a^b^, 
be = cb, ca = ac, ab = ba. 

Ex. 9. Find the types of the Abelian groups C„, 82, A, T^. 

BII.TOX r. a. ^ 
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§ 7. If [Qi, g2, ••-, Ux] i8 a base of an Abelian group of 
order p" (p prime), the orders of g^, g^, ..., g^ are evidently- 
all powers of p. If these orders are ^°i, ^°2, ..., p^x, 
Oj, Oj, ..., Oj. are often called the invariants of G instead of 
p°i, p"i, ...,2>"^ as in § 4; and G is said to be of the type 
(a,, Qj, ..., a^) instead of the type (p°i, jo°2, ...,p"x) as in § 4. 
No ambiguity will arise if we are careful to state in this case 
that the order of G is a power of p. Thus ' an Abelian 
group of the type (ti,, tIj, .... n^' has generators of orders 
Tij , n^, ..., n^; while ' an Abelian group of order p" and of the 
type (tIj , Tij , . . . , n^) ' has generators of orders p"i , p% ,..., p"i . 

Any element g of the group G of order p" with base 
[?!> S'2> •■•> 9x\ ^^^ invariants Oj, a^, .,., a^ is of the form 
g,s,g^B,...g^0x(p^ = 1, 2, ..., p'^t). Suppose a; > A > a^+j. 
Then gr^ = 1 if and only if /Sj is a multiple of p°i '', ^^ of 
j9°2-\ .... i3i of ^°.-\ Hence G contains y^+",+i+",+2+-+°x 
elements whose orders divide ^'^. If a^ > X — 1 > a^-+j (i >j), 
G contains pi(^-i)+°j+i+"y+j+-+°x elements whose orders divide 
jy*-"^ and therefore G contains 

{= L say) elements of order ^. 

Ex. 1. G contains p'—l elements of order j). 
Ex. 2. If a^ > A > A — 1 > a^+i, G contains 

elements of order p^. 

Ex. 3. G contains 1/ -i-p'^~^(p—l) cyclic subgroups of order ^\ 

Ex. 4. An Abelian group G contains L, M, N, ... elements and 
L', M', N', ... subgroups of orders j9^, qf^, f, ... respectively ; 
p, q,r, ... being distinct primes. How many elements, subgroups, 
and cyclic subgroups of order p^qt'r" ... does G contain ? 

Ex. 5. (i) Every element of an Abelian group of order p" and 
type (1, 1, ..., 1) is of order 1 or p ; (ii) conversely, if every 
element of an Abelian group G except identity has the same 
order, G is of this type ; (iii) every subgroup and factor-group 
of G is of this type. 

Ex. 6. If every element of an Abelian group G is contained 
in one of a set of subgroups of G no two of which have an 
element in common, G is of the type (1, 1, ..., 1). 

Ex. 7. If an element o of prime order q is permutable with an 
Abelian group G of order p° but with no subgroup of ff, g is > a. 

Ex. 8. (i) A group G whose elements are all of order < 3 is 
Abelian of order 2° and type (1, 1, ... , 1). (ii) If a is an element 
of order r permutable with G, {G, a} is of order 2°~'»- or 2°^ 



IX 8] PRIME-POWER ABELIAN GROUPS 131 

Ex. 9. (i) In the group a*" = 6^ = i, jftj = i^{fi^ = a'^haf) prove 
that 6s^+i = ^s+m and 'bb^ = a-^{hW...l^_{)a». (ii) Show 
that the group contains a normal Abelian subgroup of order 2*^ 
and type (1, 1, ... , 1) where k<m. 

Ex. 10. If [f^i, g^, ..., g^ is a base of an Abelian group G, 
find the condition that 

K = Pl""fi'2°'2 ... <7„°i-, ^2 = V" V" - <^«°2"', - , 

may (1) be independent, (2) form a base of G^ in the two cases 
where the invariants are (i) infinite, (ii) all = p. 

Ex. 11. The marks of a GF[p'^] form an Abelian group of 
order J9'' and type (1, 1, ..., 1) when combined by addition. 



§ 8. Let G be an Abelian group of order ^° and type 
(1, 1, . . . , 1). Then evidently a base of 6 contains a generators, 
every element of G except identity is of order p, and every 
subgroup of G is of order p^ (r < a) and type (1, 1, ... , 1). 

A base [Aj, h^, ..., A^] of some subgroup of order p^ in G 
may be chosen in 

Z=(p°_l)x;3(i9°-^-l)xj92(^a-2_l)X..,X^'-»(p°-'"+l-l) 

ways. For Aj may be any one of the p^ — \ elements of order p 
in & ; ^2 ™^y l^e any one of the {p^—\) — {p—\)=p{p^~^ — \) 
elements of G not contained in {Aj} ; h^ may be any one 
of the {p'^ — \) — {p'^ — \) = p^ (p°~^ — 1) elements of G not con- 
tained in {^,,^2} ; h^ may be anyone of the (^° — 1) — (^^— 1) 
= p"(p°'^ — 1) elements of G not contained in {Aj, h^, A.,} ; 
and so on. 

Putting a = r in X we see that, when a subgroup of order p^ 
is given, its base may be chosen in 

T = {p'-\) xp{p''-'-l)xp^p^-^-l) X ... xp'-i(p-l) 

ways. Hence the total number „#^ of subgroups of order 
»'■ in G is 

X (jp°-l)(p°-'-l)...(jj°-'-+^-l) 

Y- (p^-l){p--'-l)...{p-l) 



Ex. 1. aN,. = aNa-r- 

Ex. 2. aNf xi3i''(''+'' = the coefficient of x*" in 

{l+px){l+p^x) ...{l+p^x). 
Ex. 3. An Abelian group G of order j)° and type (oi, Qj, ... , a^) 
contains {p^-l){p^-^-l) ...ip^-'*^-l)-i-{p'-l){p'-^-l) ... 
(^—1) subgroups of order jj*" and type (1, 1, ••• , 1)- 

Ex. 4. The G. C. S. of all the subgi-oups of index j) in G^ {§ 8)=1. 

K 2 
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Ex. 5. If an element a of prime order g is permutable with an 
Abelian group G of order JJ° and type (1, 1, ..., 1) but with no 
subgroup of G, oNj. = (mod g), and q> a. 

Ex. 6. Find the number of subgroups of order p^ in an Abelian 
group of order p^y+^ and type (2, 2, ..., 2, 1, 1, ..., 1):— «^2's 
and s 1 's. 

Ex. 7. Find the number of subgroups of the type (2, 1) in an 
Abelian group of order j)^ and tj^pe (2, 2, 1, 1). 

Ex. 8. Find the number of subgroups of the type (3, 3, 2) in 
an Abelian group of order p^* and type (3, 3, 3, 2, 2, 1, 1). 

Ex. 9. Find the number of distinct bases of an Abelian group 
of order j)i»"(">+i) and type (w, m — l, ... , 2, 1). 



CHAPTER X 

THE COMMUTANT AND GROUP OF 
AUTOMORPHISMS 

The Commutant 

§ 1. The commutator of any two elements of a group G 
will be called for brevity a commutator of G. (See 14.) 

Let h, k, I, ... be these commutators; then the subgroup 
A = {h, /c, I, ...} of (? is called the commutant, com,mutator 
subgroup, or first derived group of G. Though A contains 
every commutator of G, it is not in general true that every 
element of A is a commutator of G ; for the product of two 
commutators of G is not necessarily a commutator of G. 

K A coincides with G, G is called a perfect group. 

Ex. 1. A = 1, if and only if G^ is Abelian. 

Ex. 2. The commutant of a subgroup of G^ is a subgroup of A. 

Ex. 3. The commutant of the direct product of any number of 
groups is the direct product of their commutant. 

Ex. 4. The direct product of perfect groups is perfect. 

Ex. 5. If A is of order 8, no conjugate set of G contains more 
than 8 elements. 

Ex. 6. If A is a subgroup of the central of G, any two elements 
conjugate in G are permutable. 

Ex. 7. If G contains a normal cyclic subgroup E, each element 
of A is permutable with each element of K. 

Ex. 8. If ha = ab^ and db = ba", the commutant of {a, b} is 
cyclic. 

Ex. 9. Find the commutants of the groups of V 4^ and IX I3. 

§ 2. The commutant A of a group G is normal in G. 

Let a, b be two elements of G; then a'^b-'^ab is in A. 
Let g be any other element of G ; then 

g-^{a-^b-^ab)g = {g-^ag)-^g-^bg)-^g'^ag){g-^bg) 
is in A, for it is the commutator of g'^ag and g~''-bg which 
are elements of G. Again, if h,k,l, ... are commutators of G, 
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g'^hJd ...g = g~^kg .g~''^kg .g~^lg . ... is the product of com- 
mutators of G, and is therefore in A. Hence the transfonn 
of any element of A by any element of G is in A, i.e. A is 
normal in G. 

Ex. 1. Every simple group is perfect. 

Ex. 2. The direct product of any number of simple groups is 
perfect. 

Ex. 3. The commutant of a'^Ga is a~^Aa. 

Ex. 4. The commutant of the symmetric group of degree m is 
the alternating group of degree m, and this alternating group is 
perfect unless w = 4. 

Ex. 5. In VII 10 r is the commutant of G except when to = 2, 
^j"- = 2 or 3. 

§ 3. If H is any normal subgroup of a group G and A is 
the commviant of G, {H, A] / U is the comTnutant of G/H. 

Let A' be the commutant oi T = G / H. Let a, h be any 
two elements of G, and a, jS the corresponding elements of F. 
Then to the commutator a~i/3"'aj3 of a and /3 correspond 
the elements of Ha~'^h~^ab, while to each commutator of G 
corresponds a commutator of F. It follows that to the pro- 
duct of any number of commutators of F correspond the 
products of elements of H and commutators of G, and con- 
vei-sely. Hence the subgroup A' of F corresponds to the 
subgroup {H, A} of G, and therefore A'= {H, A} /If (V 18). 

CoROLLAKY I. If any normal subgroup H of a group G 
coincides luith or contains the commutant A of G, F = G/H 
is Abelian. 

For in this case the commutant A'ofF={if, A} / H =1, 
and therefore F ia evidently Abelian. 

Corollary II. Conversely, if F is Abelian, H coincides 
vjith or contains A. 

For if F is Abelian, A'= 1. 

Ex. 1. Every factor-group of a perfect group is perfect. 

Ex. 2. Every perfect group is isomorphic with a simple non- 
cyclic group. 

Ex. 3. We can always find a group G such that G/A is simply 
isomorphic with any given Abelian group K. 

Ex. 4. The G. C. S. of all normal subgroups of index p in any 
group G contains A. 
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Ex. 6. (i) A normal subgroup H containing the commutators 
of each pair of generators of G contains A. (ii) If these com- 
mutators generate a subgroup K and K, K^, E^, •■■ are the 
conjugates of Z" in G, A = {E, E-^, E^, ... }. 

Ex. 6. If the commutant of a group G is Abelian, the com- 
mutant of any factor-group P is Abelian. 

Ex. 7. Find the commutants of the groups of V 14io, ^ and 
IX li,. 

Ex. 8. Find the commutants of D^, T, O, H. 

The Gboup of Inner Automorphisms 

§ 4. If C is the central of a group G, A = G / C is called 
the group of inner autornorphisms, the group of cogredient 
isomorphisms, the first cogredient, or the first adjoined grou]) 
of G. (See V 7.) 

The group of inner autoTnorphisms A of a group G is not 
cyclic, unless G is Abelian when A =\. 

If A is generated by a single element a of order e, and g 
is an element in G con-esponding to a in A; the elements 
C + Cg + Cg^ + ...+Cg^~^ are all distinct and include every 
element of G. Hence if A is cyclic, G is Abelian : for any two 
elements such as Cfg'', CjgV are permutable (c,- and Cj being 
in G), since CiQ'' . CjgV = CiCj g==gy = CjC^gyg'' = CjgV . Cig''. But 
if G is Abelian G = C, and hence A = 1. 

Ex. 1. No element of .4 is a power of each of the others. 

Ex. 2. h is an element of G corresponding to an element of 
order t normal in A, and g is any other element of G. Prove that 
(i) h is permutable with every commutator of G ; (ii) c = g'^Jr^gh 
is in C; (iii) gh' = c'h'g ; (iv) gh* = Ug ; (v) c« = 1 ; (vi) if C is of 
order p°, it is possible to choose h so that c is of order t. 

Ex. 3. The group of inner automorphisms of a direct product 
is the direct product of groups simply isomorphic with the groups 
of inner automorphisms of the component groups. 

Ex. 4. The orders of a group G, its commutant, and its central 
C are n 8, y. If the group G/C contains an element a of order t, 
G contains a subgroup of index < 8 with a central of order > ey. 

Ex. 5. Find the groups of inner automorphisms of the groups 
ofVS3,V4i, and V 14,0. 

§ 5. If the group of inner automorphisms of a group G 
is Abelian, G is called Metabelian. It follows at once from 
§ 3 that the commutant of a metabelian group is contained 
in its central; and conversely, that if the commutant of 
a group is contained in its central, the group is metabelian. 
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Ex. 1. If the group of inner automorphisms .^ of a group G is 
metabelian, its commutant is Abelian. 

Ex. 2. If {a}, {b}, {c}, ... are normal in G = {a, I, c, ...}, G 
is metabelian. 

Ex. 3. a, 6 are two elements of a metabelian group G and c is 
their commutator. Prove that the order of c is a factor of the 
order of db and of the orders of a, b relative to {b}, {a}. 

Ex. 4. (i) Every metabelian group of odd order is conformal 
with an Abelian group, (ii) This is not true of every metabelian 
group of even order. 

Ex. 5. a^"* = b^=l, a^b = ba^, (abf = {bay is metabelian. 



The Group of Automokphisms 

§ 6. If the elements g^, g^, g^, ... of a group G are trans- 
formed by an element y perm u table with G into gi, gf/, g^', . . . ; 
then gf^gr- is transformed into g/g/ since 

Y~^9i7-7~'^9jy = y~'^9i9jy- 
The transformation by y exhibits G as simply isomorphic 
with itself, ^/ corresponding to g^ in the isomorphism. If y^ 
transforms gf/ into gr/', yy^ evidently transforms g^ into g/'. 
Therefore to the isomorphisms of G with itself given by y and 
y, corresponds a definite isomorphism of G with itself given 
ty yyi* -^ simple isomorphism of G with itself is often 
called an automorphism of G. It is defined as an inner or 
cogredient automorphism, if the isomorphism can be obtained 
by transforming G by an element contained in G ; if not, as an 
outer or contragredient automorphism. 

If every possible outer automorphism of G is obtained by 
transforming G by y, yj,y2, .-, T={G,y, yj, ya, ... } is a group 
(not necessarily finite) containing (? as a normal subgroup. 
Those elements of F which transform each element of G into 
itself evidently form a subgroup H of F. If h is permutable 
with each element of G and a is any element of F, a~^ha is 
permutable with each element of G ; and therefore H is normal 
in F. The greatest common subgroup of G and H is obviously 
the central C of G. 

If the same automorphism of G is exhibited on transforming 
by two elements a, b of F, ab~^ transforms eaeh element of G 
into itself, and is therefore in H. Let 

F = Ea^ + Ha^^- Ha^ + .... 

Then each element of Ha^ transforms the elements of G in 
the same way, while the elements of Ha^, Ha: transform the 
elements of & in diflFerent ways (i ^j). Let a,, be the element 



X 6] AUTOMORPfflSMS 137 

of Y / H corresponding to the elements l?a,- of T. Then if the 
elements Ha: . Ha: transform the elements of G in the same 
way as the elements Ha^, a^-a- = a^. Hence T / H is a per- 
fectly definite group such that to each element of T /H 
corresponds one and only one automoi-phism of G. It is 
called the group of awtmnorphisms or group of isomorphisms 
of G. 

If any two elements g, g' of G transform the element^ of G 
in the same way, g'g~^ is in H and G, and is therefore in C. 
Hence (changing the notation) if 
G = Cg^ + Cg^ + ... + Cg^, 

r = Hg^ + Hg^ + ... + Hg^ + Hy + Hy^ + Hy^+... 

(where y, yi, y^, ... are not in G). Now 

E = Hg, + Hg^ + ...+Hg^ 

is a normal subgroup of F, for E = {H, G] and H, G are 
normal subgroups of Y. The automoiphism of G exhibited 
by transforming the elements of G by an element g of F is 
inner or outer according as E does or does not contain g. 
Therefore the group of automoi-phisms Y/ H contains a normal 
subgroup E / H ■= G / C corresponding to the inner auto- 
morphisms of G. This is the reason why G/G is called the 
' group of inner automorphisms ' of G. If 

Y=E\ + Eh^JrEh^..., 

the r outer automorphisms exhibited by transforming the 
elements of G by each element of Ehi are said to form a class 
of outer automorphisms. 

If G admits of no outer automorphisms and the central 
C = 1, G is called a complete group. 

Ex. 1. The identical element corresponds to itself in every 
automorphism of a group G. 

Ex. 2. Those elements of G which correspond to themselves in 
a given automorphism of G form a subgroup. 

Ex. 3. In any automorphism of (? a conjugate set of elements 
corresponds to a conjugate set. 

Ex. 4. An Abelian group may be exhibited as automorphic by 
making each element correspond to its inverse. 

Ex. 5. A complete group is simply isomorphic with its group 
of automorphisms. 

Ex. 6. If L is the group of automorphisms of the direct product 
G of two complete groups A and B, G = L, unless A =B when 
G is normal and of index 2 in L. 

Ex. 7. If ii, -^2) -^3> ••■ ^^^ *^® groups of automorphisms of 
groups Gi, Gi, G3, ... such that the orders of any two are prime 
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to one another, while {Gi, G^, G^, ...} is their direct product; 
the group of automorphisms of {Gi, G^, G3, ...} is the direct 
product of groups simply isomorphic with L^, L^, L^, — 

Ex. 8. In § 6 those elements of r which are permutable with a 
given subgroup X oi G form a subgroup E of T. Those elements 
of r which transform each partition of G with respect to X into 
itself form a normal subgroup of H. 

Ex. 9. If the complete group K ia a. normal subgroup of a 
group G, the elements of G not lying in K form (with 1) 
a subgroup M oi G ; and G is the direct product of K and M. 

Ex. 10. If a, b, c, ... are generators of a group G satisfying 
certain relations, and a', 6', c^, ... are elements of G satisfying 
precisely similar relations but no relations independent of these, 
then an automorphism of G exists in which a' corresponds to a, 
h' to 6, c' to c, .... 

Ex. 11. The group of automorphisms of a cyclic group of order 
j)" is a cyclic group of order l>"~^(p—l) excluding the case 
j; = 2, a > 2. 

Ex. 12. The group of automorphisms of a cyclic group of order 
2a(a > 2) is Abelian of order 2"-^ and type (a-2, 1). 

Ex. 13. Find the group of automorphisms of any cyclic group. 
Ex. 14. (i) If \g^ corresponds to g^ in an automorphism of an 
Abelian group G=.gi+g2+g3+ ... (^,- in G), g^ corresponds to h^ 
in an isomorphism of G with a subgroup, (ii) Every Abelian 
group (of order > 4) is isomorphic with a subgroup in such a way 
that no element corresponds to its inverse. 

Ex. 15. G is an Abelian group with base [g-^, g^, .-.., P-j]. 
Prove that (i) if h^ corresponds to ^^(« = 1, 2, ..., x) in any 
automorphism of G, {h-^, Aji •■•, ^x] i^ ^ ^^^e of G ; (ii) if [hi, 
J12, ..., h^] is a base of G, an automorphism of G exists such that 
hj corresponds to g^ ; (iii) the order of the group of automorphisms 
of an Abelian group is equal to the number of distinct bases : 
apply this to the group of IX 8. 

Ex. 16. (i) If an Abelian group G of order p" and type (1, 1, 
..., 1) with base [^j, g^, ..., (/^] admits of an automorphism in 
which g-^irg^iT ... g^mr corresponds to g^, g-^^i g^-i ...g^m 
corresponds to gx-^g-^i ... ffm^"* in this automorphism ; where 
^i = «tiaa + fli2a;2+ ••• +aim^m i^ ^^^ G-F[p]. (ii) The group of 
automorphisms of G is simply isomorphic with the general 
homogeneous linear group of degree m in the GF[p]. 

Ex. 17. If an element of prime order q is permutable with an 
Abelian group G of order j9° and type (1, 1, ..., 1), a is > s, 
where s is the smallest integer such that ^' = 1 (mod q). 

Ex. 18. If aP = hP = 1, and the commutator c of a and 6 is 
permutable with a and b, every element of {a, b} is of the form 
a'^bvc^ and is of order p{p > 2). Prove that a' = aHy(f can 
correspond to a and b' = d^b^cf to b in some automorphism of 
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{a, 6} if and only if xs—yr ^ {mod p). Find the order of the 
group and of its group of automorphisms. 

Ex. 19. Find the order of the group of automorphisms of 
(i) a^ = b^ = {abf = 1, (ii) a* = fc3 = {abf = 1, 

(iii) a« = 63 = {abY = 1. 

§ 7. If the group fT of § 6 is itself simply isomorphic 
with G, r is called the holomorph of G. For the proof that 
this holomorph always exists we refer to § 8, where we shall 
show how to construct a permutation-group simply isomorphic 
with the holomorph of any given group. 

If every element permutable with G is permutable with 
a subgroup K of G, K is called a characteristic subgroup of G. 
In every automorphism of G each element of K corresponds 
to itself or some other element of K. A characteristic sub- 
group of G is evidently a normal subgroup of the group T 
of § 6 ; and conversely, each normal subgroup of F contained 
in G is a characteristic subgroup of G. 

Ex. 1. Every characteristic subgroup of a group G is normal in 
G, but not every normal subgroup is necessarily characteristic. 

Ex. 2. A simple group has no characteristic subgroup. 

Ex. 3. The central and commutant of any group are characteristic. 

Ex. 4. If B is the only subgroup in ff of a given order, B is 
characteristic. 

Ex. 5. Every subgroup of a cyclic group is characteristic. 

Ex. 6. The subgroup generated by those elements of a group 
whose orders divide a given number is characteristic. 

Ex. 7. An Abelian group of order p'^q^r'' ... (p, q, r, ... being 
distinct primes) has characteristic subgroups of order pP, q^, r*, 

Ex. 8. The subgroup formed by the k-th powers of the elements 
of an Abelian group is characteristic. 

Ex. 9. A characteristic subgroup K of an Abelian group G 
cannot contain an element g of maximum order in G. 

Ex. 10. (i) Every characteristic subgi'oup of an Abelian group 
is contained in the subgroup formed by all the elements not of 
maximum order, (ii) What is the condition that an Abelian 
group of order j)° may contain a characteristic subgroup of index p ? 

Ex. 11. If a group is the direct product of characteristic 
subgroups, its group of automorphisms is the direct product of 
groups simply isomorphic with the groups of automorphisms 
of these subgroups. 

Ex. 12. The order of the holomorph of a group G is the 
product of the order of G and the order of the group of auto- 
morphisms of G. 

Ex. 13. The holomorph of a complete group of order n is of 
order w'^. 
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Ex. 14. The holomorph of the direct product of two simply 
isomorphic complete groups of order n is of order 2n\ 

Ex. 15. The holomorph of the holomorph of a complete group 
of order n is of order 2n*. 

Ex. 16. Find the order of the holomorph of a cyclic group. 

Ex. 17. The general linear group F of degree m in the GF[p] 
formed by substitutions of the type 

is simply isomorphic with the holomorph of an Abelian group of 
order p" and type (1, 1, ..., 1). 

§ 8. If 9i, 92' •••' 9n ^^® ^^® elements of a group G of 
order n, we can readily construct permutation-groups on the 
symbols g-i, 92, •••■, 9n simply isomorphic with the group of 
automorphisms and the holomorph of G. 

If a, t are elements of V (§ 6) such that 

a-i STi a = g(, h-'g/ b = 9/'-, (ab)-i gi (ab) = gf. 
Again, if o-, r denote the permutations 

/Sfl 92 ■■■9n\ /9l 92 ■■•9n'\ 

^9l 92 —9n^ ^9i 92 ••■9n ' 
(TT replaces gr,- by gr/'. Hence the pei-mutations <r, r, ... corre- 
sponding to each distinct transformation of G by an element 
of r form a group L such that r is multiply isomorphic with L, 
while to each element of L corresponds one automorphism 
of G, and conversely. Therefore L = T / H and is simply 
isomorphic with the group of automorphisms of G. 

Consider now the group P (VI 2) simply isomorphic 

with G formed by the permutations S,- =( "^ 1/2 ■••£/» \ 
,a a a \ ^9i9i 929i---9n9i^ 

Let T = ( ^^ yz ••• y» ) (^here e,,er,, ...,e. are elements 

of G) be a permutation on the symbols gi, g^y ■••^gn V^^- 
mutable with every element of P- Then T^i replaces g^ by 
ez9x9i> and SiT replaces g^ by e^g^gt if g^gi = g^. Now 
because TS^ = S^T, e^ = e„. But since g^ may be any element 
whatever of G, g^ may also be any element of G. Therefore 
e^. = e„ (w, = 1, 2, ..., n); and T is permutable with every 
element of P if and only if e-^ = e^= ... = e„. Hence the 
only permutations on g^, g^, ..., 9^ permutable with every 
element of P are the n permutations of the type 



' ^9i9i 9i92 - 9i9j ' 



which are readily shown (as in VI 2) to form a group P' 
simply isomorphic with G or P. 
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The permutation r—f ^^ ^2 ••• 9n \igijiX, 

and r,.^^ = Si . Therefore the group K = {L, P} contains P' 
aa a subgroup. Now P and P' are normal subgroups of K, 

since &<t = <r x M^ , ^z/'-S'nN 

^ffiSf.- 9z9i -gngi^ 

and ,S/<r = (rxC ^' ?2 - ^» V 

^S'ifl'i 9i9i-9i9j 
as is easily verified. Again, L and P have only identity 
in common ; for no permutation of L displaces that one of 
the symbols g.^, g^, ..., g^ which represents the identical 
element of G, while each permutation of P (except identity) 
displaces every symbol. Similarly L and P' have only 
identity in common. Hence if itj, o-j, 0-3, ... are the permu- 
tations Oi L,K= {L, P'} = {L, P} = P'a, + P'cr^ + P'<T3+... 
and K /P'= L. But the elements of K permutable with 
every element of P are the elements of P', and P'= P. 
Hence K is the holomorph of P, and is therefore simply 
isomorphic with the holomorph of 0. 

Ex. 1. X is intransitive, K transitive. 

Ex. 2. (i) K is not contained in any permutation-group on the 
symbols g^, g^, ..., ^„ which contains P normally, (ii) Every 
permutation on these symbols permutable with P is in K. 

Ex. 3. The group of automorphisms and the holomorph of 
a non-cyclic Abelian group of order 4 are simply isomorphic with 
the symmetric group of degree 3 and the symmetric group of 
degree 4. 

Ex. 4. (i) The group of automorphisms of a™ = b'^ = (ffl6)^ = 1 
is c™ = d*('») = 1, cd=- ckf' ; k being prime to m and such that 
A* ^ 1 (mod m), t < <^(»»). (ii) When w = 3, 4, or 6 the group 
and its group of automorphisms are simply isomorphic. 



CHAPTER XI 

PRIME-POWER GROUPS 

§ 1. We shall devote this chapter to the properties of 
a group whose order is the power of a prime. Such a group 
will be called a prime-power group. 

Every prime-potuer group contaims normal elements other 
than identity. 

Let (? be a group of order p", p being prime. Then the 
order of every element and subgroup of tr is a power of p. 
Let C of order v be the central of G. Let the conjugate sets 
of elements in G (other than the v sets containing only one 
element apiece) contain respectively e, , f^, €3, ... elements. 

Then ^° = i; + «i + 1 2 + ^3 + Now by V 8 ff contains a 

subgroup of order i>°-f-«j, and therefore each e is a power 
of p. Hence r is a power of p and is ^ 1 ; which proves the 
theorem. 

CoKOLLART. Every group of order p^ is Abelian. 

A group G of order p^ can only contain elements of orders 
1, p, p^. If G contains an element of order p'^, G is cyclic 
and is therefore Abelian. If G contains no element of order j^, 
let g be an element of order p normal in G. Let h be another 
element of G of order p, not contained in {g}. Then the 
p^ elements g^hy {x, y = \, 2, ..., p) are all in G, are all 
permutable, and are all distinct. 

For /A« . g^'kn = g^hJH . g^'h' since gh = hg; and g^'h' = g'^hy 
only when hy~^ = g''''^, i.e. when x = r and y =s (mod p). 
Hence all the elements of G are included among the p^ permu- 
table elements g^h^, and therefore G is Abelian. 

Ex. 1. The direct product of prime-power groups has a 
central ^ 1. 

Ex. 2. No prime-power group is simple unless its order is prime. 

Ex. 3. No prime-power group is complete. 

Ex. 4. In § 1 the order of the commutant of G is > the 
greatest of the quantities tj, tj, €3, .... 
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Ex. 5. If a group G of order jj* contains more than one normal 
subgroup of order p, G is Abelian and non-cyclic. 

Ex. 6. If a group G has a commutant of index p^, it contains 
no other normal subgroup of this index. 

Ex. 7. The G. C. S. of all normal subgroups of index p or p^ in 
any group G contains the commutant of G. 

Ex. 8. A normal subgroup of a prime-power group G has 
elements in conunon with the central C of G. 

Ex. 9. The commutant of the group of inner automorphisms of 
a prime-power group G is of lower order than the commutant of G. 

Ex. 10. The central C of a group G of orders" contains at least 
p commutators of G. 

Ex. 1 1. If the commutant of a prime-power group G is of prime 
order, each commutator of G is normal in G. 

Ex. 12. Every group G of order j>° contains (i) a normal 
subgroup of index p, (ii) subgroups of orders p, p^, ... , p°~'. 

Ex. 13. No prime-power group is perfect. 

Ex. 14. An element of order p in a group G of order p° is 
conjugate to none of its powers except the first. 

Ex. 15. If a, 6 are two elements of a group G of order p^ 
having each p conjugates in G, their commutator c is of order p 
and is permutable with a and 6. 

Ex. 16. The elements of those conjugate sets of a group G 
of order p°- (^p > 2) which contain 1 or ^ elements of order < p^ 
form with identity a characteristic subgroup of G. 

Ex. 17. If the central C of a group G of order p° is of order p^, 
and g corresponds in G to an element of order p in G/C, {C, g} 
is Abelian of order p^*^ and is the central of a subgroup of index 
<p^ in G. 

Ex. 18. A group of order p" whose central is of order p^ 
contains a subgroup of index p45(2a;+0-i) whose central is of order 
>p^+», if a >^(2x -1-/3) (|8 -1-1). 

Ex. 19. A group G of order j?" whose central is of order p* 
contains an Abelian subgroup of order j)^+« if a > l€(2x-)-e— 1). 

Ex. 20. A group of order p^^ whose central is of order p^ 
contains an Abelian subgroup of order p^, and a group of order 
j)i* whose central is of order p* contains an Abelian subgroup of 
order J)''. 

§ 2. In any group G of order p° we can always find 
a series of subgroups of orders p, p^, p^, ... such that each 
is normcU in G and in all the subgroups of the series which 
follow it. 

Let c be any element of order p^ normal in G; then 
g^ = cP"~^ is an element of order p normal in G, and {g^} is 
a normal subgroup of G of order p. Now G/ {Qi] is of order 
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j)°-i and similarly contains a normal element y^ of order p. 
Let g^'vD.Q correspond to y^ in ^/ (^J- Then g^v is in (STi} ; 
and, if g is any element of Q and y the corresponding element 
of G/ {gfi}, y-'-y^-'^yy^ = 1 and therefore g'^gf'-ggi is in {5(1}. 
It follows at once that {^i, gr^} is a normal subgroup of G. 
It is of order p^ containing the p^ elements 

which may be shown to be distinct as in the Corollary of § 1. 
Let 73 be an element of order p normal in G / {g-^^, g^, and 
let g^ be a corresponding element of G. Then as before g^v 
and g-'^gj-^ggs are in (sTi, g^}, while {g^, g^, gs) is a normal 
subgroup of G containing the p^ elements 

9i^'92^'93^' (/3i. ^2. ^3 = 1. 2, .... p). 
These elements are all distinct, since g-i'gj'g3'=gigig^. would 
involve g^''^ lying m {g^,g^}. 

We now take an element y^ of order p normal in 
G/ {gfj, gfj, gfj} and proceed as before. Finally we show that 
every element of G is included once and only once among the 
p° elements gi^iQ^^' . . ■ ga^" (/3^ =1, 2, ..., p; i = 1, 2, ... , a), 
where for all values of i g^P and g'^gf^gg^ (i.e. the com- 
mutator of g and ^Tj, g being any element whatever of G) are 
contained in {gi, g^, •••» ffi-il- Any one of the subgroups 
{9i}' {^i. 92}' {9i, £'2. 5^3}. -v of orders ^, ^^ ^^ ... is normal 
in all the subgroups succeeding it. 

Ex. 1. If G is the direct product of prime-power groups and m 
is any factor of the order of G, G contains a normal subgroup 
whose order is m. 

Ex. 2. Any normal subgroup V of order p* in a group G of 
order p^ is contained in normal subgroups of orders p*"*"^, i?***, 
...,iJ°-i. 

Ex. 3. A group G of order n contains a normal subgroup H of 
index p^. Prove that (i) G contains a normal subgroup of index 
p'', y < P; (ii) any normal subgroup K of index p"^ contains 
a normal subgroup of index p^. 

§ 3. Every subgroup H of order p" in a group G of 
order p'^ is contained normally in a subgroup of order 

Using the notation of § 2, if if does not contain gfj, 
{ if , gfj } = fl^ + Hg^ + Hg-^ + . . . + fi'jf f -^ is evidently the sub- 
group of order p»+^ required. If H contains {fiTi, S'2' •••j3»} 
but not ^,.+1, [H, gi^^} = H+ngi^^-\-Hg\^^+ ... + Hg\zl is 
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the subgroup required. For grP^j is in i? ; and so is gr^^ h g^^.^ 
{h being any element of H), since h'^gr^-^hg^^j^ is in 

{91,92, •■•,9i}- 

Corollary. Every subgroup of index p in a group of 
order p" is a rwrmal subgroup. 

Ex. 1. Every subgroup of order p* in G is contained in some 
subgroup of given order jp^ where a > ft > s. 

Ex. 2. If Ki, K^, Kg, ... are conjugate subgroups of G, {K^, 
K^, Kg, ... } ^ G. 

Ex. 3. If every subgroup of order p'' in G is Abelian, every 
subgroup of lower order is Abelian. 

Ex. 4. If two subgroups H, K of index p in G are Abelian and 
G is non-Abelian, (i) the G. C. S. of H and K is the central C of G, 
(ii) the commutant and group of inner automorphisms of G are 
Abelian of the type (1, 1, ..., 1). 

Ex. 5. Any group containing two Abelian subgroups of index p 
is Abelian or metabelian. 

Ex. 6. If the commutant of G (§ 3) is of order jp, the G. C. S. D 
of all subgroups of index p is in the central of G. 

Ex. 7. If G contains only one subgroup T of index p, G is 
cyclic. 

Ex. 8. If G contains only one subgroup K of order p^, K is 
cyclic. 

§ 4. If p^ is the order of the greatest common subgroup D 
of the subgroups of index p in a group G of order p°, G 
contains (i»°~' — 1) -f-(p— 1) such subgroups of index p. 

Let Hi, H^, Hg, ... be the subgroups of index p. Since 
they are all normal in G (§ 3), D is normal in G (V 11). Now 
G/ H-y, G/ H^, G / Eg, ... are of order p and are therefore 
Abelian. Hence ifj, H^, ffj, ... all contain the commutant 
^\ of G (X 3). Therefore B contains A, and G / Bis, Abelian. 

Let g be any element whatever of G, y^ the corresponding 
element of G/H-^, and y the corresponding element of G/B. 
Since y^P = 1, gP is in H^. Similarly gl' is in H^, H^, ..,, 
so that gP is in B. Therefore yP = \. Hence every element 
of G/B is of order 1 or p, and G/B is of the type 
(1, 1, .... 1). 

It follows from IX 8 that G/B contains (^°-«-l) — (jo-l) 
subgroups of index p, each corresponding to one of the 
subgroups Hj, H^, Eg, ... in G. Hence G contains 

subgroups of index p. 



HILTOH r, O. 
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Ex. 1. The number of subgroups of index p in a, prime-power 
group = 1 (mod ]p). 

Ex. 2. If A is the commutant of a non-cycUe group G of order 
j9°, G/A is non-cyclic. 

Ex. 3. G (§ 4) contains no element of order > p^"^^. 

Ex. 4. If ij is a normal subgroup of G such that G/E is Abelian 
of type (1, 1, ..., 1), E contains B. 

Ex. 5. If P is the normal subgroup generated by the p-th 
powers of the elements of G, prove that (i) G/{A, P} is Abelian 
oftype(l, 1, ...,1), (ii) {A, P}=i). 

Ex. 6. G contains 0, 1, or j)-fl Abelian subgroups of mdex p, 
unless G is Abelian. 

Ex. 7. It is possible to choose the elements g^, g^, ■■-, ga of 
§ 2 so that ga may be any given element in G but not in D. 

Ex. 8. Any group G contains (i) (p*— 1) -f- (p — 1) normal 
subgroups of index p, (ii) (i)'-l)(l)'"^— 1) -r (i)^ — l)(p-l) 
normal subgroups K^, K^, K^, ... of index p^ such that G/K^, 
G/K^, G/K^, ... are non-cyclic, (iii) pt non-normal subgroups of 
index p or p'^; t being zero or a positive integer. 

§ 5. The number of subgroups of order p^ in a group G 
of order p° = 1 {mod p). 

The number of subgroups conjugate to any subgroup H not 
normal in G (including H) = (mod p) ; for the index of the 
normaliser of i/ in (? is a multiple of p. Hence the number 
of subgroups of order p^ not normal in <? = (mod p), and 
we must prove that the number of those normal in G = 1 
(mod p). 

By § 2 G contains at least one normal subgroup of order 
p^. Suppose that the normal subgroups of order p^ are 
£i, B^, ..., Bg] and that the subgroups of order p^'^ are 
A^, A^, ... , A^. By § 4 r = 1 (mod p), and we wish to prove 
fi = 1 (mod p). 

Let a^ be the number of subgroups B contained in 4^, and 
let b; be the number of subgroups A which contain Bi. Then 

6, -t- ^2 + • • • + ^«r = <^i + <^2 + • • • + <*r ■' fo^ GSj(^ side of this equation 
represents the number of subgroups A when each is counted 
once for every subgroup B which it contains. 

Now b: = 1 (mod^). For the groups A containing B- are 
the subgroups of G corresponding to the subgroups of index p 
in / B,. Hence aj -I- Og -f- . . . -I- a, = s (mod p). 

We know that the number of normal subgroups of order p^ 
in a group of order p^*^ = 1 (mod p). We shall assume tlie 
same true for groups of orders p^'^'', p^*^ p°~*, and then 
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by induction prove it true for the group of order p". By 
the assumption the number of normal subgroups of order pfi 
contained in ^^ = 1 (mod p). These subgi-oups include a, 
of the gi-oups B together with other subgroups Cy,C^, ...,C'f 
not normal in G. Since A,- is normal in G, A{ contains every 
subgroup conjugate to 0^,0^, ... in G. Hence t=0 (mod p) 
as before ; and therefore a^ = 1 (mod p). It follows that 
s = a^ + a^+ ...+a^=r (mod p). But r = l (mod p), and 
hence 8 = 1 (mod p). Therefore the proof by induction 
holds good. 

Ex. 1. The total number of subgroups of G (including 1 and G) 
= 1 + a (mod p). 

Ex. 2. A subgroup H of order p^+^ normal in G contains 
a subgroup of order p^ normal in G. 

Ex. 3. The number of Abelian subgroups of order p^+^ in G 
which contain a given Abelian subgroup K of order p^ is zero or 
= 1 (mod p). 

Ex. 4 The number of subgroups of index p^ in any group 
G = 1 or =0 (mod p) according as G does or does not contain 
a normal subgroup of this index. 

^ 6. If a group G of order p° contains only one subgroup H 
of order p^, G is cyclic unless p = 2, s = 1, a > 2. 

(1) First suppose s = a — 1. If g is any element of G not 
in if , gr is of order p°. For othei-wise {g} being contained 
in some subgroup of order p°~^ would be contained in H. 
Hence if s = a — 1, G = {g} and is cyclic. 

(2) If all the subgroups A, B, C, ... of index jo in a group L 
of order ^ are cyclic, L contains a single subgroup of index p'^. 

For let X be the greatest common subgroup of ^, J5, C, ... , 
and let a be an element of order p^~^ in L. Then aP is in X 
(§ 4), and hence X = {aP} is a cyclic subgroup of index p^ 
in L. If Y is any subgroup of index p'^, T is contained in 
one of the subgroups A, B, C, ... (§ 3) and therefore coincides 
with X ; since a cyclic group of order p^~^ contains only one 
subgroup of order p'^'^ (see also XI 3^). 

(3) Suppose that G contains a single subgroup of order p^ 
but more than one subgroup of order p'*^. 

G contains a non-cyclic subgroup K of order p''*''^ by (2). 
Let a be any element of K not in IT. Then as in (1) a must 
be of order p**^, for otherwise {a} would be in H. Moreover, 
the group {aP} = H since it is of order p". Similarly, if b is 
any element of K not in {a}, b is of order p'*^ and {bP} =H. 
Suppose aP = b^P, where u is prime to p, since a and b are of 

L 2 
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the same order. Now c = a~^b~^ab is in [a] and {b} by § 4 
and is therefore in H. Hence c is permutable with a and h. 
Therefore by 14 cP = a-Ph-'^aPb = 1 (since aP = b^'P) and 
(b-^a)P = b-^PaPci"P^^-P^ = d'^P^^-PK 

If c = 1 (Z is Abelian), or if c :#= 1 but jo is odd, (6-«a)P=l. 
Now b~"'a is not in H, since a is not in {b}. Hence K con- 
tains a subgroup {6~"a} of order j9 not contained in H. This 
is impossible, since every subgroup of order < p' is con- 
tained in H. 

Similarly i{c^l,p = 2, (b-^a)* = 6-*»a*c-«« = 1. Hence 
K contains a subgroup of order 4 not contained in H, which is 
impossible if s > 1. 

§ 7. There is one and only one abstract non-Abelian group 
of order p° containing an element of order p^~^, if j) > 1 
and a > 2. 

Let a be an element of order p°~^ in a group G of order p". 
Now by § 6 ff contains an element g of order p not contained 
in {a}. Since {a} is normal in the non-Abelian group 
G = {a, g} by § 3, g~^ag = a'', where k is an integer such 
that p°-i >fc>l; and then g-PagP=a^'' (I 3). But g-PagP=a, 
and hence kP = 1 (mod p"~^)- 

Now from kP = 1 (mod p) and kP = k (mod p) [Fermat's 
theorem} we deduce k = 1 (mod p). Let k = I +vp*, where 
t is an integer such that a — 1 -> t > and t^ is a positive 
integer prime i>o p. Then 
kP-\ =\\+vpi]P-l =p^'''^\yJrpK\v^{p-\) 

-Ha multiple of ^] = (mod p°"^). 
This is only possible lit = a — 2; since \v^{p—\)v& integral. 

Now g'^'ag^ = a*'' ; and k' = {l+ vp"-'^)' =1+ vxp°-^ + a 
multiple of ^°~^, since a > 2. Hence, choosing x so that 
vx = 1 (mod p), we have g~'ag^ = a^+i'""^. Putting g' = b 
we obtain the unique group G = {a,b}, where 

aP''-^ = bP=l, ab = ba^+P"-''. 

Since b-^aPb = aP+P"''^ = aP, b is permutable with of. 
Therefore a and b are permutable with c = a~''^b-^ab = a^"~^ 
and cP = a-Pb-'^aPb = l. Hence by l4 (bVaY = 6y«a'ci'<'-') = a', 
if < is a multiple of ^. Therefore 6!' a is of order p''-\ Hence 
G contains p cyclic subgroups {by a} {y = 0,l,2,...,p — l) 
and one Abelian non-cyclic subgroup {aP, b} of index p. 
Since the gi-eatest common subgroup of the subgroups of 
index p in G is {aP} by § 6 (2), G contains no subgroup of 
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index p other than these (§ 4). Now every subgroup of G 
of order p°~^ is contained in some subgroup of order jd"~S 
while every subgroup of {hVa} is contained in {aP} and 
therefore in {aP,h}. But {aP,h} is of order p"-i and con- 
tains an element aP of order ^"-^ Hence G contains p cyclic 
subgroups {hVaP} and one non-cyclic Abelian subgroup 
{aP^, 6} of index jo^. Repetition of this process shows at 
once that G contains exactly p cyclic subgroups [Iv aP*^'^} 
and one Abelian subgroup {aP^, b} (non-cyclic if ATfca — 1) of 
index p^. 

Ex. 1. The central of G is {aP}, and the commutant is {a^°~^}. 

Ex. 2. Find the conjugate sets of elements in G. 

Ex. 3. Every subgroup of ff is Abelian. 

Ex. 4. G is metabelian and conformal with an Abelian group 
of order p° and t3rpe (a — 1, 1). 

Ex. 5. Every non-cyclic subgroup of G is characteristic. 

Ex. 6. G contains only p non-normal subgroups. 

Ex. 7. Every factor-group of G m Abelian. 

Ex. 8. Any two subgroups of G are permutable. 

Ex. 9. Find the order of the group of automorphisms of G. 

Ex. 10. Every non-cyclic group of order p" contains at least 
one normal non-cyclic subgroup of order p^(s> 1). 

Ex. 11. Find every type of group of order p^{p > 2). 

§ 8. There are four and only four abstract non-Abelian 
groups of order 2° containing an element of order 2°"^, 
■if a > 3. 

(1) Let a be an element of order 2°"^ in a non-Abelian 
group G of order 2". First suppose that G contains an 
element b of order 2 not contained in {a}. 

Since {a} is normal in G, b'^ab = a'' (2°~' > k > I); and 
then b-'^ab^ = a^\ so that fc^ = 1 (mod 2°-i). Now k is odd ; 
suppose i= 1 ■+- ^2*, where t is an integer such that a — 1 >^ >0 
and V is an odd positive integer. Then 

k^-\ = 0- + v2y-\ =2'+i(?;-fv22«-J)=0(mod2°-i). 
This is only possible if 

(i) t = a-2, (ii) f = 1 and v (1 -i-u) = (mod 2°-3). 
In case (i) we have k=\+v2^-^; hence 11 = 1 and A;=l-|-2°-2, 
since 2°"^ >k. In case (ii) we may put v — — 1 -I- Z 2"-^ and 
get k= -l-fZ2o-2. Since 2°-i > i, we have l = \ or 2 
and jfc = 2°"^ — 1 or 2°"^ — 1. We obtain thus three types 
of non-Abelian group : — 
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(I) a2°-i = b^ = i^bab = ai+2°-2 ; 
(II) a^"-' = 6« = 1, a^""' = (ab)^ ; 
(HI) a^"-' =b^ = (ab)' = 1. 
Type (III) is a ' dihedral ' group. 

(2) Now suppose G does not contain an element of order 2 
not contained in {a}. Let b be any other element of G; 
so that G = \a} + {a}b and b-'^ab = a\ h' = a\ Then 
r ± (mod 2°"^), since V ^\: we may suppose 2°"^ > r > 0. 
Since a"- = 62 = J-iJ^fe = b-^aTb = a'■^ r(A;-l)=0(mod2°-i). 
Now as in (1) there are three cases to consider, since 

a = b'^ab' = a'' . 
(i) k=l + 2"-\ Then r = (mod 2) ; let r = 2 A. Choose 
X so that h + x{l+2°-^) = (mod 2°-^). Then 

{ba'^f = 62 . b-^w'h . a' = a^+icfc+i) ^ ^ . 

which is impossible since ba^ is not in {a}. 

(ii) fc = -1 + 2°-2. Then r = (mod 2°-2), and therefore 
r = 2'"-2 since 2°-i > r. Hence (fca)^ = a'"+'=+i = 1 ; which is 
impossible. 

(iii) k= _l+2°-i. Then as in (ii) r = 2°-^. We have 
then the type — 

(IV) a'"-' = 1, a^"-' = {abf = bK 

Ex. If a = 3, there are only two distinct non-AbeUan groups of 
order 2« L e. a* = 6^ = (aVf = 1 and a* = 1, a' = {abf = b^. 

§9.-4 group G of order 2° containing only one subgroup 
of order 2 is cyclic or dicyclic. 

A dicyclic group is defined by the relations a^m _ i^ 
a™ = {abf = b^. Every element of this group not in {a} 
is evidently of the form 6a^, while {a} is a normal subgroup. 
Since {ba'^f = b^. b'^d^b.a^ = 6^, a™ is the square of every 
element not in {a}. 

(1) The theorem is obvious if a = 2 ; suppose a = 3. If G 
is non-cyclic, G contains two elements a and b of order 4 
such that {a^} = {b'^} and therefore a^ = 6^. Since {a} is 
normal in G, b'^ab = a or a^. Now 6~^a6 :^ a, i.e. G ia not 
Abelian and non-cyclic ; for then alr^ would be an element 
of order 2 not contained in {a}. Hence {abf = b^, and G 
is dicyclic. 

(2) Now assume in the general case that every group 
of order 2^ {j3 <a) containing only one subgroup of order 2 is 
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cyclic or dicyclic. We shall show that on this assumption G 
is cyclic or dicyclic. By § 8 (2) it is sufficient to prove that 
G contains an element of order 2°"^. Then induction may be 
applied to prove the theorem true universally. 

Now if is non-cyclic, some subgroup of order 2^ in G is 
non-cyclic (/3 > 2), for othei-wise by § 6 (2) G would contain only 
one subgroup of order 2^"^. Hence G contains a dicyclic 
subgroup of order 2^ and is non-Abelian. 

(i) First take a = 4. The subgroups of order 4 in G are all 
cyclic ; for otherwise G would contain more than one sub- 
group of order 2. Let a. be an element generating a normal 
subgroup {a} of order 4, and let b be any element of order 4 
in G but not in {a}. Then H = {a,h} is the dicyclic group 
a* = 1, a? = {ahf = b^ of index 2 in G. 

(ii) Now take a > 4. Let a subgroup H of index 2 in G be 
dicyclic, so that H ={a, b} where a^°' = 1, a-°~ = {aby = b^. 
Since {a} is the only cyclic subgroup of order 2°"^ in B and 
H is normal in G, {a} is noi-mal in G. 

In cases (i) and (ii) let gr be an element of G not in H, 
80 that G = H+ Hg and g^ is in H. Let g'^ag = a^. Now 
g'^ is not of the form la'. For otherwise 

a''* = g~^ag^ = a~'b~'^aha' = a~^, 

and therefore fc^ + 1 =0 (mod 2°"^). But this is impossible 
when a > 3 ; for as in § 8 (1) fc^- 1 = (mod 2°-'^). Hence g'^ 
is in {a}, and as in § 8 (2) A; = ±1 or +l + 2°-3 (mod 2°-=';. 

If i = 4-1 + 2°"^ we show as in § 8 (2) that {a, g} contains 
an element of order 2 not in {a}, which is impossible. 

Similarly if 

1c = -1 + 2°-^ (bg^aibg) = g-^a'^g = a^-=»°-' = a}^^"'^" ; 
and {a,bg} contains an element of order 2 not in {a}. 

If Jk = 1, {a, g] is of order 2°-^ and is Abelian. This is 
impossible unless {o>,g] is cyclic, when G contains an element 
of order 2°-i. 

If jfc = -1, {bg)-^a{bg) = a; and therefore {a,bg} is cyclic 
of order 2°-i. 



CHAPTER XII 

SYLOW'S THEOREM 

§ 1. Stlow's theorem is of fundamental importance in the 
theory of finite groups. It may be enunciated as follows :^— 

If jp- is the highest power of a prime p which divides the 
order n of a group G, contains kp+1 subgroups of order p° 
(k being integral), and these form a conjugate set of subgroups. 
If p°-m is the ordtr of the normaliser in G of any one of the 
subgroups of order p°, n = p^m (kp + 1). 

(1) G contains at least one subgroup of order ^°. 

When 1^'= 2, 3, 4, ... it may be easily verified that a gi'oup 
of order n' contains a subgroup of order ^° if this is the 
highest power of p which divides n'. We assume the state- 
ment true for all values of n' < n, and use induction to prove 
it true for the group G. 

Let V be the order of the central C of G, and let the elements 
of G not contained in C be divided up into conjugate sets 
containing respectively (j, ej, e^, ... elements. 

(i) Suppose one of the quantities tj, fj. *3i •■• («»• say) not 
divisible by p. By V 8 G contains a subgroup T of order 
n -i- fi- Now n-i- ({ ia < n, and is divisible by p" but not 
by p""*"^. Hence by our assumption T contains a subgroup of 
order p", and therefore so does G. 

(ii) Suppose each of the quantities e^, ej, «3, ... is divisible 

by p ; then v is divisible by p since n z= v + e^^ + f^ + e^ + 

Hence C contains an element c of order p (V 19), and G/ {c} 
being of order n-i-p contains by our assumption a subgroup 
of order jp°~i. Corresponding to this subgroup of G/ [c} we 
have a subgroup of order j»° in G. 

(2) The subgroups of order p° are {kp + 1) in number, and 
are all conjugate. 

This is obvious if G contains a single subgroup H of order 
p" ; then k = 0, and IT is a normal subgroup of G. Now 
suppose that G contains at least two Anbgrmnp a^/T, 77^ r, f order 
p". Let D of order p^ be the greatest common subgroup of H 
and E^ , and let H = Dh^ + Dh^ + Dh^ + . . , (A^ = 1). Form the 
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p'^-» groups H, = h,-^H,h„ H, = k^--^H,h„ H, = 1,f^E,h„... 
all conjugate to i/j. Then : — 

(i) H-i, H^, H^, ... axe all distinct. 

Let r, be the nonnaliser of if j in G. The order of A^ h -^ 
is a power of p, since H is of order p^. If A^A--^ were 
permutable with E^, it would be contained in Tj, and the 
corresponding element of Tj/iTj would be a power of p. 
This is impossible; for the order of T^/ H^ is not divisible 
by p. Hence hikf^H, ^ H^hihf\ i.e. V'-Efi^.- ^ hf^H^hj 
or Hi ^ Hj. 

(ii) Every element of the partition Dh^ transforms if, into H{. 

For if d is any element of D, 

{d\)-^H,{dJn) = hr {d-'H,d}ki = hf^H.hi = Hi. 

Hence on transforming H^ by all the elements of H we get 
p^-^ and only ^°-^ distinct subgroups conjugate to H^ 
{including J^j). 

Let iTj be a subgroup of G conjugate to if, not included 
among these p°~^ subgroups (if such exists) ; and let E, the 
greatest common subgroup of H and K^ be of order p''. Then 
by splitting H up into the partitions Eki+Ek^ + Ek^ + .., 
and proceeding as before we get p'^"^ more subgroups of G 
conjugate to, H^. These are distinct from H, Ho, H, ... ; 
for since K^^ {hihf^)-^ H,{hihf^), kf^K.k-^ hf^H.hi. 

This process may be continued till all the subgroups con- 
jugate to ifj are exhausted. 

We have shown that H-^ is not normal in G. U we had 
taken H as one of the subgroups conjugate to H-^, we should 
have deduced the fact that G contains p°~^ + p°"T + . . . sub- 
groups conjugate to if, including if, but not if; i.e. that the 
total number of subgroups conjugate to H■^ and including 

H and H^ is \+p'^~^+p'^~i + K, however, it had been 

possible to take if as a subgroup of order ^° not conjugate 
to i?i, we should have deduced that the total number of 

subgroups conjugate to and including H^ is ^°~^+^°"'i'-i- 

These two statements are inconsistent, and we conclude that 
H cannot be a subgroup not conjugate to H^. Hence all the 
subgroups of order ^° are conjugate, and they are 

1 +^"-^ +_p°-T + . . . = Ap + 1 
in number. 

(3) n=^°m(A;p+ 1). 

For the index of Tj in G = the number of subgroups con- 
jugate to .Hi = A;^-l- 1. 

The kp+\ subgroups of order p° are known as Syl(nu 
subgroups of G. 
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CoEOLLAKT I. If p^ is a power of a prim,e p which divides 
the order of a group G, G contains a subgroup of order p'. 

For each Sylow subgroup of order 2?° in G contains a sub- 
group of order p^. 

CoROLLAEY II. Every subgroup of order p' in G is con- 
tained in a subgroup of order p°. 

Take H, H^ as subgroups of orders p^, p° respectively ; and 
as in the proof of § 1 obtain all subgroups conjugate to Hj , 
p^~^+p''~''+ ... in number. Since the numiber 01 subgroups 
conjugate to -ffj is Icp + 1, one of the quantities /3, y, . . . = r. 
Hence the greatest common subgroup of H and some subgroup 
of order p° is of order p^ ; i.e.H is contained in some 
subgroup of order p°. 

CoBOLLAEY III. A group G containing kp+1 Sylow sub- 
groups of order p° is isomorphic with a transitive permu- 
tation-group of degree kp + 1. 

This is a particular case of the corollary of VI 3, since the 
Sylow subgroups form a conjugate set. 

CoBOLLAHY IV. If every Sylow subgroup of a group G is 
normal in G, G is the direct product of these Sylow subgroups. 

Let (?, , Gg' ^3) ••• ^^ t^^ Sylow subgroups of orders 
p^i, P2°', P3"', ••■ respectively. Let g^, g- be elements of 
Gi. Gj. Then c = gf^^gj-^g-g. is in Gi since gf^gigj is 
in Gi, and is in Gj since gf^gf^gi is in ff •. Hence the order 
of c divides the orders of G,- and Gj , and therefore c = 1 ; 
i- 6- 9i9j = 9j 9i- Moreover, G^ and Gj have only identity in 
common since their orders are relatively prime. Hence 
{Gi, Gj} is the direct product of G,- and G,- and is of order 
Pi^'Pj j. Similarly we show that every element of {Gi, Gj} 
is permutable with every element of G^, and that Gj^ and 
{Gi, Gj} have only identity in common. Hence {G,-, G-, Gj.} 
is the direct product of Gj. and {Gi, Gj} and is of order 
Pi"' Pj°^ Vii^''- Continuing this process we show that G is the 
direct product of G,. and {Gj, G^, .... Gj,_i, G^+i, ...} for all 
values of x, and hence G is the direct product of Gj, G2,G^, 

In particular we notice that every Abelian group is the 
direct product of its Sylow subgroups. 

Ex. 1. Two Sylow subgroups are conjugate in any subgroup K 
of G containing both. 
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Ex. 2. A normal subgroup of order p^ in G is contained in 
every Sylow subgroup of order p". 

Ex. 3. The subgroup of G generated by the elements of the 
Sylow subgroups of order p" is characteristic. 

Ex. 4. (i) The normalisers T^, T^, Tg, ... of H^, E^, H^, ... in 
§ 1 are all distinct ; (Li) they form a conjugate set ; (iLi) each is 
its own normaliser in G ; (iv) every subgroup of T^ whose order 
is a power of j9 is in If,-. 

Ex. 6. Each subgroup of order p^ in G ia contained in lp+1 
Sylow subgroups of order js"- 

Ex. 6. If Jcfip°~P is the number of subgroups conjugate to H 
and having with H si G. C. S. of order p^, the total number of 
subgroups of order p° is k^p"~^ + ]c2P°'^+ ... + 1. 

Ex. 7. If a group is the direct product of its Sylow subgroups, 
80 is every subgroup. 

Ex. 8. The number of subgroups of order p^c^r' ... (p, g, r, ... 
being distinct primes) in a group which is the direct product of 
its Sylow subgroups = the product of the number of subgroups of 
orders pr^, cp,r^, .... 

Ex. 9. Find the number of subgroups (i) of order 84 in an 
Abelian group of the type (42, 6, 2), (ii) of order p^qr in an 
Abelian group of the type (jp^^r^, p^qr, p^q, pq, p, p). 

Ex. 10. If the commutator of any two elements of a group G is 
permutable with both elements, G is the direct product of its 
Sylow subgroups. 

Ex. 11. G \a& group of order p-^p^^p^ ... and G^, G^, G^, ... 
are Sylow subgroups of orders Pi", p^, p{i, ... respectively. If 
the commutant A of (? is of order pi\ show that (i) G^, G^, ... 
are Abelian ; (ii) {A, GA is the direct product of A and G^ 
provided i > 1 and pi« ^ 1 (mod p,), e < A. 

Ex. 12. (i) If a group G contains cyclic Sylow subgroups of 
even order, G contains a normal subgroup of index 2. (ii) If the 
, order of a group is divisible by 2 but not by 4, the elements of 
'' odd order form a subgroup of index 2. 

Ex. 13. A group of order jj^g^ (p and q prime) is decomposable. 

Ex. 14. Use the method of § 1 to prove that every subgroup 
of index p in a group G of order j>" is normal. 

Ex. 15. (i) If p"s is the degree of a transitive permutation- 
group G of order p°st (s and t being prime to p), a Sylow 
subgroup H of order p" has s transitive sets each containing p" 
symbols, (ii) If s = 1, G ia decomposable and H transitive. 

Ex. 16. Those elements of a group G of order n whose orders 
divide a factor e of w generate a group L whose order A. is a 
multiple of e. 

Ex. 17. If two conjugate subgroups E and F oi G are both 
normal in a Sylow subgroup H, they are conjugate in the 
normaliser T of H. 
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Ex. 18. If |3°e is the order of a group G, where e ^ and ^ 1 
(mod p), G contains a normal subgroup of order p". 

Ex. 19. Show that the only possible types of abstract group of 
order jpg, p and g being primes such that p > q, are (1) a cyclic 
group ; (2) the group aP = W = 1, ab = ha" ; where k is a positive 
integer < p such that k? = 1 (mod^), but k« ^ 1 (mod j)) if e<3.* 

Ex. 20. Find all possible groups of orders 2p, 35, 39, 55, 57, 
183, 185, 889. 

Ex. 21. Show that a group of order 825 contains normal 
subgroups of orders 25 and 11, but not necessarily one of order 3. 

Ex. 22. Show that there is no simple group of order 200, 204, 
260, 330, 364, 2223, 2540, 3042, 9075. 

Ex. 23. Show that a group of order 1001, 3325, 6125 is the 
direct product of its Sylow subgroups ; and find every group of 
this order. 

Ex. 24. Show that there is no simple group of order 520, 30, 
380, 495, 546. 

Ex. 25. Show that there is no simple group of order 616, 
56, 361. 

Ex. 26. There is no simple group of order 450, 12, 80, 150, 
300, 12375. 

Ex. 27. There is no simple group of order 90 or 306. 

Ex. 28. Find every abstract group of order < 16. 

Ex. 29. Find the Sylow subgroups of (i) a^ = V^ = {abf = 1, 
(ii) a^^ = V = (? = 1, db = 6o^, be — cb^, ac = ca. 

Ex. 30. Find the Sylow subgroups of the alternating group of 
degree 4. 

Ex. 31. There is a homogeneous linear group of order i?i'"('"~^''' 
and degree m with coeflScients in the GF[p'']. No one of its 
substitutions except identity can be transformed into a multi- 
plication. 

Ex. 32. The normaliser of a Sylow subgroup of order 3 in the 
point-group fl is ds. 



§ 2. If the order n of a group G is divisible by />'', G con- 
tains lp + 1 subgroups of order p^ {I integrcd). 

Let p" be the highest power of p which divides n ; then G 
contains a subgroup H of order ^^ by § 1. The theorem is 
true if r = a, suppose then r < a. Now H contains xp+1 
subgroups of order p", x being integral (XI 5) ; it is then only 

* It is called a 'primitive root of the congruence i' = 1 (mod p)'. It is 
readily shown that such a root exists only if g' is a factor of p—l, and that 
the roots of the congruence are it, «', k', ..., ««. If we replace k by another 
primitiye root «' in the relations aP = bl = 1, ab = ba', we only obtain 
group (2) in another form ; for since atf = b' a" the new relations are 
obtained from the old by writing b for ¥. 
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necessaiy to prove that G contains yp subgroups of order p^ 
besides these. 

Let Ifj be a subgroup of order p'' not contained in H (if 
such exists). If a, 6 are two elements of H permutable with 
H^, ah is also permutable with iTj. Hence those elements 
of H which are permutable with H^ form a subgroup F of H. 

Let j^ be the order of F, and let p" be the order of the 
greatest common subgroup of F and H-^ . Since every element 
of F is permutable with H^, F and H^ are evidently per- 
mutable groups. Hence {F, H■^} is of order ^'■+3-* (V 13). 
But {F,!!^} is a subgroup of G, and therefore r + /3 — k < a. 
Since k < r, /3 < a. 

Now let H = Fhi + Fk2 + Fhs+..., and let hf'^H^hi = Hi- 
Then just as in § 1 we see that on transforming H^ by the 
elements of H we get p°~^ and only p°~^ distinct subgroups 
of order p^ not contained in H. Taking now any other sub- 
group K^ of order p^ not contained in H, we derive p'^~'^ (y < a) 
more subgroups of order p'' not contained in H. Repeating 
the process we obtain p^'B-^-p'^-t + ... = yp subgroups of G 
not contained in U. 

Ex. The subgroups of order p^ do not necessarily form a 
conjugate set. 



CHAPTER XIII 

SERIES OF GROUPS 

§ 1. We shall discuss in this chapter the properties of 
various series of groups which may be derived from a given 
group G ; namely, the composition-series, chief-series, series 
of derived groups, and series of adjoined groups. 

The Composition-Series 

§ 2. If Gj is a normal subgroup of G not contained in any 
other normal subgroup (other than G itself), G^ is called 
a irvaxiTnum, normal subgroup of G. This does not imply 
that there is no subgroup normal in G of greater order than 
Gi ; only that if such a subgi-oup exists, it does not contain Gj . 
Let G2 be a maximum normal subgroup of Gj, G3 of Gj, 
G4 of G3, &c. Then the series G, G^, G^, G3, ... is called 
a composition-series of G. It should be noticed (i) that G 
may have more than one distinct composition-series, (ii) that 
every composition-series terminates with the identical group, 
(iii) that Gf , though normal in G^.^, is not necessarily normal 
in Gi_2. 

It will be proved in § 3 that, whatever composition-series 
of G is taken, the groups G/G^, G^/ G^, G^/ G^, ... are always 
the same (considered as abstract groups) except as regards 
the sequence in which they occur. They are known as 
composition-factor -groups of G, and their orders are called 
composition-fojctors of G. These gi'oups are all simple ; for 
to a normal subgroup of Gi/ Gi^.^ would con-espond a normal 
subgroup of G,- containing G,-+j ; and this does not exist. 
Conversely, if G^ is a normal subgroup of G, G^ of G^. Gj of 
Gj, ..., and G/G^, G^/ G^, G^/G^, ... are all simple; 
G, Gj, G2, G3, ... is a composition-series of G. 

Ex. 1. For example, G, 0, H, {b}, 1 is a compositidn-series for 
the group G ofYi^. is normal in G, H in (but not in G), 
{b} in H. The groups G/0, 0/H, H/{b}, {b} are simple, being 
aU of order 2. 

Ex. 2. G,, G,+i, G^+2, ... is a composition-series of G^. 
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§ 3. The compositioTi-facfor-groupa of any two composition- 
series of a group are tdentical except as regards the sequence 
in which they occur. 

(1) Let G, G, Gi, Gi^„ ... and G, G„ ...,Gi,Fi^„ ... 

be two composition-series of G. Let D be the greatest common 
subgroup of Gj+i and F^^^; then D and (Gj+j, i^i+,} are 
normal in G^ (V 11). Since { (?f+i, Fi^.^} is normal in Gi and 
contains G^+i, Gi = {Gi+j, F^+i}. 

Let G,-+i = Dg^-ir Dg^ + Dg^+ .... Since F^^-^ is normal in 
{G^+i, -fi+i), all the elements of G^ = {Gi+j, -Fi+i) are in- 
cluded among the elements Fi^■^G^^■^, i.e. among F^^^Dg^ 
+ -^i+i A72 + -Pi+i i>sr3 -h . . . , i. e. among Fi+^g^ + F^^^ g^ + F^^^ g^ 
+ .... Moreover, Fi^.-,gf and -^i+igTg have no element in 
common (i ^ s) ; for otherwise gr^ g^,"* would be contained in 
both G^+j and F^^^, and therefore in D. Hence G^ = F^^-^g^ 
+ ^i^i92 + ^i+i93 + - (see V13). 

It follows at once that G^/ Fi^^= Gi^.i/1). Similarly 

(2) Z) is a maximum normal subgroup of G^+j and F^^.^. 
For since -?i+i is a maximum normal subgroup of G,-, 

^f/^i+i is simple. Hence G^^^/D is simple; and therefore 
2) is a maximum normal subgroup of Gi^.^, and similarly 

(3) By (1) and (2) the two composition-series G, G, G^, 

G,+i, G^+2, ... and G, Gj, ..., G,, .F^+j, -^^+2' ••• bave the same 
composition-factor-groups if G.^^ and J'^+j have only identity 
in common so that G^+j = F^+2 = 1- We shall show that 
they have the same factor-groups when r = i, on the assump- 
tion that they have the same factor-groups when r < i. 
Then the required theorem follows at once by induction. 

Let two composition-series of G be 

(i) G, Gj, ..., Gi, Gi+i, Gi+2, Gi+^, ... 
and (ii) G, Gj, ..., Gj, -F^+i, i^i+2,i^i+3, .... 

Let D be the greatest common subgroup of G.+j and F^.^ ; 
then 

(iii) G,G„...,Gi,Gi^„D,I)„I)„... 

and (iv) G,G^,...,Gi,Fi^^,D,D„D^,... 

are also composition-series of G by (2), iS B, D^, D^, ,,,\b part 

of a composition-series of G. 

Now by our assumption the two composition-series (i) and 
(iii) have the same factor-groups, and the two series (ii) and (iv) 
have the same factor-groups. But since Gi/F^+i = Gi^^^/ D 
and Gi/ Gi^i = Fi+^/D the two series (iii) and (iv) have the 
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same factor-groups (two factor-groups being interchanged). 
Hence the two series (i) and (ii) have the same factor-groups ; 
and the proof by induction can be completed. 

Corollary I. The composition-factors of any two composi- 
tion-series are identical except as regards their sequence. 

Corollary II. The order of a group is equal to the product 
of its composition-factors. 

Ex. 1. A composition series of G can always be found containing 
a given subgroup H, if H is normal ; but not in general if JS" is 
not normal. 

Ex. 2. (i) A prime-power cyclic group has only one distinct 
composition-series, (ii) Conversely a prime-power group G with 
only one distinct composition-series is cyclic. 

Ex. 3. The only composition-series of a simple group G is G, 1. 

Ex. 4. A non-cychc group G of order pq (where p, q are primes 
such that p > q) has only one composition-series. 

Ex. 5. The symmetric group has only one composition-series 
unless it is of degree four. 

Ex. 6. Use § 3 to prove that the symmetric group G of degree 
m (m ^ 4) contains only one normal subgroup, assuming that the 
alternating group H of degree m is simple. 

Ex. 7. Every composition-factor of an Abelian group G is 
prime, and a composition-series of G can always be formed in 
which the composition-factors occur in any given sequence. 

Ex. 8. A cyclic group has only one composition-series in which 
the composition-factors occur in an assigned sequence. 

Ex. 9. (i) A cyclic group G of order p°^q^ri ... {p, q, r, ... being 
distinct primes) has e = (a-t-y8-|-y-|- ... ) ! -^ a ! xy3! xy ! X ... 
distinct composition-series, (ii) An Abelian group K of order 
p'^q&rT ... with only e distinct composition-series is necessarily 
cyclic. 

Ex. 10. Show that a non-cychc group G of order p"{p > 2) 
containing an element of order p""^ has {a — l)p + l distinct 
composition-series. 

Ex. 11. Show that an Abelian group G of order p'^ and type 
(1, 1, ...,1) has {pO_l)(^-l_i)(j,a-2_i)_(p_i)j^(^_iy 

composition-series. 

Ex. 12. Any group in a composition-series of a group G whose 
order is prime to its index in 6r is normal in G. 

Ex. 13. If a group G has a composition-series in which each of 
the last a composition-factors is p, while every other composition- 
factor is prime top, G contains a normal subgroup of orders". 

Ex. 14. (i) If every subgroup of G is contained in some 
composition-series of G, G ia the direct product of prime-power 
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groups, (ii) Conversely, if G ia the direct product of its Sylow 
subgroups, every subgroup of G^ is contained in some composition- 
series of G, 

Ex. 15. Find the number of composition-series of each group of 
order 8. 

Ex. 16. Find all composition -series of the groups d,, Q, H. 

§ 4. Given any norrrud subgroup U of a group G, a com- 
position-series of G tvhich includes H can always he found. 
The composition-factor-groups of G are the composition-factor- 
groups of G/ H together with those of H. 

Let G/ H = T, and let r, Fj, r^, Tg, ... be a composition- 
series of r. Let Gj, G^, Gg, ... be the subgroups of G corre- 
sponding to the subgroups Fj, Eg, Tj, ... of T. Then 

G/G, = r/Fj, GJG, = r,/r„ G,/G, = r,/r3, ...(V 18). 

But r/Fj, ^i/'^a, Tj/Fa, ... are simple, and hence G/G^, 
Gi/G^, G^/G^, ... are simple. Therefore G, G^, G^, G^, ... 
is a composition-series of G including H, and its composition- 
factor-groups are those of F together with those of H. 

Ex. 1. Ii G, JS, K, L, ... is a series of groups each normal in 
its predecessor, a composition-series of G can be found containing 

H, K, L, The composition-factor-groups of G are those of 

G/H,H/K,E/L,.... 

Ex. 2. ff, 6ri, ©2, <X3, ••• is a composition-series of G, and H is 
a subgroup contained ia G^_i but not in G^. If H^ is the G. C. S. 
of Gr and E, prove that {G^, H)/Gr = H/Hi. 

Ex. 3. If S is any subgroup of a group G, every composition- 
factor-group of H ia simply isomorphic with a subgroup of some 
composition-factor-group of G. 

Ex. 4. Find the composition-factor-groups of the group G 
of VII 10. 

§ 5. A group all of whose composition-factors are primes is 
called a soluble group. Evidently all its composition-factor- 
groups are cyclic. Since every group of order p° contains 
a normal subgroup of index p, every prime-power group is 
soluble. Every Abelian group is also soluble ; for if p is any 
prime dividing the order of an Abelian group G, G contains 
a normal subgroup of index p (V 20). 

Ex. 1. No soluble non-cyclic group is simple, 
Ex. 2. No perfect group is soluble. 
BII.TOS r. a. M 
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Ex. 3. Every subgroup of a soluble group is soluble. 

Ex. 4. Every group of order pq is soluble (p and q being prime). 

Ex. 5. The direct product of soluble groups is soluble. 

Ex. 6. The direct product of any number of groups, one of 
which is insoluble, is insoluble. 

Ex. 7. No perfect group is the direct product of groups one 
of which is soluble. 

Ex. 8. Every factor-group of a soluble group is soluble. 

Ex. 9. The group o'^ = 1, 6^ = a*", ab = 6a* is soluble. 

Ex. 10. The groups of V I^k,, jj are soluble. 

Ex. 11. Every finite point-group except E and H is soluble. 



§ 6. If G is a minivium normal subgroup of a group T, 
the composition-factor-groups of G are all simply isom.orphic. 

By a ' minimum ' normal subgroup of T we mean one con- 
taining no normal subgroup of F except itself and identity. 

Let H-i be a maximum normal subgroup of G ; and let 
-ffj, H^, H^, ... be the subgroups conjugate to if j in T. IS y 
is any element of T, evidently y'^H^y is normal in y~^ Gy = G; 
while G /y~'^n-yy = y~^Gy/y~'^H-^y = Q / H^, and is simple. 
Hence 5, , Ifj, ^3, . . . are all maximum normal subgroups of G, 
and (?/2fj = G/E^ = G/H^ = .... 

Denote by if„^ the greatest common subgroup of 
H^, H,, Hf, .... Then as in § 3 we have H^/H^^ = G/H^, 
and therefore E.J E^^=G / H.^. Similarly HJ E^^ = G/H^. 

Now the greatest common subgroup of 2fj, E^, E^, ... = 1, 
for it is normal in G (V 11). Hence Ej^^ cannot contain all of 
£13, E^^, E-y^, ... unless E^^ = 1. Suppose E^^ does not 
contain E^^. Then as in § 3 G, E^, E^^, E^^r, ■•■ and 
G, Ej, Ej^, Ei2r> ••• are composition-series of G, and 

As before E^^r ^°^^ °o* contain all of -^123, -^124) -Si2s> ••• 
unless Ej2^ = 1. If Ej^r does not contain Ej^,, we may 
repeat the above reasoning and prove that G, h, E^^, E-y^^, 
iri2„ , ... is a composition-series of G and that £f jj^/fij^^ = G/E^. 
By repetition of this process we may establish the theorem. 

Each group of the composition-series is normal in G, for it 
is the greatest common subgroup of normal subgroups. 

CoEOLLART L G is the direct product of groups simply 
isomorphic with its coTnposition-factor-groups. 

Let B = Gihe the group of a composition-series G,G-^,G^,... 
of G preceding 1. Then B is simple, is normal in G, and 
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is simply isomorphic with any one of the composition-factor- 
proups of G. Let B,B^, B^, ... be conjugate groups in r. 
Then {B,B^, B^, ...} being a group normal in T and con- 
tained in G must coincide with G. 

Since B and £j are normal in G, their greatest common 
subgroup is normal in G and therefore in B. But B is simple, 
and hence B and B^ have only identity in common. Moreover, 
every element of B is permutable with every element of £,. 
For let h be any element of B, and tj any element of £, . 
Then 6~^ 6^"^ h\ is in B since 6,"^ hh^ ia in B, and is in B^ since 
h-^bf'^h is in 5i. Hence b-'^h-'^hh^ = 1. Therefore {B, B^] 
is the direct product of B and B^. 

Now let ^2 be one of the groups conjugate to B which is 
not contained in {B, B^}. Then just as before, since B^ and 
{B, B^] are both normal in G, we may show that £2 ^^^ 
{B, 5i} have only identity in common and that every element 
of B^ is permutable with every element of {B,Bj}. Similarly 
B and {B.^, B^} have only identity in common, and every 
element of B is permutable with every element of {B^, B.^} ', 
and so for B^ and {B, B^}. Hence {B, B^,B^} is the direct 
product of B, £j , and B^. Now let B^ be a group conjugate to 
B not contained in {B,Bj^,B^}. Then as before {BjB^.S^, B^ } 
is the direct product of the simply isomorphic groups B, 5, , 
B^, B^; and, proceeding in this way, we show that G is the 
direct product ott+l simply isomorphic groups 

B, Bi, B2, ..., Bf. 

Corollary II. Let G, H he normal subgroups of a group T, 
such that G contains H, but contains no norirwl subgroiip 
of r containing H. Then the coTnposition-factor-groups of 
G/ H are all simply isoinorphic, and G/H is the direct 
product of groups simply isomorphic with these composition- 
factor-groups. 

For G/H is evidently a minimum normal subgroup of 

r/H. 

Ex. 1. If ff (§ 6) is a prime-power group, it is Abelian. 

Ex. 2. If G is of order pr{p prime to r), G is simple. 

Ex. 3. Assuming that the symmetric group of degree »» (m ^ 4) 
contains no normal subgroup except the alternating group of 
degree m, deduce from § 6 that this alternating group is simple. 

Ex. 4. If P is a primitive permutation-group of degree pk and 
order pr {p prime to r), the group H generated by the elements 
of order jp in P is a minimum normal subgroup of P and is simple. 

M 2 
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The Chieb'-Sehies 

§ 7. Let S, be a maximum normal subgroup of a group G, 
and let IT,, M^, H^, ... be a series of normal subgroups of G 
such that Hi contains ^^+1 but contains no normal subgroup 
of G contaming lf,-+i. Then G, H^, H^, H^, ... is called a 
chief-series or chief-camposition-series of G. The group G may- 
have several distinct chief-series ; each such series ends with 
the identical group. 

As in § 4 we may prove that a chief-series of G can always 
be found containing any given normal subgroup of G. 

The groups G / H^, H^/ H^, E^/ H^, ... are called chief - 
factor-groups of G. The first G/H^ is simple, each of the 
others is simple or is the direct product of simply isomorphic 
simple groups. This follows at once from § 6, Corollary 11. 
If I^, I2, I3, ..., It are the subgroups of Hi corresponding 
to the members of a composition-series of Hi/ Hi^^ ; G, Zfj , . . . , 
Hi, I^, I2, I^, ..., If, ^i+i, ... is a composition-series of G. 
The chief-factor- group Hi/ Hi^^ is the direct product of f + 1 
groups simply isomorphic with any one of the composition- 
factor-groups Hi/I^, Ii/Ii, li/Is, •••. If/^i+i- 

The orders of the chief-factor-groups are called chief-factors 
of G. 

Ex. 1. For example; G, N, K, {o^}, 1 and G, 0, L, {c}, 1 are 
chief-series of the group G of Vdj, each group of either series 
being normal in G. 

Ex. 2. Hf, Hi+-i, Hi+2> ••• is not necessarily a chief-series of if,-. 

§ 8. The chief-factor-groups of any two chief-series of a 
group G are identical except as regards the sequence in which 
they occur. 

(1) Let G,H„...,Hi,Hi^„... and G,H„..., Hi,Ki^„ ... 
he two chief-series of G. Let D be the gi-eatest common 
subgroup of ifi+, and irj+ J ; thenDand {if^+jj^^^j} are normal 
in G (V 11). Since {Hi^..^, Ki^.^} is a normal subgroup of 
G containing Hi^^, -ff,- = {-ffj+i, ^i+i}- Then as in § 3(1) 
we prove Hi/Ki^, = Hi^,/ D and Hi/ Hi^, = Ki^J D. 

(2) fif+i contains no normal subgroup of G containing B. 
For if J were such a subgroup, {J, -K^i+j} would be a 

normal subgroup of G contained in and not identical with 
{ifi+i, ^i+i} =i^j. Similarly K^^■^^ contains no normal sub- 
group of Q containing D. 
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(3) The proof of the theorem is now completed exactly as 
in § 3 (3). 

Ex. 1. A composition-series can always be found containing 
the terms of any chief-series. 

Ex. 2. It is not always possible to obtain a chief-series by 
suppressing terms of a given composition-series. 

Ex. 3. Any element permutable with a given group transforms 
every chief-series into a chief-series and every composition-series 
into a composition-series. 

Ex. 4. Every composition-series of an Abelian-group is also a 
chief-series. 

Ex. 5. If a group has only one composition-series it has only 
one chief-series. 

Ex. 6. Every chief-series of a prime-power group is a composition- 
series, but not conversely. The same holds for the direct product 
of prime-power groups. 

Ex. 7. Every chief-series of a group G of order p° ends with 
the groups K, 1, where K is some subgroup of order p in the 
central of G. 

Ex- 8. If IT is a normal subgroup of G, the chief-factor-groups 
of G are the chief-factor-groups of G/H together with direct 
products of groups simply isomorphic with the chief-factor-groups 
of if. 

Ex. 9. (i) If every chief-factor-group of a group G is cyclic, the 
same is true of G/H, H being any normal subgroup of G. (ii) Every 
element of the group preceding 1 in any chief-series of G is 
permutable with each commutator of G. 

Ex. 10. A non-Abelian group of order pf^{p > 2, a > 2) con- 
taining an element of order ^"^ has {a—2)p+l chief-series. 

Ex. 11. Find the number of chief -series of each group in 
XIII 3i5, ig. 

The Chabactebistic-Series 

§ 9. Let G be any group, and let /j, J2, J3, ... he 
characteristic subgroups of G, such that J^ contains Jf+j, but 
contains no characteristic subgroup of G containing Jj+j. 
Then G, Ji, J^, J3, ■■• is called a characteriatic-eeriea of G. 

Let r be the holomorph of G or any finite group containing 
G of the type described in X6. Then G, J^tJ^, J^, ... is 
part of a chief-series of T, so that properties of a characteristic- 
series can be deduced from those of a chief-series. 

Ex. 1. A group with no characteristic subgroup is the direct 
product of simply isomorphic simple groups. 

Ex. 2. Show that Ji/Ji+i is the direct product of simply 
isomorphic simple groups. 
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Ex. 3. A characteristic-series can always be formed containing 
any given characteristic subgroup. 

Ex. 4r. A chief-series can always be formed containing every 
member of a given characteristic-series. 

Ex. 5. Every characteristic-series of a complete group is also 
a chief-series. 

Ex. 6. Every composition-series of a cyclic group is also a chief- 
series and a characteristic-series. 

Ex. 7. If a group has only one chief-series, it is also a character- 
istic seriea 

The Series op Derived Groups 

§ 10. If Aj ia the first derived group (commutant) of any 
group G, Aj the first derived gi-oup of Aj, Aj the first derived 
group of Ag, &c., A^, Aj, ... are called respectively the ' second, 
third, . , . derived groups ' of 0. 

All the derived groups are characteristic subgroups of G. 

The proof of X2 shows at once that h~^\h is the com- 
mutant of h~^Gh, whatever element h may be. Hence any 
element permutable with G is permutable with Aj. Similarly 
any element permutable with Aj is permutable with Aj, and 
so on. Hence any element permutable with G is permutable 
with Aj, Aj, A3, ... ; i.e. Aj, Aj, A3, ... are characteristic sub- 
groups of G. 

§ 11. Each of the groups G, Aj, Aj, A3, ... is contained in 
the one preceding it. Hence there are two possibilities only ; 
(i) for some value of i A,- is perfect, and (ii) for some value 
of i A^ = 1. We shall prove that in case (ii) G is soluble. 

If the series of derived groups of a group G ends with the 
identical group, G is soluble. 

For since all the derived groups are normal in G, a com- 
position-series of G may be formed containing all the groups 
A,, Aj, A3, ... ; while the composition-factors of G are the 
composition-factors of G/Aj, A,/A2, A2/A3, ... (an obvious 
extension of § 4). But these latter groups are Abelian (IX 3), 
and are therefore soluble (§ 5). Hence G is soluble. 

Ex. 1. If a group G is soluble, its series of derived groups ends 
with identity. 

Ex. 2. Every soluble group contains a characteristic Abelian 
subgroup. 

Ex. 3. If A, is perfect, (?/A, is soluble. 
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The Sebies of Adjoined Groups 

§ 12. If Aj^ is the first adjoined group (group of inner 
automorphisms) of a group G, A^ the fii-st adjoined group 
of ^1, ^3 the first adjoined group of A^, &c. ; A^, A^, ... are 
called respectively the 'second, third, ... adjoined groups ' (or 
' cogredients 'j of G. If any one of these J.f_j is Abelian (of 
order > 1), ^^ = 1 and G is said to be of class or speciality i. 
In this case none of the groups G, A■^, A^, ..., A^.^. can he 
Abelian. 

Since Ai_.^ is the firat adjoined group of the non-Abelian 
group ^j_2, ^t_i is non-cyclic (X 4) ; hence : — 

No adjoined group of a non-Abdian group is cyclic. 

If the centrals of G, A^, A^, ..., Ai_^ are of the types 
(A,^,i;,...), (Ai,/ii,ri,...), (A2,/X2,r2,... ),..., (Ai.i,Mj_i,rf.],...), 
G is said to be of the type 

(\,|i,l',...)(Xi,fJi,l/i,...)(A2,/i2,l/jj, ...)... (Ai_i,fii_i,I'i.i,...). 

There are in general several distinct groups of a given type. 

Let Oi be the central of G ; and let G^ be the noimal 
subgroup of G corresponding to the central 5 of A■^^, so that 
B = CJC^. Then G/C^=G/G^/CJG^ = A^/ B = A^{N 12,). 
Let Cg be the normal subgroup of G corresponding to the 
central of A^. Then as before G/C^ = .43. Let G^ be the 
normal subgroup of G corresponding to the central of A^. 
then G / G^=. A^, and so on. The central Cj is sometimes 
called the 'first central' of G, while C^, G^, ... are called the 
' second, third, ... centrals ' of G. 

Ex, 1. The direct product of prime-power groups is of finite 
class. 

Ex. 2. A metabelian group is of class 2, and conversely. 
Ex. 3. The commutant of a group of class 2 or 3 is AbeUan. 
Ex. 4. Every non-Abelian group of order p^ is of the type 

(1)(1, !)• 

Ex. 6. If G^ is of class i, (i) fi.Li ^ unless i = 1, (ii) C; = G, 
(iii) the class of A^ is i—x. 

Ex. 6. If Cr is of class i, (i) (7, _i contains Aj , (ii) C, _ 3 contains Aj . 

Ex. 7. If <? is of order j)° and Aj of order p^, the class of 
G^<je+1. 

Ex. 8. Every element of C^^ is of the form c-^c^.-.c^ where c, is 
in Gi but not in C^_i. The commutator of c^ and any element of 
(r is in C(_i. 
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^ 13. If the first adjoined group A of a group Q is the 
direct product of its Sylow subgroups, is also the direct 
product of its Sylow subgroups. 

Let G be of order p^qPr^ ...; p,q,r, ... being distinct 
primes. Let P, Q, R, ... be Sylow subgroups of orders 
p", q^,r'' 

The order of -4 is a factor of the order of G. Let A be 

of order p"iq^ir''i Then A must be the direct product 

of prime-power groups P^, Qi,-Ri, ... of orders p'^i, q^i, r'^i, 

Let a, b be elements of P and Q respectively ; and let a, , 6, 
in A correspond to a, 6 in G. Then the order of Oj is a power 
of p and the order of b-^ is a power of q. But A is the direct 
product of Pj, Qi, -Rj, ..., and therefore b^'^a^b^ = a^. From 
this we deduce b'^ab = ca, where c is some element in the 
central of G. Hence if 7ti is the order of a, 

1 = 6-1 a^ft = {ca}'^ — c'^a^ = c"* (since ca = ac). 

It follows that the order of c is a factor of m and is therefore 
a power of p. Similarly from a~^b~^a = cb~^ we see that the 
order of c is a power of q ; and hence c = 1. 

Therefore every element of P is permutable with every 
element of Q, and similarly with every element of R, &c. 
Hence every element of P is permutable with every element 
of {Q, R, ...}, and these two groups have only identity in 
common. The same is true of Q and {P, R, ...}, &c. Hence 
G is the direct product oi P, Q, R, .... 

CoBOLLAET. If one of the adjoined groups of a group G is 
identity, G is the direct product of its Sylow subgroups. 

If Af = 1, Ai_j is Abelian, and is therefore the direct 
product of its Sylow subgroups (XII 1, Corollary IV). Now 
Ai_^ is the first adjoined group of Af_2, and therefore ^,._j is 
also the direct product of its Sylow subgroups. The same 
reasoning maybe extended to show that ^,_3, A^_^, ...,Aj, G 
are all direct products of their Sylow subgroups. 

Ejl 1. A group of finite class is soluble. 

Ex. 2. If each chief-factor-group of a group G is cyclic, the 
commutant A of G is the direct product of its Sylow subgroups. 



CHAPTER XIV 

SOME WELL-KNOWN GROUPS 

§ 1. Suppose that {a} is a normal cyclic subgroup of the 
group G = {a, b} generated by the elements a and b. Let 
X, fi be the orders of a, 6 ; and let a, /3 be their orders relative 
to {b}, {a} respectively. Suppose 

a° = b\ be = a', b-^ab = a''. 

It follows at once from the relation b~^ ab = a^ that every 
element of G is included once and only once among 

bya'(x = l,2,...,k; 2/ = l, 2, ...,/3), 

and hence that G is of order Ay3. 

Since a'' is in {6},r-T-a and similarly s -f- /3 are integral 
(VI). Hence 6^^"^° = a'^"^" = 1, and therefore \~a is a 
multiple oi fi — ^. Similarly /z -r /3 is a multiple of X -r a, 
so that \ -z- a = fi -i- j3. 

Now the order offc^ = ^-T-/3 = A-7-a, while the order of a'' 
is evidently A -r- (the H. C. F. of X and r). Hence a is the 
H. C. F. of \ and r, and similarly fi is the H. C. F. of n and s. 

Since a~^b~^ab = a''~^, we have by 1 4 

1 = a-°b-^a°b = a°<''-»). 

Hence a(ife— 1) = (mod X) or r(A: — 1) =0 (mod X), since a is 
theH.C. F. ofXandr. 

Since fc-^aJ = a^ b-yaby = a''^ (13); hence bv is permu- 
table with a if and only iikv = 1 (mod X). If 6' is the lowest 
power of 6 permutabJe with a, e is the smallest positive 
integer such that i* = 1 (mod X), i. e. fc is a ' primitive root of 
the congruence x'=l (mod X) '. Since b^ is permutable with a, 
it follows as in V 1 that € is a factor of /3 and fc^ = 1 (mod X). 

We shall show in § 5 that every group whose Sylow sub- 
groups are cyclic is of the same type as G: the converse is 
not true. 

Ex. 1. Every element of G is included among o^6»(x = 1, 2, 
...,X; y= 1, 2, ..., /3X or among a^6»(x= 1,2, ..., a; }/ = l,2, 
...,^). 
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Ex. 2. If d i3 the H. C. F. of \ and k—1, (i) the central of G is 
{a^^^} ; (ii) the commutant of ff is {a"* } ; (iii) G is metabelian if 
A is a factor of d^. 

Ex. 3. Find a group of the type of § 1 with non-cyclic Sylow 
subgroups. 

Ex. 4. {a'} and {o, b'} are normal subgroups of G ; {«', 6} is 
normal only if it contains the conunutant of G. 

Ex. 5. Every subgroup of Cf is of the type {a\ ftJ'a^} where y 
is a factor of /3, 2 is a factor of A. and r + a;(fc^— 1) -r (^ — 1), and 
i > a; > 0. No two such subgroups are identical. 

Ex. 6. Every subgroup and factor-group of G' is of the same 
type. 

Ex. 7. (i) G is soluble, (ii) The chief-factors of G are prime. 

Ex. 8. If every Sylow subgroup of G is cyclic, A; is a primitive 
root of a;^ = 1 (mod A), provided a and 6 are chosen so that G is 
not generated by two elements a, b where {a} is normal in G 
and of order greater than A. 

§ 2. The following four important groups are included 
among the groups of § 1 : — 

(I) a*™ = 62 = 1, bab = ai+i"" ; 
(II) a*™ = 62 = 1, a^m ^ ^abf. 

(III) a™ =b^= {abf = 1 ; 

(IV) a^m ^ i_ (jm _ („5J2 ^ 52_ 

Group III is the dihedral group of order 2 m, and group IV 
is the dicyclic group of order 4 m. The case in which m, 
is a power of 2 has been discussed in XI 8. 

Ex. 1. Find the centrals and commutants of the four types. 

Ex. 2. (i) Every element of any one of the four groups is of the 
form a?' or ha^. (ii) Find the order of each element (iii) Find 
the conjugate sets oi elements. 

Ex. 3. (i) {a*} is a normal subgroup of each type, (ii) Every 
non-cyclic subgroup is of the form {a\ 6o^}. 

Ex. 4. Every subgroup of group I is Abelian or of the type L 

Ex. 5. In group II the subgroups {o', 6a^} are of the type II, 
HI, IV according as { is odd, I and x even, I even and x odd. 

Ex. 6. In groups III and IV the subgroups {a', ha'^} are respec- 
tively dihedral and dicyclic, and they form one or two conjugate 
sets for a given value of Z as 2 is an odd or even factor of m. 

Ex. 7. Find the orders of the groups of automorphisms of the 
four types. 

Ex. 8. (i) If TO = 2"^ 3' 5* 7^ ..., the number of composition- 
series of III is 2'^u^t !-r6! t! i\ ..., where it^ is the coefficient 
of x'l' in the expansion of (1 — a;)~*(l —4'^)"'"^ and < = 6-1- t-H C+ •••• 
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(ii) The number of chief-series is 

{BY + t)x{y + t-l)l-i-yl 8! t! C. .... 
(iii) Find similar theorems for gi-oup IV. 

Ex. 9. (i) The dihedral and dicycLic groups are the only groups 
generated by a and b, where a^ = (aby = b^. (ii) A group of 
order 2p° with cyclic Sylow subgroups is either cyclic or dihedral 
Cp>2). 

§ 3. Another importajit special case of the group in § 1 is the 
metacyclic group G = (a, 6} where aP = bP-^ = 1, ab = ha^ ; 
k being a primitive root of the congruence xP'"^ = 1 (mod p). 
As in § 1 G IB of order p (^—1). 

Every automorphism of {a} is completely given when we 
know the power of a corresponding to a in the automorphism. 
Now k, k', ..., kP~^ leave different remainders when divided 
by p; for k^ =kf (mod p) (p>e>f>0) would involve 
k^~j= 1 (mod p), contrary to the hypothesis that i is a primi- 
tive root of xP~^ = 1 (mod p). Hence these remainders are 
the numbers 1, 2, ...j ^— 1 m some order or other. But 
h~yaby = a''" (13), so that every automorphism of {a} is 
established by transforming {a} by a power of b, and no two 
powers of b establish the same automorphism. Hence {b} 
= the group of automorphisms of {a}. Also since the only 
elements of G permutable with a are the elements of {a}, 
G is the holomorph of {a}. 

Ex. 1. The commutant of G is {a} and the central is 1. 

Ex. 2. There is only one abstract metacyclic group of order 
p{p-l). 

Ex. 3. The order of bva'' is (i>-l) -i-(the H.C.F. of y and p-1), 
unless y = (mod p). 

Ex. 4. The subgroups of G are cyclic subgroups {bva'^} not 
normal in &, a normal cyclic subgroup {a}, and normal subgroups 
{a, by}, where y is any factor of p—1 and a; = 1, 2, ..., ot p. 

Ex. 5. A metacyclic group contains a dihedral subgroup. 

Ex. 6. Every Sylow subgroup of a metacyclic group is cyclic. 

Ex. 7. Every composition-series of G^ is a chief-series. 

Ex.8. Ifi)-l = 27 3'5'7f ..., G has 

{y + b + €+ ...)l-^yn\,l... 
composition-series. 

Ex. 9. Every metacyclic group is complete. 

Ex. 10. G is simply isomorphic with the group of auto- 
morphisms of a dihedral group of order 2 p. 

Ex. 11. G is simply isomorphic with the doubly-transitive 
permutation-group of degree j? generated by S=(12...p) and 
T = {kik2 ... fcp-i), where k^ is that one of the symbols 1, 2, ... , 
p—1 which satisfies &, = &* (mod p). 
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Ex. 12. G is simply isomorphic with the substitution-group in 
the GF [p] generated by a;' = a; + 1, x' = kx; L e. with the group 
in the GF [p] composed of every substitution of the form 

x' = ax + b. 

§ 4. //■ the Sylow subgroups of a group G are cyclic groups 
of orders Pi\ p^^i, ..., p""' {p^<p^< ...< p^), G contains 
a norinal subgroup of order p/ P°+P P^+s' ••• Pm'* *^'^^' 
taining every element of G whose order divides 

vJ p °'+i P "'■*-' ... p"" (s< a,). 

(1) Let n =^i°ip2°2 ...^J °" be the order of G. The number 
of elements in G whose orders divide n is n, and by the 
corollary of V 21 the number of elements in G whose orders 
divide n -^ p^'i?, \n-^ p-i (A. integral). Let g of order pi°iA; be 
one of the \pi — ^)Pi^^~^Pi^'...p°^'' elements of G whose 
orders divide n but not n-r-p^. Such an element exists; 
for G contains by hypothesis an element of order p^i- Then 
the order of g^ (p"'k >e>0) divides n but not n-i-pi it and 
only if e is one of the Pj°r^ (ft— 1) * integers less than pj°ik 
and prime to p^. 

Let h of order p°il be one of the (Pi — X) ft°»"* ^2"" -■•Pm" 
elements of G whose orders divide n but not n-—pi which 
is not a power of g (if such an element exists). Then as 
before ft°,~* (pi—l)l of the powers of h divide n but not 
n-i-pi- Now take one of the (pi—\)pi°r^P2"3...p°'' 
elements whose ordera divide n but not n -r-Pi which is not 
a power of gr or A and reason as before. Continuing the 
process till all the (i?i— A) />i°i~' ft"* ■••p"'" elements are 
exhausted, we see that (Pi— A) ft°i"^ p^^ ,..p°" is a multiple 
of ft°'~*(?>i— 1) and is not zero. Since ft— 1 is prime to 
p^i .,.p°'', we must have X = 1. 

(2) By (1) and the Corollary of V21 the number of 
elements in G whose orders divide n-i-pi but not n -f- p^ is 
(ft— M)ft°i~*ft°> ••• P°" (m integral). Then exactly as in 
(1) we may show that (ft — f*) ft°i~*2»a°» ••• i'"" is a multiple 
of ft°i"^ (Pi — 1) and is not zero ; from which it follows that 
K=l. 

(3) This reasoning may be repeated to show that G con- 
tains exactly jo/ p^"'*! ...p°" elements whose orders divide 
Pt Pr+T ••■Pm"' "^^ finaUy th(it G pontainB exactly 29°" 
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elements whose ordere divide p "'". Hence G contains only 
one Sj'low subgroup P„ of order i?^"; for if Q contained 
two, Q would contain more than "p °'» elements whose orders 
are powers of p^. Since P„ is the only subgroup of order 
p^ in G, P„ is normal in G. 

(4) If r is any factor-group of G, the Sylow subgroups of r 
are cyclic. For that Sylow subgroup of F whose order is 
a power of p^ is generated by an element of F corresponding 
to an element of order p^x in G. 

Hence G/P^ contains a normal subgroup of order p^^K 
The corresponding subgroup P^-i of G is of order p^^^ p "" 
and is normal in G. Again, G contains a normal subgroup P„.2 
of order p °'»-a p ""-i p °'» corresponding to the normal sub- 
group of order p"^'' in G / P^^^. Continuing this process 
we see that G contains a normal subgroup P,+i of order 
P°+i^P^2^ •••Pm"'- The group G / P^+i contains a normal 
cyclic subgroup of order p^°T, and hence G / P^+^ contains 
a normal cyclic subgroup of order p/. The corresponding 
subgroup P of (? is of order p/ p"^^^ ••• p^ and consists 
of those p' » "•■+1 ... w"™ elements of G whose orders divide 

Ex. 1. If ff is Abelian, it is cyclic. 

Ex. 2. The subgroup P is characteristic, 

Ex. 3. If Pi, ^2> ■•■I 9m ^'^ elements of orders p^i, P2°,, ..., 
jj°» in Gf, P= {^A 9r^^, ..., gjs, where u =p^-'. 

Ex. 4. Any subgroup H oi G has all its Sylow subgroups cyclic. 

Ex. 5. The result of § 4 holds good even if the Sylow subgroup 
of order p ""• is non-cyclic, provided r^m. 

Ex. 6. Prove that G is soluble. This is true even if the Sylow 
subgroup of order jp "^ is non-cyclic. 

Ex. 7. The chief-factors of G are prime. 

Ex. 8. Assuming only that G contains a normal subgroup 
of order p "", deduce from V 14 that G contains exactly 
i>Aj'°''"^' — i*"" elements whose orders divide pA i';.°+ J"' • ■ ■ P,""- 

ExT^Q. If™a group G (with non-cyclic Sylow subgroups) 
contains exactly jj/i)°.f+' ...J>^"' elements whose orders divide 
p^spUr+i ...p°nij Q. contains exactly p^^-^^ •••i',"'" elements whose 

ordera'divide p;';+i...l'„°'»; where i)i°ii)2°» -K"' ^ *^® °'^*^®'" 
of G and s < a^. 
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§5.-4 group G with cyclic Sylow subgroups is generated 
by two elevients a, b such that {a} is normal in G and 
contains every novmal cyclic subgroup of G, while the lowest 
power of b permutahle with a is in {a}. 

(1) We assume that the result is true for any group whose 
order is the product of powers of m— 1 distinct primes. We 
shall then prove that the result is true for a group G whose 
order is the product of powers of m distinct primes. Then 
the theorem can be proved by induction ; for it is evidently 
ti-ue when on = 1 (b being identity). Let G be the group 
of § 4. It contains a subgroup H of index Pi°i with cyclic 
Sylow subgroups formed of those elements of G whose orders 
divide n~-p^"i. Since H is the only subgroup of its kind 
in G, every element permutable with G is evidently permu- 
tahle with H; i.e. fi^ is a characteristic subgroup of G. By 
our assumption H = {a, b}, where a^ = 1, 6^ = a"", a6 = ba'^ ; 
while {a} is normal in H and contains every normal cyclic 
subgroup of H, and b^ is the lowest power of b permutable 
with a. Since every element permutable with {a} is per- 
mutable with each subgroup of {a}, {a} contains no cyclic 
subgroup not normal in H; and since {a} is the only subgroup 
of ite kind in H, every element permutable with H is permu- 
table with {a} ; i. e. {a} is a characteristic subgroup of H. 

(2) Let a cyclic Sylow subgroup of order pj°i in G be 
generated by an element g; and let gi" be the lowest power 
of g such that {17''} is normal in G. As in V 1 p is a factor 
of ^i^i. Since H and {gf} are normal in G, g~''b-^gi'b is 
both in iTand in {/}. Hence g-<'b-^gi'b= 1 ; for jff and {/} 
have only identity in common, since their orders are prime 
to one another. Therefore g^ is permutable with b, and 
similarly with a. 

Since the orders of a and gf are prime to one another, the 
order of ag^ = the order of the Abelian group {a, g<'} ; and 
hence {a,gi'} = [ag''} is cyclic. 

(3) Since {a} and {g^} are normal in G, [ag^] and every 
subgroup of {agi'} is normal in G. Conversely, every normal 
cyclic subgroup of G is contained in {agf''}. For suppose h 
generates such a subgroup of order p^m, where m, is prime 
to pj. Then {hPi} ; being a normal cyclic subgroup of 
order m, is in {a} ; while {A™}, being a normal cychc sub- 
group of order pi«, is in {3''}. Hence {h} ■= {hJPi^, A™} is 
in {a/}. 
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(4) Now gf is the lowest power of g permutable with a. 
For if sr*' is permutable with a. h~^g°h is permutable with 
b~^ab = a* and therefore with a**- Hence h~'^g'b is permu- 
table with a ; for we can choose e such that ke = \ (mod X), 
since k is prime to X. Now since g° is permutable with H, 
every element of {g", H) is of the form g^'bya^, which is not 
permutable with a unless y = 0. Hence b~^g^b is of the 
form g^'a'- But since the order of g" is prime to the order 
of a, we must have a; = 0, so that b is permutable with {g") 
and fgr"} is normal in G. 

(5) Again, g is peiinutable with {a} ; suppose g~^ag = a'. 
Then since g^ is the lowest power of g permutable with a, I is 
a primitive root of a;'' = 1 (mod X). Now 

{bg)-'^a{bg) = g-'^a''g = a*^ ; 
hence by 1 3 

{bg)-*a(bgY = a^^^^* = a^'^\ 
If (6^)' is permutable with a, UV = 1 (mod X) ; and then 
1 = {J<fiy = Jfe"" and 1 = (W)B = Z'e (mod X). Since /3 and p 
are prime to one another, we deduce that t is a multiple both 
of /3 and p if (bgY is permutable with a. Hence the lowest 
power of bg permutable with ag'' is a multiple of fip; for b 
and g are peimutable with g''. 

(6) Write now a for agf", b for bg. Then {a} is normal in 
{a, h}, and the order of {a, b} = {a} + {a}b-i- {alb^-f-... is 
> n. For the order of a is n -^ /3p ; while the order of b 
relative to {a} is > p/3, since the lowest power of b permu- 
table with a is a multiple of p/3. But {a, b} is a subgroup 
of G. Hence V^ is in {a}, and G = {a, b} where {a} is 
normal in G and contains every normal cyclic subgroup of G, 
while the lowest power of b permutable with a is in {a}. 

Ex. 1. A group r whose order contains no square factor is of 
the type a^ = b>^ =1, ab= 6a*, where ft is a primitive root of 
-pM = 1 (mod X) and X is prime to fx. 

Ex. 2. (i) Find the conditions that foP should correspond to 
a, b^a' to 6 in an automorphism of H. (ii) Find the order of the 
group of automorphisms of F in Ex. 1. 

Hamiltonian Gboups 

§ 6. A non-Abelian group all of whose subgroups are 
normal is called a Hamiltonian group. The simplest tjrpe 
of Hamiltonian group is the qiMtiemion group a* = 1, 
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a^ = {ahf = h^ which is identical with the dicyclic group 
of order 8. It contains one subgroup {a*} of order 2, and 
three subgroups {a}, {b}, [ah] of order 4. 

Ex. 1. Verify directly that every subgroup of the quaternion 
group is permutable with a and 6. 

Ex. 2. Every subgroup of a Hamiltonian group is HamUtonian 
or Abelian. 

Ex. 3. Every element of order 2 in a Hamiltonian group is 
normal. 

Ex. 4. A HamUtonian group is the direct product of its Sylow 
subgroups. 

Ex. 5. Every factor-group of a Hamiltonian group is Hamiltonian 
or Abelian. 

Ex. 6. If a^ = {aby = 5^, {a, &} is Abelian of order 4 or 
quaternion. 

Ex. 7. If ?)a6 = a and ab = ia^, {a, 6} is Abelian of order 4 
or quaternion. 

Ex. 8. The quaternion group is the holomorph of a cyclic group 
of order 4. 

Ex. 9. (i) The group of inner automorphisms of a quaternion 
group is non-cyclic of order 4. (ii) The group of automorphisms 
is simply isomorphic with the symmetric group of degree 4. 

Ex. 10. The quaternion group is not the group of inner auto- 
morphisms of any other group. 



§ 7. The direct product G of an Abelian group A of odd 
order x, an Abelian group B of order 2"* and type (1, 1, ... , 1), 
and the quaternion group C is Hamiltonian. 

Let H be any subgroup of G, let h = abc be any element 
of H, and let g = ajSy be any element of G ; where a and a 
are in A,b and /3 in B, and c and y in C. Then 

g'^hg = y'^/S^'o'^aftca/Sy = y~''-abcy = y~^cya6. 

Now since c* = 1 and {c} is normal in C, y~^cy = c or c*. 
Hence g~^hg = h or c'h. But H contains 

h^ = (abc)^" = c^^h'^'^c^ = c^^ = c^ (since c* = 1 and x is odd). 

Hence H contains g'^hg and is normal in G. 
The converse of this theorem is proved in § 9. 

Ex. 1. Every element of {B, 0} is of order 1, 2, or 4. 

Ex. 2. The central of G is the direct product of A and H, 
where H = {B, c} is Abelian of order 2"+^ and type (1, 1, ... , 1), 
e being the element of order 2 in C. 
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§ 8. There is no Hamiltonian group of order p° if p > 2. 
If p — 2, there is one and only one abetraxit Hamiltonian 
group of order p" (a > 2) ; it is the direct product of the 
quaternion group and an Abelian group of the type 
yi, 1, .,., 1). 

(1) Let G be a Hamiltonian group of order p°. Let g of 
order p^ be an element of G which is not normal in G but 
is such that every element of lower order in (? is normal. 
Let h of order pt^ (ij.> \) be any element of G not permutable 
with g. 

Let c = g~^h~^gh. Since G is Hamiltonian h'^gh is in {g}, 
and therefore c is a power of g. Similarly, c is a power of h. 
Hence c lies in the greatest common subgroup 2) of {g} and 

{A}. Since c^l, D contains the subgroups {gP^~^) and 
{hP"~'^} of order p in {g} and {h}. Therefore gP*"^ = A"^"' 
where u is prime to p. Since h is not permutable with g, 
D ^ {g} and hence \ > 1. 

Now by 14 g-Ph-^gPh = cP. But gP is normal in G by 
hypothesis, and hence cP — 1. Again, (hygY = hy^g^c^^^*'^^- 
Putting y=-up^-\ t=p^-^, we have {h}igY = c^^^^^-'^^- 
Hence if jp is odd, or if p = 2 and y is even or X > 2, (AVgr)' = 1. 
Now since hJUg is not permutable with h, we cannot have 
(AVgr)' = 1 ; otherwise h^g would be of lower order than g 
contj-ary to hypothesis. Hence p = 2,y\a odd and therefore 
X = /i, and A = 2. Therefore X = ^ = 2 and gr' = A« = l, gf* = A*. 
The gi'oup {g, h} is evidently a quaternion group. 

(2) We have shown that any two non-permutable elements 
of a Hamiltonian group G of order 2° generate a quaternion 
subgroup. Now every element of order 2 in 6^ is normal ; 
for if g is such an element, {g} is normal. These elements 
of order 2 form an Abelian subgroup IT of the type (1, 1, ... , 1). 
Let a* = 1, a^ = (a6)^ = h^ be any quaternion subgroup C. 
If d is any element not permutable with a, {a,d} is a 
quaternion group and d* = a^. 

Let y be any element of G permutable with a and b. Then 
y6 is not permutable with a, and hence a^={yhf=y^W=y'^a^. 
Therefore y^ = 1 and y is in H. 

If y is an element of G not permutable with a and h, three 
cases can arise since y is permutable with {a} and {h}, 
namely (i) y~^ay = a, y'^by = 6', (ii) y~^ay = a* y~^by = b, 
(iii) y~^ay = a^, y'^by = b\ It is at once proved that a and b 
are both permutable with (i) ay, (ii) by, (iii) aby. Hence as 
before H contains (i) ay, (ii) by, (iii) aby. In each case y is in 

BiLTOi r. a. N 
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CE. Hence G = {C,H}, and if is the central of 0. The 
greatest common subgroup of G and H ia {a^}. Let B be 
a subgroup of index 2 in H not containing {a^}. Then 
G = (B, C} and is the direct product of B and C, i.e. of an 
Abelian group of order 2°"^ and type (1, 1, ..., 1) and the 
quaternion group. 

Ex. 1. The commutant of G is {a^}. 

Ex.2. G contains 2°-2_i Bubgroups of order 2, S.2°-^ of 
order 4, 2«-J-l of index 2, ^(2°-»-l)(2a-Z-l) of index 4, and 
22a-6 quaternion subgroups. 

Ex. 3. If every subgroup of order >p in. a non- Abelian and 
non-HamUtonian group K of order p" ia normal {p > 2), £* contains 
only one normal sdbgroup of order p. 

§ 9. Every HamUtonian group is the direct product of an 
Abelian group of odd order, an Abelian group of order 2™ and 
type (1, 1, ..., 1), and the quaternion group. 

By Corollary IV of XH 1 a Hamiltonian group G is the 
direct product of its Sylow subgroups. Now each of these 
subgroups is evidently Hamiltonian or Abelian. Hence by 
§ 8 the Sylow subgroups of odd order are Abelian, and there- 
fore their direct product is an Abelian group A of odd order. 
Again by § 8 the Sylow subgroup of even order is the direct 
product of an Abelian group B of order 2™ and type (1, 1, ..., 1) 
and the quaternion group C. Hence G is the direct product 
of -4, B, and G; which proves the theorem. 

Ex. 1. The commutant of G^ is of order 2. 
Ex. 2. The central of (? is of index 4. 
Ex. 3. G^ is metabelian. 



CHAPTER XV 

CHARACTERISTICS 

§ 1. If a group is simply or multiply isomorphic with 
iiTeducible homogeneous linear substitution-groups S, S", S", 
...(VII 4), then S,S',S", ... are called representatioTis of G. 

Let g be any element of G, and let 8, s' be the coiTesponding 
substitutions of S, S' respectively. Then if a fixed substitution 
t can be found such that t~^st = s' whatever element of G 
g may be, iS and S' are called equivalent representations of G ; 
if not, S and S' are called distinct representations. 

Every substitution conjugate to s in iS has the same 
characteristic equation (III 6). Hence the substitutions of S 
corresponding to each element conjugate to g in G have the 
same characteristic equation ; for to an element of G conjugate 
to g evidently corresponds an element of S conjugate to s. 
The sum of the roots of the characteristic equation of s is 
called the characteristic in the representation 8 of the set 
of elements conjugate to g. 

Suppose S is of degree rn. Let s be transformed into the 
multiplication (wjXi, 0)2X2, ..., oim^m) (IHS); then s~^ is 
transfoimed into (at^'^x^, a>2~^x^, ..., a)„~^a;„). If s is of 
order q; (Uj, ojj, ..., &>„ are q-th roots of unity and are the 
roots of the characteristic equation of s. Hence the character- 
istics o), + 0)2 + . . . -I- a)„ and «,~^ + 0)2"^ + . . . + (0^"^ of the sets 
of elements conjugate to g and g~^ are conjugate imaginaries ; 
for o),- is conjugate to o)^-^ If the conjugate set containing g 
is self-inverse (V 6), its characteristic is real. 

If ,9 = 1, s is («!, x^ Xm)- Hence the characteristic of 1 

is the degree m of S. 

If we replace each coefficient of every substitution of S 
by the conjugate imaginary, the substitutions so obtained 
obviously form a group S simply isomorphic with S which 
is also a representation oi G: S and S are called inverse 
representations. If S and 8 are equivalent representations, 
8 is called a self-inverse representation. 

n2 
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Ex. 1. The following table shows the 3 distinct representations 
and the corresponding characteristics for the group 
a^ = 62 = (o6)2 = 1. 



Elements 
of group 


Substitutions of the representation 


Characteristic in 


S 


S' 


S' 


S 


S' 


s* 


1 


X 


X 


(^,y) 


1 
1 


1 
1 


2 
-1 


a 


X 

X 


X 
X 


/I 73 a/3 1 \ 
(2^ 2 V' 2' 2V 


o2 


/ 1 V'3 v'3 1 \ 
( 2^+ 2 ^' 2 "^ 2V 


& 


X 


— X 


{X, -y) 


1 


-1 





la 


X 

X 


— X 


/ 1 VS ^3 ^ 1 \ 
( 2^+ 2 y' 2 ^+2^) 


6a2 


— X 


/I v'3 v'3 1 \ 
( 2^ 2 y- 2 ^+2^'; 



Ex. 2. One and the same group of linear substitutions may 
give rise to two or more representations of G. 

Ex. 3. The characteristic of a set of elements of order 2 is 
integral. 

Ex. 4. Every representation of ff is simply isomorphic with 
a factor-group of G. 

Ex. 5. Every representation of a factor-group of G^ is a repre- 
sentation of G. 

Ex. 6. The substitution-group of degree and order 1 is a 
representation of every group. 

Ex. 7. Every representation of an Abelian group is of degree 1. 

Ex. 8. A group is not necessarily simply isomorphic with any 
one of its representations. 



§ 2. Suppose Cr is a group whose elements form r conjugate 
sete of which the first ia the set containing only identity. 
Denote the elements of the i-th conjugate set by C^ (Cj = 1). 
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Let Si, S^, S^, ,,. be the distinct repiesentations of G ; where 
/Sj is the homogeneous linear group of degree and order 1, 
which is evidently a representation of every group. 

We denote by Xh. ^® characteristic of Cj^ in the represen- 
tation Si- Then Xi* is the degree of *S,-, and Xk^ = !• 

We denote by Xfc^ the characteristic in Sf of the set inverse 
to C]^. Then Xk> Xk^ *^® conjugate imaginaries, and are real 
and equal if C^ is a self-inverse set. 

We denote by Xfc' the characteristic of Cj^ in the repre- 
sentation inverse to Si- Then Xk* ^^^ Xt* are conjugate 
imaginaries, and are real and equal if Sf is a self-inverse 
representation. 

The r characteristics Xi'j X2*> •••»Xr* *^® called the set of 
characteristics of in the representation S{. 

Ex. 1. x/ = Xfc-* and xi/' = Xfc*. 

Ex. 2. The modulus of x&' :^ Xi'- 

Ex. 3. If xi' = Xo' = Xb' = ■•• > ^i is simply isomorphic with 
G/H, where E=Ci + C^ + Cb+ ■■■■ 

Ex. 4. Let xi> X2> X3J ••• be a set of characteristics for the 
conjugate sets E^, E^, E3, ... of a factor-group T ot G ; and let 
Cfc, Cfc', Cjc", ... be the conjugate sets of G corresponding to the 
elements E^ of r. Then there is a set of characteristics of G in 
which Xfc is the characteristic of each of 

^k> ^k ! ^1 ••• (* — ^' ^' "' •■•)• 
Ex. 5. Every characteristic of a synunetric group is reaL 

§ 3. Suppose G^ is an Abelian group of order n. Then 
r = n, and each conjugate set contains one element only. 
Any representation Si of G (being irreducible) is of degree 1 

by VII 8; hence Xi' = 1- 

Let [ffi, 32, •••. Pt] be a base of G, and let a^ be the order 
of g . Let x'= tOgX be the substitution of Sf corresponding 
to ^e ; so that a)j°« = 1 and co^ is the characteristic of g^ in the 
representation Si- Then the substitution of S,- corresponding 
to Qi^igi^t •••gt^t is x'= iOjfiiw/i ... miPtx, and cuj^KOg^j ... to^^i is 
the characteristic of 3,^132*2 ... gt^' in the representation Sf. 

Now (Og may be any one of the a^ a^-th roots of unity ; 
hence there are Oj a^ ... a^ = ti distinct representations of G. 
If e is any primitive a^-th root of unity (so that 0g°« = 1, 
^ffi^l if y<a^, the characteristics of gi^ig/2 ■••9t^t in the 
n representations are 

^1^1*. tf/j*i ... e^^, (kg = 1, 2, ... , Ug ; c = 1, 2, ... , t). 

The representations of G may be considered as elements if 
we define the product SfSj as follows. Let the characteristics 
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of QiQi-.-gt in the representations Si, Sj be respectively 
O^hB^h ... 0f*i, O-^Jid^h ... OfJi; then the product 8(8; is defined 
as the representation in which the characteristic of g^g^ ...gt 
is 6-^\*hB^ii*'H ... Oi^t'^it. It is at once seen that the represen- 
tations considered as elements form a group 2 simply iso- 
morphic with G, the element gf'i g^2 ...g't in corresponding 
to the element /S^ in 2. 

Ex. 1. If every characteristic of an element g in an Abelian 
group is real, g'^ = 1. 

Ex. 2. The number of representations of any group G of the 
first degree = the index of its commutant A. 

Ex. 3. The substitution-group x' ■=■ x, —x stands for 2° — 1 
distinct representations of an Abelian group of order 2° and type 
(1, 1, ..., 1). 

Ex. 4. The multiplication table of an Abelian group of order 
n considered as a determinant of n^ elements is the product of 
n linear factors. 

Ex. 5. (i) The multiplication table of any group considered as 
a determinant has q linear factors, where q is the index of the 
commutant. (ii) Find these linear factors in V li. 

Ex. 6. The sum of the characteristics in any given representation 
of all the elements of an Abelian group is 0, unless each character- 
istic is 1. 

Ex. 7. The sum of the characteristics of a given element of 
an Abelian group in every representation is 0, unless the element 
is identity. 

§ 4. Let H be any subgroup of the Abelian group 

and let S be one of the u distinct representations of G/ H. 
Since G is multiply isomorphic with G/H and G / H with S, 
(S is a representation of G. The characteristic of every 
element of 2? in the representation S of G is 1. Conversely, 
if the characteristic of every element of ^ in the represen- 
tation jS of (? is 1, /S is a representation of G/H. For 
evidently in this case the characteristic of every element 
in Hy^ . Hyj is the same. 

Now let fl/i ^2*2 ... B^''t be the characteristic oi g^g^... g^ in 
the representation S. Then the u elements of the type 
gi'h gj'i . . . gt''i form a subgroup K simply isomorphic with 
G / H. For they evidently form a su bgroup simply isomorphic 
with the group L whose elements are the u representations 
of G/H, g^^gi''i...gt^t corresponding to S: and Z=G/if(§3). 
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The subgroup H bears the same relation to K that K does to 
H. For g^ g^i . . . gfh is in If if and only if d-^'hh Q^-}^ . . . Q^ih = 1 
for each of the u sets of values of h-^, k^, ..., kf. Again, 
0-^6^ ..,6^t is the characteristic of gig^-.-gt in a represen- 
tation of G /K if and only if O-^KB^-il't... Q^^t = 1 for each of 
the u sets of values ot k^jk^, ..., k^; which is the same con- 
dition as before. For this reason H and K are called re- 
ciprocal subgroups of G. 

Ex. 1. The subgroup of G reciprocal to H depends on the base 
[g-i, 92, ••■, Pt] and on the quantities 0^, Q^t •■■> ^t- 

Ex. 2. K \sa. subgroup of the group reciprocal to any subgroup 
oiH. 

Ex. 3. An Abelian group contains as many subgroups of index 
9 as it does subgroups of order q. 

Ex. 4. An Abelian group contains as many subgroups with 
given invariants as it has factor-groups with those invariants. 

Ex. 5. An Abelian group of order j)° with t invariants has 

(p'-l)(p'-i-l)... (y-9+i-l)-r(p«-l)(i>«-i-l)...(l)-l) 
factor-groups of the type (1, 1, 1, ... to q terms). 

Ex. 6. An Abelian group of order p° of the type (2, 2, 2, ..., 
1, 1, 1, ...) — y 2 's and e 1 's — contains 

(p2_l)(p_l) ^ p-i^ 

subgroups of index p^. 

Ex. 7. (i) Any group contains 

normal subgroups of index j)^ where y and z are zero or positive 
integers, (ii) Find y and e in the group of XI 7. 

§ 5. The discussion of the properties of characteristics of 
non-Abelian groups is too diflScult to be included in an 
elementary treatise. We shall confine ourselves to a statement 
of the fundamental relations between the characteristics and 
to one application. 

Using the notation of § 2 it may be proved that there are 
r distinct representatiouB of G.* Let Aj be the number of 
elements Cj,; so that -n. = ^-t-Aa-l-... -f-A,. Now if any 
element g is contained among the h^hi elements C^Cj, we 
prove immediately that Cf^Ci = CiCj. includes every element 

• For a proof of these important theorems see two papers hy Prof. W. 
Burnside ; Acta McUhemaiica, xxviii (1904), p. 369 and Proc. London Math. Soc., 
2 i (1903), p. 117. 



184 PROPEETIES OF CHARACTERISTICS [XV 5 



conjugate to g. Suppose that the A^Aj elements Cj.C; include 
the elements G^ c^ji times, the elements C^ c^i^ times, . . . , the 
elements C, c^j, times ; i. e. (7^ Cj = c^^i C, + c^^^ C^+ ...+c^i^C^, 
where c^jj, c^jj, .,., Cj.j, are zero or positive integers. Then 

hhxk'xi' = XiiCkiAxi+CkiiKx2+ — +<'kirKxr'} (i)* 

Kxi*xMKX2'X2^ + -+KXf%^ = noTO 

or j=/^i' (ii)* 

In (ii) keep i fixed and let j take the r values 1, 2, ..., r. 
Solving the r equations so obtained we get hj^xj*X = nX]/ , 
where Xj* is the co-factor of Xjt* in 



X = 



Xi^ x/ 



Xi X2 

Now Xj,^'xi' + ^k"xi'+-+^k''xf 

= Z^i'xjr + X/x:?'+ ... +Xj-'xjr'= X or 

according asl' = k or l'^ k, i. e. aal = k' ot l^ k'. Hence 
XkW + Xk'xi'+-+Xk'x{ = ^or as l=kf or l^k' (iii) 

"■k 

In (i) keep k fixed and let I take the r values 1, 2, ..., r. 
Eliminating AjXi*. ^2X2*1 •••» ^rXr* between the r equations 
so obtained we get 



^ku~''- *-il2 
^k21 *'i22 ~ "■ 



Cfelr 
<^k2r 



^fcrl 



''kr2 



= 0, 



where k = 



Xi* 



.(iv) 



Ex. 1. The alternating group on the symbols 1, 2, 3, 4 contains 
4 conjugate sets 

Ci= 1, C2 = (12){3 4)+(13)(2 4) + (14)(2 3), 
Cf3=(12 3) + (14 2) + {13 4) + (2 4 3), 
C4 = (13 2) + (12 4) + (14 3)+(2 3 4). 

* See footnote on p. 183. 
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The table gives the yalue of Cj^jg. Putting A; = 3 in (iv) we h»ve 
K* = 64ic. Hence k = 4, 4(o, 4to*, or 0, where 2a> = —1+ ■/ — 3. 
Putting these values of k in the 3 equations (i) where k= 3 and 
I = 2, 3, 4 we get for the ratios /^Xi' : ''2X2' = '^sXa' : ''4X4' ^^^ four 
values 1:3:4:4, 1 : 3 : 4a) :4a>2, 1 : 3 :4a)2:46o, and 1: -1:0:0. 
Substituting in the result of Ex. 4 (noting that Ci and Cj are self- 
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Value of X j. 



Value of C/^ig — Ci 



= ^lke 



inverse, while C3 is inverse to C,) we obtain the values 1, 1, 1, 3 
for Xi' respectively. Hence we get the above table for X/e'. 

l^e corresponding representations are those generated \>j of =.x, 
of = ci)X, 3f = at^x, (y, e, x) and (a;, —y, —e). Of these S^ and 
S^ are self -in verse representations, while S^^ is inverse to S^. 
There are 3 representations of degree 1, since the commutant 
Ci + ^2 is of index 3 (cf. XV S^). 
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Ex.2, {i) hi = hi'; (ii) ikhi=zc^iih-^ + c^.i2hi+ ... +c^irK; 
(ui) Cku = Ci^ei (i"^) Cfcie = CfcYe'; (v) Cj;, = 1 or 0, AS e = I or 
e :^ Z ; (vi) c^ji = \ or 0, as Z = fc' or Z i^t i' ; (vii) c^f^ = if 
Cj, is not in the commutant ; (viii) Ci^i^h^ = c^e'i'h- 

Ex. 3. Prove ^Xi' + '^2X2'+ - +*rXr' = («=5t !)• 

Ex. 4. Prove feiXi'Xi'' + *2X2'X2''+ - +*/Xr'x.'* = «• 

Ex. 5. Verify (i) when the elements C^ and C^ are in the 
normal subgroup of G corresponding to identity in S^. 

Ex. 6. Verify (i) and (ii) for an Abelian group. 

Ex. 7. Find the characteristics and corresponding representations 
for the group (i) aP = b^ = {abf = 1 ; (ii) a* = 6^ = (06)^ = 1 ; 
(iii) o« = 62 = (ab)2 = 1. 

Ex. 8. Find the characteristics for the groups 
(i) a» = 1, o3 = (06)2 = 62 . (ii) „4 = 1, o2 = {abf = 62. 

Ex. 9. Find the characteristics for the group a^ = 6^ = 1, 
«6 = 6a2. 

Ex. 10. Find the characteristics for the symmetric group of 
degree 4. 

Ex. 11. Find the characteristics for (i) the alternating group, 
(ii) the symmetric group of degree 5. 

§ 6. ^0 simple group contains a conjugate set of p* 
elements. 

Suppose that in the group C of § 5 the conjugate set C^ 
contains p' elements, i. e. A^ = p^. Put ^ = 1 in § 5 (iii) then 

Xi^fc^ + X,'Xfe' + - + x/x/ = (i) 

If Xi' = 1 (i ^ 1), the representation /S,- is of degree 1 and is 
therefore Abelian. Hence G, being isomorphic with S^ is not 
simple. 

Next suppose Xi* ^ 1 unless i = 1. Since Xi^Xfe^ = 1> ^^ 
follows from (i) that not all of xi^Xfc^. X^^Xfc^ •••> Xi'Xfc'' can be 
divisible by p. Suppose Xi*Xfc* ^o* divisible by p. 

Let <r of order q be an element of S^ corresponding to an 
element of Cj.. Then a- can be transformed into a multiplica- 
tion of the form (u)°ia;j, (^"ix^, m°3 ajg, ...) where <■> is a primitive 

q-th root of unity, and xj' = a)"i + to^a + a)°3 + Denote by 

o), (= Xfc*), '»2' •••) '^3-i» <^g(= Xi*) the quantities obtained by 

putting u>^, 0)2, .,., 0)2-1, ^q fQj, ^ ^ ^^t Lgt 

(a; — o)i)(a; — 0)2) ... (ic-Wg) = x^ + tia:S-^ + ... + t^. 
Then f 1 , ^j , . . . , i J are integers ; for they are integral symmetric 
functions of the roots of a;2 = 1. 

Now by § 5 (iv) hj^Xk* "^ Xi* is a root of an equation of the 
form X* +p.^x^-^ + ... +p, = 0, where p^, p^, ...,Pr are integers. 
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Then the H. C. F. of a;'^+/),af-» + ... +^9, and 

is of the form xf+q.^a>f~^ + ...+qj, -where q^, q^, ...,9/ are 

rational ; / is ^fc since the H. C. F. is divisible by a; ^^^^ • 

Let a'' +PiX''"^ + . . . +Pf 

where r = e+f. Then gy is integral. For let \ and jn be 
the L. C. M.'s of the denominators of the rational fractions 
q\,q^,-.-,qf and of r^, r^, ..., r^ respectively. Then 

Aju(a;'"+_p,a;'-i + ...+_p,) 

= (AiB/+ AjixZ-i + ... +Xgy) (MX« + ^iriic«-i + ... +^7-J, 
and therefore by Grauss' theorem * A = /i = 1. 
Now the integer q^ is the product of/ quantities 

^fc"! Afc<"a ^fe"& 



J . J 



Xi' Xi Xi' 

Since h^ — p' and Xi* is prime to p, the product —.• -A-—. ... 

Xi Xi* Xi* 
must be integral. But since W], aj„, ug, ... are each the sum 
of Xi* quantities with unit modulus, the moduli of ojj,a)g,e»j,, ... 

are each < Xi'-t Hence the modulus of — . = -^r is integral, 

since the modulus of -^. • — ^. • — ^.- ... is integral. This is only 

Xi Xi Xi 
possible if Oj = 02 = Oj = ..., and then the substitution o- is 

a similarity. Hence <S',- contains a normal element <r and is 
not simple. Therefore G being isomorphic with /Sj is not 
simple. 

Ex. Prove that a group G of order j9°2^ (p and q prime) is 
(i) composite, (ii) soluble. 

* ' If the coefficients of o^ x™ + o, i"*~' + . . . + o„ are integers with no common 
factor, and the same is true of b^x''+\x'^^ + ... + h^, the coefficients of their 
product (;„x'*+"+CiX"'+"~' + ... +Cm+n hare no common factor.' In fact, since 
C| = a(,*< + <'i*<-i + "- + ''(-i'')+<*(''o' a given prime dividing o„, aj,...,€i,_i and 
Kj *i> ••■> **-! '"i' n"* "» "'■ ** divides c„, c,, ..., C|,+j_i but not c^+j. 

t For the sum of the moduli of two or more quantities > the modulus of 
their sum. This is at once evident from the graphical representation of com- 
plex quantities. 



HINTS FOR THE SOLUTION OF THE 
EXAMPLES 

CHAPTER I 

§ 1. Ex. 2. (i) a.aa = ea = ae, .•. aa = e. (ii) gaa = haa, 
.•. g = h. 

Ex. 3. ab ... W. Z-ift-i ... ft-io-i = ab ... k. h-^ ... b-^a''^ = ... 
= ab . b'^a~^ = a . a~^ = 1. 

Ex. 4, 5. Prove as in ordinary algebra. 

Ex. 6. a^b = aba = baa = ba^ ; and this can be at once 
extended. 

Ex. 7. Prove as in Ex. 6. 

Ex. 8, 9. Prove when « = 1, and then use induction. 

Ex. 10, 11. The identical element is zero when the law of 
combination is that of addition, unity when the law is that 
of multiplication. 

§2. Ex. 4. (ii)ltx = i!n+l(n>l>0),l — a''-'<^=aK .-.1 = 0. 

Ex. 7. Use I l7(i). 

Ex. 8. (i) Ux = kn + l (n>l>0), o'^-'" is permutable vrith b. 
.•. Z = 0. (ii) Prove as in (i). (iii) Find integers x and y such 
that ar = 1 (mod n) and ys=l (mod »»). Then since o"" and 6' 
are permutable, so are a" = a and b"' = b. 

Ex. 9. ab.ba = al^a = o^ = 1. 

Ex. 10. ba=ba . abab = baobab = b^ab = ab. 

Ex. 11. (i) Find integers x and y such that xr+yq = 1 and put 
a = xr, ^=yq. (ii) a» = (6c)« = fcsc" = c9. 

.: aP z=. ayi = cyi =^ c^~^^ = c. 

Ex. 12. Use I IgO) and (It). 

Ex. 13. Use I Ig, putting t = 1. 

§ 3. Ex. 1. If o" = 1, (b-^ob)" = ?)-lo»6 = r^b = 1, and con- 
versely. 

Ex. 3. ab = b~^ifid)b. Now use Ex. 1. 

Ex. 4. c~^{ab)c = c~^ac . c~^bc 

Ex. 5. If o"^co = b~^cb, ba~^ . c = c. ba~^ and oft"^ . c = c . ab~^. 

Ex. 6. (i) Use induction ; 
(ii) {b^a'')-^(bya'')(b'a'') = by.b-ya-ny.b~'a''b'.a''. Now use § 3. 

Ex. 7. Put y = »n in b-yat« = o*'. ' 

Ex. 8. 1 or 31. 
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Ex. 9. fcP~' = 1 (mod J)) for all values of k prime toj>. 
Ex. 10. b-^ab = a'^ and a'^ba = b'^, 

.•. b^ = b. aba = bab . a = a'^. 
Hence b^ = a^ = a~^a^a = a~^b^a = 6~^ and .'. b* = 1. 
Ex. 11. If a-^ca = c° and &-»c& = c^, {ab)-^e{ab) = b-^c"b 

= c°^ = (6a)-ic{6a). 

§ 4. Ex. 2. a-^b'^ab . b-^a'Ha = 1. 

Ex. 3. g''^{a~^b~^ab)g is the commutator of ^"'o^f and g'^bg. 

Ex. 4. If 6 = a-^b-^ab, 6 = 1. 

Ex. 5. Use I 85. 

Ex. 6. a-^b-^ab = {ba)-^.(ab). Now use 1 83. 

Ex. 7. a-^b-^ab = {ba)-^(aba-^b-^)ba. 

Ex. 8. a-^b-^ab = abab. 

Ex. 9. If aga~^ = g"/ and bgb~''^ = ^^ g = a~'^g^a = b~'^^b. 
Hence c~'^gc= b~^a'^ba.g. a~^b~^ab = b~^a~^b . gy . b~^ab 

= b~^a~^ .gy^.ab = b'^g^b = g. 

Ex. 10. Put a = the order of o in a-^b'^aH = c". 

Ex. 11. (i) and (ii). Use induction or Ex. 2. (iii) Making 
repeated use of a"b^ ^b^a°c°^ we have 

6~s'o"^.6~«a~''.a^6!'. a''6* = b'V a~^b-^ a^by c'^^b^ = c^'-v. 

Ex. 12. Use induction and g^gj = gjglc^ • 

Ex. 13. (i) a*(*— iJ-'-C.-"-!). (u)ai(&i'+'-fci')-r{fci'+«-fc'). 



CHAPTER II 

§ 1. Ex. 2. 6. 

Ex. 4. Call the rows of the board 1, 2, ... , m and call the files 
a, /3, .., /i. Place a queen on the square common to each row 
and file with the same name. 

§ 2. Ex. 7. Of (a 6) and (6 c). 

§3. Ex.1. (18649)(285)(710), (1 11 10 9 6 2 7 3 5) (4 12 8) 
(13 14), and (ae){bgc/). 

Ex.5, (i) {a b ... l)(mn ... x), {u) {ab c ... x y 3 ...). 

Ex. 6. Use Ex. 5. 

Ex.8. {i)(hjxy0...i$r)C:.), {ii) {h j ^ j) C -.) [i k x y z ...). 

Ex. 9. 5* replaces a^ by a^.^.^. 

Ex. 10. (a be ... ?) (a /3 y ... X) {A B C ... L) ... containing k 
cycles = (0 a ^ ...b^B...ey G IKL-.f. 

Ex. 11. (1 2 4 3 7 8 5 6 10 12 11 9)'. 

§ 4. Ex. 2. 6, 20, 2. Resolve into cycles. 

Ex. 3. By II 87 the statement is true for circular permutations. 
Suppose S = ABO ..., where A, B, C, ... are circular permuta- 
tions, no two of which have a symbol in common; and let 



_, /u u i; ... K, i m \ 

^a 8 y ... K X. u / 
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A = AiA^, B = B^B^, C= G^C^ where A^ A^, B^, B^, C„ 

C2, ... are of order 2. Then S= AiA^BiB^CiC^ ... = (A^BiCi 
...)(A^B2C2 ...), which is of order 2. 
Ex.4. m!-i-rst... is integral if r+s+ <+...= »i. 

§ 5. Ex. 1. (6 6 3 4) (9 8 1) (2 7), (4 1 3) (7 8) (6 2). 

Ex. 3. If ^ = (a 6 c ...) {k I m ...) ... and 
B = {a fiy...){KK^. ..)... 
are the two similar permutations, B = T~^AT where 

i c ...Icl m ... 
: 13 y ... K K fi 

Ex. 4. C is the commutator of A and T. 

Ex. 5. Let A = (abc...l) (m n ...) ... and B = (a fi y ...) ... 
be the permutationa Then A-^B'^AB = A'^ . B'^AB = 
{c b a I ...) {on m ...) ... . (/36 c ... I) {m n o ...) ... = {afib). 

Ex. 6. If the 2 symbols are not consecutive in a cycle of either 
permutation, the commutator is of order 3 as in Ex. 6. Similarly, 
if they are consecutive in (i) both, (ii) one and not the other, the 
commutator is of order (i) 2, (ii) 5. 

Ex. 7. By § 5 if T-^ST = S, T is a power of S. 

Ex. 8. If J. = (a 6 c d e), .B = (1 2 3 4 5), the permutations 
required are the 25 permutations of the form A''B^ together with 
the 25 transforming A into B and B into A, i.e. 20 of the form 
(a 2 d 5 & 3 e 1 c 4) and 5 of the form (a 3) (b 4) (c 5) (d 1) (e 2). 

§ 6. Ex. 2. (1 3) (1 6) (1 4) (1 9) (2 8) (2 5) (7 10) and 

{ac){ae){af){bh){bi){bd). 

Ex. 3. (rs) = (1 r) (1 s) (1 r). 

Ex. 4. Assume the result true for the product of any number 
of transpositions < k. Let Ti, T2, ..., 2^ be transpositions 
whose product is a permutation C of degree m with s cycles. 
Then T, T^ ^. Tk-i = GTj, has by II 3^, 5 s± 1 cycles ; so that 
k—l>m—s+l and .•. k>m—s. Now use induction. 

Ex. 5. Use § 6 and Ex. 4. 

Ex. 6. Use Ex. 4, 5. 

§ 7. Ex. 2. Use § 6. 

Ex. 3. Use Ex. 2. 

Ex. 5. By II 63 any permutation can be expressed as the 
product of transpositions all having a symbol in common, and 
the product of any two of these is circular of order 3. 

Ex. 6. By Ex. 5 every even permutation is the product of 
permutations of the type (1 rs), and (1 r s) = (1 2 s) (1 2 r) (1 2 sf- 

Ex. 8. If it contains a cycle of even degree, it is permutable 
with that cycle considered as a circular permutation. If it 
contains two cycles of equal odd degree, use II 5,. 
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CHAPTER III 

§2. Ex.4, x' = (-dx + b)---{cx-a), {5x+8i/, Sx+i^lf), and 
{—4:x + 3y + bg,x—y—e, 5x—Sy—Ge). 

Ex. 6. 2, 2, 3, 3, 12, 6, 4, 2, 4. 

Ex. 7. Its w-th power is x' = a"a; + 6 (o" — 1 ) -f- (o — 1). Hence 
the required condition is that a should be a root of unity and ^ 1. 

Ex. 8. {d^x, «o"~i&a; + a"y, na^-^cx + a"e). 

gn ^ 

Ex. 9. {a^x, -J- cx+^y). a and d are roots of unity, and 

if o = <?, c = 0. 

Ex. 10. {-x + 2y + 2z,y,e); {-Sx + 7y + 8g, -x+y + Sz, 

-2x+7y + 5e). 

Ex. 12. (i) Prove by induction, (ii) <^ -r ir is rational but not 
integral. 



Ex. 13. a^ = -{a--^ -^ ... -^jto« + l 
cl a + d — a + d — —cx+d) 



con- 



vergents, where A = ad— be 

Ex. 14. Put in the form ,_, = fc ~Z). ' 

Ex. 15. T" is derived from S" by putting 
d, = 1, 04 = 1*4 = C4 = di = da = da = 0. .-. T" = 1 if S» = 1. 

Ex. 16. {i)yi= -yi-7-(yi + l),y2' = y2-r(yi+i), y3=y3 

y'm-3 = 2'm-3 and y/ = yj, y/ = ^3. - . y'm-4 = Vm-Sr y'm-3 

- _i , y«-3 y»n-4 j^ 
~ ^"^ -1 + -1 + •••+ -1 

(ii) Obvious from (i) ; or notice that the w ! -r- 4 ! anharmonic 
ratios of m points in a line are equivalent to w— 8 independent 
anharmonic ratios, i.e. each such ratio can be expressed rationally 
in terms of any w— 3 independent ratios. 

§ 3. Ex. 2. (i) «'= [(aa + 6y)a; + (a2y3-o6a + a68-&2y)] 

-i-[yx+{a8—by)]; 
(ii) and (iii) {w^Xi, w^x^, ..., a>mXj, (iv) {x, 2y, 3e) ; 
(v) {-32x-25y, 41a; + 32y). 

§4. Ex. 1. 6,1 fly + 6,- 2 02 J- + ... +6mO»y = Otl^> 

Ex. 2. The determinant of AA ^ is 1. 

Ex. 3. The determinant of £-1^5 is 16|-^. |o|. \b\= \a\. 

Ex. 4. The determinant of ^» is {] a |}". 

Ex. 5. Prove by induction. 

Ex. 9. Use Ex. 5 or Ex. 8. 

Ex. 10. (ii) If AA' = BB'=1, OCT = ABB' A' = 1 by Ex. 8 ; 
or note that since A and B leave Xi^+X2^+ ... +xj' unaltered 
so does AB. (iii) Prove as in (ii). 
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Ex. 11. (i) If ^ = i" and AA' = 1, AA' = AA' = 1 ; (ii) and 
(iii) prove as in (i). 

Ex. 15. (ii) If C7= AA' we have readily Cy = c,i and c {x, x) 
^ Xi Xi +X2 x^ + ... +x„ x^. 

Ex. 16. (i) By Ex. 7 the determinant of A A' is {ia|f2; 
(ii) the product of | a | and its conjugate is 1 ; (iii) | a | is not 
altered by changing Oy into a^j ; see also § 5. 

Ex. 17. If A is orthogonal, so is A'. 

Ex. 21. (i) Use Ex. 10 (i) ; (ii) B'AB is symmetric if A 
is symmetric by Ex. 5 ; and if B is orthogonal, B' = B~^ ; 
(iii) prove as in (ii). 

Ex. 22. a;/ = 01X^ + 02X2+ ...+anX^, x/ = 0^2^+ — ^ X2 + 

^-^^X3+...+(^j+l)x.+ ...+^:r„. 

Ex. 23. (i) Let a;,- = /3,. , f ^ + /3,. ^ ^^ + . . . + /3i„ f„. Then a (x, j^) 
= 2a,;^^y^ Xj = 2 [Sft^ay-zS^ilTj^^fj = 2 [Ihiaijl^jilvk^i = d(f, t,) by 

Ex. 5. (ii) As in (i). 

§ S. Ex. 3. If a(a;,5) = aiZ|Xj^+ ... +0^X^X^—0^+1X^+1X^+1 

— —0 Y Y 
where all the a 's and /3's are positive, then 

a,XiXi+ ... +a,x,x,+^,+ir,+ir^i+ ... +/3„r^r„ 

= a^+iX,+iX,+i+ ... +a„x„x^+^iriri+ ... +/3,r,r,. 

Now if w — s + r > m — r+s we can choose x^jX^, ■■■, x„ so that 

Xr+i = ... = X„ = Yi= ... = Yg = 0, 
while not all of X,, ...,Xr, Yg+i, ..., Y^ are zero. This is 
impossible, and therefore r < s. Siiailarly r>s; and . • . r = s. 

Ex. 4. Every positive form is > 0, and .'. the sum of any 
number of positive forms is > 0. 

§ 6. Ex. 2. \a\ ^t 0. 
Ex. 8. Use equations (iii) of § 6. 

Ex. 9. Transform A and B so that (1, 0, 0, ..., 0) is the 
common pole. Then using Ex. 6 the result is obvious. 
Ex. 10. Use Ex. 9. 

Ex. 11. 6{K) is not altered by writing a^j for Oy. 
Ex. 12. Put \X, for Xi, X< for x, in III 4^. 

Ex. 14. 2XZ = 12(0,1X1 + 0^2X2+ ... +ai„XJZi 

= ii:{a,jZ, + a2jZ2+ ... +a„,.ZJX,- = ^^2XZ. 

Ex. 15. If x/ = o,ia;i + o,-2a;2+ — +«.m^m> ^iV + ^2^2'+ — 
+ ^mV = c.ia;i+c,-2*2+ ••■ +c.-m»m- ^ow put AX, for ct^i, X, 
for «, in these equations and eliminate Xi, X^, ••■, X„. 
aiLTDi r. a. 
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Ex. 16. (i) Use Ex. 10, 13 and A' = A^h (ii)_Use Ex. 10, 14. 

Ex. 17. 2\AXiX,. = 2(a.iZi+ ^. +a.„.Z„)(5,.,j£:i+ ..._ 

+ o,„ZJ=2Z,Z,. .•.XA=1. 

Ex. 18, 19. Put yi = Xi in Ex. 12; noticing that, if B = B-^, 
B is real and symmetric or Hermitian when D is. 

Ex. 20. Prove as in Ex. 19. 

Ex. 21. Use equations (iii) of § 6. 

Ex. 22. Let TJ. T - ^ = L. TA changes a;.- into (o,i Zj + a jj Z2 + • • ■ 
+ o,„X„)a;i+ ... = AZ,;ri+ .■ ; and LT changes a;,- into (Xjiji 
+ lnU^-¥ ... +imi0^i+ •••• Hence AZ,- = Z.^n +^21^12 + ••■ 
+ ^mi'tm> (^ = 1» 2, ..., w). Solving these m equations for l■^■^, 
In, ..., Imi we get ill = A, Zji = ^31= ••• =^mi = 0. Hence by 
Ex. 6 (1, 0, 0, ... , 0) is a pole of TAT'K 

Ex. 23. Use equations (iii) of § 6. 

Ex. 24. Use Ex. 23 and III ^^i, 22- 

Ex. 25. (i) e±«; (±i, 1). (ii) ±i; (1, 0), (1+i, 2). (iii) ± 1 ; 
(1, 1), (i, 1). (iv) 1, 2, 3 ; (1, 1, 0), (1, -1, 1), (1, 0, 1). (v) 1, -1, 
- 1 ; (3, -2, 4), (1, - 1, Z) for all values of Z. (vi) - 1, - 1, - 1 ; 
(3, 1, 2). 

§ 7. Ex. 6. The n-th power of (OiX, a^x, ... , a^x„) is {ai^Xi, 

Ex. 7. Use Ex. 6. 

Ex.12. If S~^AS=A, Oji = O31 = ... = 0^1 = 0. Hence 
(1, 0, 0, ... , 0) is a pole of A. 

§ 8. Ex. 2. The substitution is obtained by transforming 
a similarity and is therefore a similarity. 

Ex. 3. The a's and e's are the roots of the characteristic 
equation of either substitution. 

Ex. 4. The practical method of § 8 can always be carried out in 
this case. 

Ex. 5. Transform one of the substitutions with two distinct 
poles into a multiplication. 

Ex. 6. Transform by (i) {5x-{8-i)y, 5x-{8 + i)y); 
(ii) {2x-{l + i)p, y) ; (iii) {x-iy, x-y) ; 
{yf)(x—e,x—y—z, —x+y + 2e); {v)(x+y,2x+y-e,4:X + 4:y—e); 

(vi) (Xi, (2^i + {o>2 — a>i)X2, ... , (m'^m + i'^m-'^li'^m)- 

Ex. 7. (i) K i= (AjaJi, A^aj^, ..., A„x„), where A,, Ag, ..., A„, 
are the roots of (A) = corresponding to the m poles, we prove 
at once TA = LT. (ii) In equations (iii) of § 6 the determinant 
formed by the T'b = \b\ xthe determinant formed by the Z's. 

Ex. 8. (ii) Use III 42o, 21 ; (iii) use III 614. 

Ex. 9, 10. Prove by induction exactly as in § 8. 

Ex. 11. (i) Prove by induction as in § 8, using III 624 and 
noting that the product of two orthogonal substitutions is ortho- 
gonaL (ii) Use III 423. 
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Ex. 12. Prove by induction as in § 8. 

Ex. 14. Transform by (i) {Sx+2y, 4a;+3y), 

(ii) {—ix+ Sy + 5z, x—y—z, hx—^y—i 

§ 9. Ex. 5. Use UI 89. 

Ex. 7. Use § 6. 

Ex. 8. (i) a, ^ are roots of cx' + (d— a)a! — h = 0. 

.... , ox + ft aa-'rh x—a 

(n) x:—a = 



cx+d ca + d {cx + d){ca + d) 
(iv) Use (ii). (v) Transform S by x' = ^^^—^ • (vi) Use (ii). 



(vii) Transform S by x'= 



x-li 



x—a 
(viii) and (ix) Use (vii). (x) If 



e^'=re'*, where r and 6 are real, S is the product of -; — -z = r -, 

' ' "^ X —p x — p 



and 



a^-a 



x—a 



, „ = C* 3 , which are respectively hyperbolic and 

X — p x — p 

elliptic (xi) Use (vii) or prove directly, (xii) Use (xi) and Ex. 7. 
(xiii) Transform S into a multiplication, (xiv) Use (vii). 

§ 10. Ex. 1. U^, Upeip-^), Mpr_(_i. 

Ex. 2, 3. Every other function of the type x^+PiX+p^ is re- 
ducible mod p. 
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Ex. 5. ^2 and Wj, Wg and u^, Wj and u^. Use the table. 

„ _ .... _, sinn0 , ,,, 8inM(^ , x • j 

Ex. 7 (u). Express — : — — (w odd) or -i — ^ (n even) in de- 
sin </) ^ ' sin 2 (^ 

scending powers of 4 cos^ <^ ; then put 4 cos^ (/> = ^-i — ~- and we 

get the required condition ; cf. Ill 2^. 

Ex. 8. The number of substitutions on given variables with 
coefficients in a given Field is limited. 

Ex. 9. 3, 4. 

Ex. 10. 2, 2, 5. 

Ex. 11. 2, 2, 2, 4, 3, 7. 

Ex. 12. 2, 2, 2, 5, 6, 11. 

Ex. 13. 2, 5. 

Ex. 14. 3, 4. 

Ex. 15. If we equate two of these marks we get an equation for 
u of degree lower than ft. 

Ex. 16. Use Ex. 15. 

Ex.18, (i) Assume the resulttrue; replace 2i'(M) by (m-Mj.4.i). !''(«); 
and use induction, (ii) and (iii) Prove as in the case of ordinary 
equations, using (i). 



§11. Ex.1. Use 1112,, 8,, 

Ex. 2. 32, 108. 

Ex. 3. Use III lOie, „. 
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Ex. 5. Every power of an integral mark is integral. 
Ex. 6. (i) 2, 6, 7, 8 ; 5. (ii) 3, 5, 6, 7 ; 4. 
Ex. 7. (i) It is a power of {uxi, ux^, ..., ux„) where u is any 
primitive root. 

Ex. 8. If a given mark u' is the square of m^, 2a; = s (mod p^—1). 
"We can always find an integer x satisfying this congruence if 
2> = 2 ; but only when s is even if p > 2. 
Ex. 9. Prove as in Ex. 8. 

Ex. 10. (i) aa = Oi2 — a2^M which is the difference of a square 
and a not-square unless Oj = Oj = 0. 

(ii) If a ^ 0, aa t = aa 6i + aa &2^ T^ unless 61 = 62 = 0. 
(iii) (fli + 02 ijP" = OiP'' + a^P'^V'' (mod i?) = Oj + a^ m^''-'^)^'^_ 

=^ Oj — a^i ^ a. 
(iv) Prove as in (iii) that a^*^ = a. 



CHAPTEE rV 

§ 2. Ex. 4. OC lies in the plane ^OJ? and sin BOC = m sin ^OC 

Ex. 5. Let be at infinity. 

Ex. 7, 8. Put /3 = -a in Ex. 5. 

Ex. 10. OA, OB, OC are brought into the positions Oa, Ob', Oc' 
by a rotation through ts about OA followed by a rotation about 
OB. .'. DiOA, BOA are perpendicular and BOB^ bisects the 
angle between BOA and BOa. Now consider the intersection of 
all lines and planes of the figure with a plane perpendicular to OB. 

§ 4. Ex. 1. (i) The point about which the inversion of the 
equivalent rotatory-inversion takes place, (ii) When the rotatory- 
inversion reduces to a reflexion or gliding-reflexion. 

Ex. 2. S = (a) . (6) . (c), where a and b are parallel planes and 
c is a plane perpendicular to them. Let d be a plane perpen- 
dicular to a, h, c. Then S={a). {d) . (d) . (b) . (c), and (a) . (d) = a 
rotation through -n, (d) . (b) . (c) = an inversion. 

§ 6. Ex. 3. Rotations about lines through ; rotatory- 
inversions whose inversions take place about (including inver- 
sion about and reflexion in planes through as special cases). 

§ 7. Ex. 1. The product is equivalent to successive reflexions 
in ir+Ss planes. 

Ex.4. f[3-(-l)"]. 
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§ 8. Ex. 1. A screw is equivalent to successive rotations through 
■a about two straight lines. Take a pair of such lines to represent 
the screw (§ 5). 

§9. Ex. 3. t=S-'^TS. 

Ex. 4. If the lines Ox, Oy represent T and t geometrically, JR is 
a rotation through the angle xOy about a line perpendicular 
to Ox and Oy. 

Ex. 5. T is a translation bringing I to coincide with V. 
s — T'^ST; now use Ex. 3. 

Ex. 6. iJ = sr, where s is a screw about I' similar to S and t is 
a translation parallel to I. Now use Ex. 5. 

Ex. 8. Find by Ex. 6 translations t, t such that S = Bt, s = rr ; 
then find t' such that tr = rr'. Then 

Ss = Btrr = Br. t't^Bt. T. 

Ex. 10. Use Ex. 8. 

Ex. 12. Use Ex. 10, taking a vertex of the parallelepipedon 
as &. 

Ex. 13. Use Ex. 10, taking ff as the point on a at a distance 
2 X from the point of a nearest to 6. 

Ex. 14. Use Ex. 10 and 11 taking A as the point 0'. A rota- 
tion through ir about a line through D perpendicular to AD 
and making an angle of 30° with CD. 

§ 10. Ex. 1. The lines through the centre perpendicular to the 
faces are 4-al rotation-axes ; the lines joining the middle points 
of opposite edges are 2-aI rotation-axes. 

Ex. 2. (ii) The axis of a spheroid. 

§ 11. Ex. 1. The circles in which the inversions take place are 
(i) two intersecting straight lines, (ii) two parallel straight lines, 
(iii) two concentric circles. 

Ex. 2. Invert the circles into a pair of straight lines or a pair 
of concentric circles according as they meet in real or imaginary 
points, and use the theorem ' a circle and a pair of inverse points 
inverts into a circle and a pair of inverse points '. 

Ex. 3. Use stereographic projection and § 2. 

Ex. 4. Prove as in § 9. 

Ex. 5. (i) Inversion about (^d, 0), (ii) Inversion in x^-t-y^ _ j 
followed by reflexion in y = 0. Eeplace inversion about (^ d, 0) 
by successive reflexions in a; = 4 d, ^ = 0, and use Ex. 2. 

Ex. 6. See VIII 11. 

Ex. 7. If j is x'^+y^ + 2gx+2fy + m = (i and I is 
X coa6+y sin 9 = f, 
we have 

" = ^te^^ + e^i^g-if), ^- = 2te\g+if)+me-'i>, ^ = g+if; 

whence the result follows. 
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Ex. 8. (i) Use Ex. 7. (ii) Prove for the case in which 
ad—ic= 1 noting that {a + d)' is real. Now multiplying a, b, 
c, d by the same quantity is equivalent to magnifying the figure 
ABCD with respect to the origin and turning the axes of 
reference through some angle. 

§ 12. Ex. 1. We have of = {l^x + m■^y + n^)-^{Lx + My+2P), 
y' = {Ji2X+m^y + n^ — {Lx+My + N), &c. 

Ex. 2. If x', X are the distances of corresponding points from 
fixed points of the lines, we have a relation of the form 
a/ = (or + 6) -r- (ex + d). 

Ex. 5. The points whose coordinates are the poles of the 
substitution defining the relations between the coordinates of 
corresponding points when referred to the same (i) points, 
(ii) triangle, (iii) tetrahedron of reference. Exceptions : — a rotation, 
reflexion, translation, screw. 

Ex. 6. (i) and the circular points, (ii) the point at oo on i 
and the circular points in a plane perpendicular to I, (ui) 0, the 
point at 00 on I, and the circular points in a plane perpendicular 
to I. 

Ex. 7. Use § 6. 

Ex. 8. Eeferring to rectangular Cartesian axes with correspond- 
ing points as origins the collineation is represented by a 
homogeneous substitution multipljdng a;^ + y^ + z^ by a constant, 
since the plane at infinity and the cone x'^ + y^ + e^ = are fixed. 

§ 13, Ex. 1. Put o + d = in the solution of IV 122. 

Ex. 4. The two fixed lines are I and the line at oo in a plane 
perpendicular to I. 

Ex. 5. The fijced point or fixed plane are at c» . 

Ex. 6, 7, 8. Prove as in § 9. 

Ex. 9. Use Ex. 8 ; or transform one collineation so that it is 
defined by x' = — x. 

Ex. 10. Use Ex. 6 ; or transform (Tj into the plane at oo . 

Ex. 12. The coUineations can be transformed into (i) inversions, 
(ii) reflexions in parallel planes, (iii) rotations through tt about 
parallel lines. 

Ex. 13. Transform the intersection of the given plane and 
conicoid into the circle at infinity. 



CHAPTER V 

§ 1. Ex. 4. 9 = o~^6, h = ha~\ 
Ex- 8. See § 6. 

Ex. 9, 10. The elements of order > 2 can be divided into 
pairs each consisting of 2 elements inverse to one another. 
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Ex. 11. Let a2 = 62 = {aiy = 1. Then a'^-^ah = aiah = 1. 

Ex. 12. See VI 2. 

Ex. 22. (viii), (x), (xii). 

Ex. 23. 2, 4, 6, 3. 

? 2. Ex. 4. iva'^ix = 1, 2, 3, 4, 5 ; y = 1, 2, 3). 

Ex. 5. Use 1 3. 

Ex. 6. Since a^A — A and contains r distinct elements, A 
contains Cj"*, &c. 

Ex. 7. (ASy contains 16^.0,1; .-. BA=AB, &c. 

Ex. 9. {G, g} = Gg+Og^+ ... +Gg^, where r is the order of (? 
relative to G. 

Ex. 10. See § 19. 

§ 3. Ex. 4. Put AB = a,B = 6"! in a» = 6^ = (ab)2 = 1. Every 
element of the group is of the form ABABAB 

Ex. 5. Put AB = a, B = b'^ in a^ = b^ = {abf = 1. 

Ex. 8. Let POX be the angle, P^OX and P^OX its supplement 
and complement. Then OP^ and OP2 are the reflexions of OP in 
lines through making angles of ^ir and ^ir with OX. 

Ex. 14. Any element of either group is of the form bya^. Its 
order is found by 1 3. 

Ex. 15. Prove as in Ex. 14 using 1 4i2. 

§ 4. Ex. 4. Use Ex. 3. 

Ex. 6. If gf^H and gf^ H have an element in common gjgi'^ 
is contained in H, and . •. i = j. 

Ex. 7. Take L in Ex. 1 as an instance. 

Ex. 8. If fl' is such a subgroup and g ia ia G but not in H, 
G-=H-\-Hg + Hg^+ ... +HgP-\ 

Ex. 15, 16, 17. Use 12,. 

Ex. 19. The subgroup composed of (i) the even permutations, 
(ii) the screws, (iii) the substitutions with determinant 1. 

Ex. 22. J^=(l + a2){l + a + & + 6a) = {H-6)(l + a+aHa»). 
0=(l + a2)(l + 6 + c + c6) = (l + 6)(l + o2 + c + ca2). 

Ex. 23. JEr+Zf(234)+ff(243)+JEr(1234)+£r(1324) + ff(14). 

§ 5. Ex. 6 (ii). Let n = n'd, r = /d. Choose integers x, y such 
that r'x—n'y = 1. Then {oT} contains a™ = o''+"» = a"*. 

Ex. 7. (i) They are a^P°~''(x= 1, 2, ...,p^). (ii) {a} contains 
p^ elements whose orders divide p'' and p^~^ whose orders 
divide p^'^, and .". p'^—p'^~^ of order ^^ 

Ex. 8. (i) Prove as in Ex. 7. (ii) No two subgroups have an 
element of order m in common. 

Ex. 9. See § 19. 
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Ex. 10. If a, b, c, ... are elements of prime orders p, q, r, ... 
in an Abelian group of order pqr ... (Ex. 9), dbc ... is an element 
of order pqr 

Ex. 11. See XFV 1. 

Ex. 12. {ab)^fi = a^<36^J3 = o^^C+Z'). 

Ex. 13. 21, 8. 3, 2. 

§ 6. Ex. 3. See IB,. 

Ex. 4. ba = o~' (ab)a. 

Ex. 5. {G, a} = Ga+Ga^+Ga^+ ... +Go'^ where r is the 
order of a relative to G. 

Ex. 6. g-^hg = h . Jr^g-'^hg. 

Ex. 7. (i) Use Ex. 3. (ii) If g-'^hg = h°, g'^hg^ = h°*. 

Ex. 8. Use Ex. 7, noticing that a*'"»^ = 1 (mod m). 

Ex. 9. If h, /»! are elements of H, h{'^hhi = h (being in H and 
conjugate to h). 

Ex. 12. Prove as in § 1. 

Ex. 13. (i) The elements of G excluding 1 can be divided into 
sets of i> elements such as ^r, ^j, . . . , Pp_i. (iii) {ga'^y = gg^ ... gp-i 
is permutable with ga~^ and .•. with a. 

Ex. 14. Let a^ = ¥ = {ab'^f = (baf = 1. •.• ab^ab^ab^ = 1, 
ab^ab = ba^V^ = b'^aba, since bdbaba = 1 or baba = a^b^. Hence 
a. b~^ab = b~^ab .a. 

Ex. 15. (i) If a is permutable with b~^ab, a is permutable 
with the product c = a'^b'^ab of o~^ and b~^ab. (ii) By 14 if 
a« = b« = 1, c« = a-«6-io«& = 1 and {baf — Tfcfc^fC'-'^) = 1. 

Ex. 16. G contains an element of order 2 by V I9. 

Ex. 19. 1 + c, 1 + d, 1 + e and {6, c}, {6o^ c}. 

Ex. 20. 1, o« and o", o^^, a + a* and a^ + o", a^-tra^" and 
a22 + o^*, a* + ol^ o^i + a« and o^ + a"", a' + a^ ' and a" + a«, o^ + o", 
60*^, Z)o2+**, 60!+*== and l>o3+*». {6a}, {60^}, and {6o»}. 

§ 7. Ex. 5. See § 12. 

Ex. 10. H = g~^Hg contains g~^Kg, g being any element of G. 

Ex, 11. See § 11. 

Ex. 12. If B^ is of index 2 in ff, G=H+Hg = H+gH^ where 
g is any element of G not in H. .: Hg = gH or g~^Hg = H. 

Ex. 14. See X 2. 

Ex. 16. See § 17. 

Ex. 17. H+Hg + H^+ ... is a subgroup of G, and .'. its order 
k divides the order of G. Now ]c = m X a, factor of the order of 

9 (§ 1), &c- 

Ex. 18. Let g, g^ be any elements of G, h and ghg ^ = h^ 

elements of H. If 

g^hi = Ai^i, g-'^gig . h = 9~'^9i\9 = ^ • ^"^1^, &<>• 

Ex. 23. The only permutations permutable with the circular 

permutation are its powers. 
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Ex. 25. The subgroup is obviously permutable with a and 6, 
and therefore with {a, b}. 
Ex. 26. Since 

the subgroups are permutable with a and 6 and hence with {a,b]. 
Ex. 30. (6a^)2 = a(''+')* which is permutable with a and b 
by 13. 

§ 8. Ex. 5. Let G be of order n. Then {G, a} = G + Ga, and 
the elements Ga are the n elements conjugate to a in {G, a}. 
(i) The order of each element of Ga = the order of a = 2. 
(ii) If g is an element of G, a~^ga = {a~^g)~^a = g~^. (iii) g is 
not of order 2m, for otherwise a'^g'^a =^ g~™ = g"^. (iv) If g 
and h are elements of G, a transforms gh into g~^h~^ and also 
into {gh)~^. Hence gh = hg. 

Ex. 7. Let g-i, g^, g^, ■■■ be the remaining elements and a an 
element of order 2 in G. Then g^a is of order 2 ; .". g^a'^g^a = 1 
and o-^ia = ^rr^- Hence ((?,g[,-r^ = ffi~^9j~^ and Pjjr,- = gjg^ as 
in Ex. 6. 

Ex.8. 1+a + b, {a,b} and {6}, {o^, 6} and {6}, {a^ 6}. 



§ 9. Ex. 5. Use V6g. 

Ex. 8. See XI 1. 

Ex. 9. Use Ex. 3. 

Ex. 10. Let Hi, H^, ■•-, Hj^ be a set of conjugate subgroups 
of order r» in a group G of order ». Then H-^, H^, ■■■, H,^ 
contain at most A:(m— 1) + 1 distinct elements between them, 
since each contains identity. Now k{m—l)+l<n; for w— 1 < 
the order n — k of the normaliser of Hi in G, Hence Hi does 
not contain an element from every conjugate set in G. 

Ex. 11. If ^ is an element of order g in G such that g~^hg = h'', 
h = g-Qhgi = h''^ ; and .-. W = 1 (mod p). But hP''^ = 1 (modp) 
and . •. fc = 1. 

Ex. 12. Let g be any element of G. Then we can find an 
element k of K such that g~^Hg = k~^Hk ; i.e. H is permutable 
with gk'K Hence ^ is in kT. 



§ 10. Ex. 2. When H is a subgroup of G. 
Ex. 8. If k is an element of K, k'^Dk is the G. C. S. of 
k-^Hk = H and k'^Ek = K. .: k'^Dk = D. 

Ex. 9. (i) l + {pno){yz). (ii) i/ = ±x, ±-. (iii) 1 + &. 



§ 12. Ex. 4. If 9 is any element of prime order in G and 
9, 9x1 9i.y — are the conjugates ofg, G= {g, g^, g^, ...}. 
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§ 13. Ex. 4. If 

G=I>gi + I>g^ + Dg3+ ..., H = I)hi + 2)h^+ I)h3+ ..., 
{ Gf, fl" } contains the wn -r 6 distinct elements Gh^ + Gh^ + Gh^ + .... 
liKh=mn, {G,H} =Ghi + Gh2 + Gh3+ ... =Hg-^ + Hg^-\-Hg3-^ ..., 
and . •. GH = HG. 

Ex. 5. (i) If the indices are g, r and the order of Cf is n ; the 
order of the G. C. S. of the subgroups <n-i-qr. But the order 
of {H, K} <n; now use Ex. 4. (ii) As in (i). 

Ex. 6. By § 13 the order of the G. C. S. is o^+v-'r, where fy is 
the order of {G, H}. 

Ex. 7. Prove as in Ex. 6. 

Ex. 8. If d is an element of 7) and c of C, dc = c^a, where c, is 
in C and a in j4. But a = o,~^dc is in £ and .-. in D. Hence 
DC=C1). 

Ex. 9, 10. G = {H, E} and H, K me permutable. 

§ 14. Ex. 4. (p"-^°)° = 1 and .'. c^-^" is in A. 

Ex. 5. If ft is any element of H, h~^Ah is of order a in 
h-^Gh = G. Hence h'^Ah = A. 

Ex. 6. Use Ex. 5 repeatedly to prove that A is normal first in 
C, then in D, .... 

Ex. 7. Let A he & subgroup of order a, and B a normal sub- 
group whose order ^ divides a. Now proceed as in § 14. 

Ex. 8. Let ^ be an element of G not in r. Then g~^Tg0 r, 
for otherwise T would contain two subgroups H and g~^Hg of 
order prime to index, H being normaL 

Ex. 9. {o"}, {a^}, {a}. 

Ex. 10. {a, 6}, {a\ 6}. 

Ex. IL {a, h), {a}. 

§ IS. Ex. 9. 7 ; use Ex. 8. 

Ex. 12. Take any element g^ of G, take any element g^ of G 
not in {gx), take any element g^ of G not in {g^, g,^}, &c. Then 
G is the direct product of {g-i}, {g^], {g^}, ■■■• 

Ex. 13. Let a, b, c, ... be elements of A, B, C, ... such that 
dbc... is in G'. Then G' contains (afcc.y = o^, where t is the 

order of 6c Hence G' contains o, since t is prime to the order 

of a (VSg); and similarly G' contains 6, c, .... Hence G' is 
contained in A'B'Cf ..., and .'. since G' contains A'BfC ..., 
G'=A'BfC'.... 

§ 16. Ex. 6. If aft = c = 6a, o-*6-^ = 0"^ 

§ 17. Ex. 6. The order of y is the order oi g relative to H. 
Ex. 7. If o is an element of A such that a~^Ha = K, K ia 
normal in a~^Ga = G and G/H = ar^Ga/a~^Ha. 
Ex. 8. If gr^gj-^gigj = 1, vr^yf^Ytyj = 1- 
Ex. 9. If vr^yf^Yiyj = h ffi~^9f^9i9j isinH. 
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Ex. 10. If G = Hg, + Hg^ + Hg^+ ... and y,=^i» Vii^Vj; 
for then {g^gj i)™ = 1 and g^gf^ is in H. Again, if giPj = hg,^ 
where A is in fl^, y^y^ = h^y^t = y^. Hence y^, y^, y^, ... are the 
elements of G/H. 

Ex. 11. Let 
G = Z^i + iy2+i?3+ ... and G' = L'g-y'+L'g.^'+L'g^'-\- .... 
Then if g^ corresponds to g^' so does every element of Z^^, while 
since g{ corresponds to g^ so does every element of i'^/. Hence 
the above partitions have a (1, 1) correspondence. 

Ex. 14. o2 = 62 = {aVf = 1. 

Ex. 15. ar = h^ = {abf = 1. 

Ex. 16. o2 = 65 = 1^ ab = 6a and o" = 6^ = 1, ah= ia\ 

Ex. 17. a' = b'' = 1, ab = ba. 

§ 18. Ex. 5. G/L = G/H/L/H and a factor-group of an Abelian 
group is Abelian. 

Ex. 7. If K=Dhi + Dki+ ... +2)*^, 

G = E\ + Hk^-\- ... +IIk^ + Hgj^+Hg2+ .... 
The partitions HTc^ combine according to the same laws as Dk^. 

Ex. 8. Assume that such a group G contains a normal sub- 
group H of order p^+i ...Pf. Then since G/H is of order 
P1P2 ••■Pr '^ contains a normal subgroup of order p,., and to this 
corresponds a normal subgroup of order PrPr+i •••Pt in G. Now 
use induction ; and then V lij. 

§ 20. Ex. 2. (i) If G contained two subgroups P, P' of order 
p", {P, P'} would be a subgroup of order p'', k>a. (ii) P and 
Q have only identity in common, (iii) If a, b, c, ... are elements 
of order p", q^, r^ ... in G, G= {abc ...}. 

§ 21. Ex. 3. (i) Each element of order qr can be put into the 
form ab = ba where a, b are of orders q, r (1 2ii). (ii) G contains 
at least qr elements whose orders divide qr ; now use (i). 

Ex. 4. H is of order > a by § 21. Again, if is of order < a, for 
otherwise H would contain an element whose order divides k 
by V 19. 

Ex. 6. Since no two cyclic groups of order p^ have an element 
of order p^ in common, the number of elements of order ^ in Gr 
is {p^—p^~^)Ug. Now put r=2>^ in the corollary of § 21, and 
use induction. 

Ex. 7. There are in the group 15 elements whose 3rd power is 
1, and 3 whose 3rd power is conjugate to a or a^. 



CHAPTER VI 

§ 1. Ex. 3. The symmetric group of degree m = {A, (1 2 ... m)}, 
where A is the symmetric group on 1, 2, ..., m— 1. A and 
{(1 2 ... m)} are permutable by V 134(ii). 
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Ex. 4. ^(1 2 ... m)) is a transitive group of order m. 

/I 2 ... (m-2) (to-1) m \ . 

Kr 2' ... (m-2)' m' (m-l)') '^ ^"^^'^ "^^ *^ fi"*^ * P^"™"" 
tation of the alternating group replacing 1, 2, ..., w— 2 by any- 
given symbols 1', 2', ..., (w— 2)'. 

Ex. 6. If g^ is a permutation of G replacing Xi by t^ , ft replaces 
a;,- by x^- ; where p,ft = ^^■. 

Ex. 9. Any permutation permutable with the transposition 
(1 2) has the cycle (1 2) or (1)(2). Hence G is the direct product 
of {(1 2)} and a group acting on symbols 3, 4, 5, 

Ex.11. {(12 3 4)}, {(12)(3 4), (13)(2 4)}, {(12), (3 4)}. 

Ex. 12, 13. Use II 52, 3. 

Ex. 15. (i) The number of distinct permutations on the m 
symbols with the given cycles is evidently ml— R. (ii) If 
Ci, Cj, C3, ... are the cycles, every jwrmutation of r is of the 
form (7i«iC2°i.C3°3 ... (a,- = 1, 2, ..., i). (iii) When a, y, i, ... = 
or 1, y8 = S = C= - =0. 

Ex. 16. 37,837,800. 

Ex. 17. The number of ways in which a, j8, y, ... can be 
chosen so that a + 2/3 + 3>'+ ... = m. 

Ex. 18. It g~^bg = a, {gc)~^b {gc) = a ; and either g or gc ia 
even. 

Ex. 19. (i) The two conjugate sets are the transforms of a by 
the odd and even permutations respectively, (ii) Use II 7g. 

Ex. 20. Use Ex. 15, 19. 

Ex. 21. (ii) 158,400. 

Ex. 24. T~^ changes f into /, a permutation of G leaves / 
unchanged, T changes /into/'. 

Ex. 25. (ii) Use Ex. 24. 

Ex.26, (i) l+{ac){bd) + {ab){cd) + {ad){bc) + {abcd) + {ac) 

+ {adcb) + {bd). 

Ex. 27. Let the function be changed into fitfitfs, ... by the 
permutations of the symmetric g^oup. Choose X so that the 
discriminant of {x—fl){x—f2)(x—fr^) ... = is not zero. 

Ex. 28. Let the function of Ex. 27 be changed into fx, fi, ■■■, fr 
by the permutations of G ; f-^fi, •■•fr is a solution of the problem 
if X is suitably chosen. 

Ex. 29. Use the properties of the polar triangle. 

§2. Ex. 1. SeeX8. 

Ex 2. Qj is odd or even as S,- ia odd or even, since <5,- contains 
« -r e^ cycles of degree e,-. 

Ex. 4. (iii) ab ab c abed abed abed abed 

b a' b a e, bade bade bdac be da 

cba cdba' edab' cadb' cdab 

dcab deba deba dabc 

and those obtained by permuting rows in these squares. 
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§ 3. Ex. 6. The subgroup {&} is of index 3 and order 2, and it 
contains no normal subgroup. 

Ex.7. {a,h} =H+Hb + I£ba+Hba% where H= {a}. Denoting? 
the partitions by 1, 2, 3, 4 we have a corresponding to (2 3 4) 
and 6 to (1 2)(3 4) ; since hab = o* . ba^, ba^b = a.ba. 

Ex.8, (i) a^ = (ba^b^y = {baH^.aY = l; now use Ex.6, 
(ii) Denoting the partitions by 1, 2, 3, 4, a corresponds to (4 3 2), 
fc to (1 2 8 4) ; since ba = a^ . b^, l^a = ba'^b^ .b,b^a = a. ba^b^ . h'. 

Ex. 9. (i) b^ = {a^b'^af = {b.a^b'^af=^l; now use Ex. 7. 
(ii) Denoting the partitions by 1, 2, 3, 4, 5, a corresponds to 
(12 3 4 5) and 6 to (2 5 4) ; since ab = b^. o*, a^b = b^ . a^Va. a^, 
a^b= a^b^a.b.a, a*b = a^b' a . a^. 

Ex. 10. If / is an element of G not in H, the order of / 
relative to H is 3. Hence G contains an element g of order 3. 
Take as the partitions of § 3 the partitions of G with respect 
to \g}. 

Ex. 11. Take the conjugate set of subgroups as Hi, M^, ... of 
the Corollary. 

§ 4. Ex. 4. 2, 3, 4. 

Ex. 5. 4, 2, 2. 

Ex. 6. (i) A red-sided decagon, (ii) Place inside a red-sided 
pentagon a parallel red-sided pentagon. Draw arrows round the 
pentagons in the same directions. Join adjacent vertices by 
black lines (cf. Fig. 9). (iii) As in (ii) but with the arrows in 
opposite directions round the two pentagons, (iv) A decagon 
with sides alternately red and black. 

> Ex. 7. Draw four parallel concentric red-sided squares. Put 
clockwise arrows round the two inner squares and counter- 
clockwise arrows round the two outer. Join adjacent vertices 
of the two inner and two outer squares by blue lines, and join 
adjacent vertices of innermost and outermost squares and of the 
other two squares by black lines. 

Ex. 8. (i) Draw /? parallel regular concentric X-sided red 
polygons. Join adjacent vertices of consecutive polygons (and 
of the innermost and outermost polygons) by black lines. Put 
clockwise arrows round each polygon, (ii) Consider the common 
vertices of one red -sided and one black-sided polygon. 

Ex. 9. (i) Draw four parallel regular concentric red-sided 
octagons. Put clockwise arrows round the first and third and 
counter-clockwise arrows round the second and fourth. Join the 
first, third, fifth, and seventh vertices of the first and second 
octagon and of the third and fourth by black lines. Join 
similarly the second, fourth, sixth, and eighth vertices of the 
second and third octagon and of the first and fourth, (ii) As 
in (i) but with all arrows clockwise. 

Ex. 11. o^ = 63 = {abf = 1. 

Ex. 12. o3 = 63 = [abf = 1. 
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Ex. 13. (i) a" = ?)2 = 1, db = bo. (ii) a,^ = h^ = 1, db = ba*("»+2). 
Ex. 14. (i) a™ = &2 = (o6)2 = i. (ii) a" = 6* = 1, ab = hai ("i-^). 

(iii) o"» = 62 = 1, a2-= (a&)2 = 62. 

Ex. 16. See American Journal Math, xviii. p. 159. 

§ 6. Ex. 2. Prove as in VI I24. 

Ex. 3. By Ex. 2 the permutations of such a normal subgroup 
would not displace any symbol. 

Ex. 4. Use Ex. 3. 

Ex. 6. (i) {c} is normal in G. Now use Ex. 3. (ii) If one 
cycle of c is of degree r, c*" displaces no symbol of that cycle 
and .•. c*" = 1. See also the solution of VI 9^. 

Ex. 6, 7. Use Ex. 5. 

Ex. 8. S is normal in {S, G}. Now use Ex. 5. 

Ex. 9. No two normal elements c, Ci replace x-^ by the same 
symbol ; for otherwise CiC~^ would be a normal element not 
displacing Xj (Ex. 5). Hence the m symbols are permuted by 
the elements of the central in m ~ fi sets of fi each (VI 1^). 

Ex. 10. (i) Prove as in Ex. 9 using Ex. 8 instead of Ex. 5. 
(ii) The group P' of VI 2i. 

Ex. 11. The group formed by permutations of the type 

( _, _, " _, ); for these permutations do 

not displace the symbol corresponding to identity. 

§ 6. Ex. 1. Prove as in VI 1^. 
Ex. 3. See § 2. 

Ex. 4. The subgroup H not displacing one symbol (VI 63). 
Ex. 5. Use VI 54. 

Ex. 6. (i) The m subgroups of order n~m whose elements do 
not displace one of the symbols have identity in common and 

therefore contain at most mi l)+l=w— m + 1 distinct 

\m / 

elements between them. There remain at least n—{n—m+V) 

= »w — 1 elements of G displacing every symbol, (ii) Any 

transform of a permutation displacing m symbols displaces m 

symbols. 

Ex. 7. If in one of the subgroups not displacing one symbol 

there are fx^ permutations not displacing r symbols, n-i-m = 2^^. 

But each of the fi^ permutations belongs to r of the subgroups 

not displacing one symbol . *. rv,. = mix^. 

Ex. 8. Suppose A; > 2. Then there are — elements replacing 
Xi by Xf and —7 — — yr replacing Xj, Xg by x^, Xg. Hence there 
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, , . n n(»t— 2) w ^ , . , . 

are at least -. -' = — ; rr > a elements replacing Xi 

m m\m — \) m(m — L) 

by x^ and displacing every symbol. If g, h are two of these, 

gh~^ does not displace Xj. 

Ex. 9. Since ab = ha'^, every element of {a, b} is of the form 

b'Ja^ ; hence the order of {a, b} is 20. {a, b} is doubly transitive, 

since 6" a' replaces 1 by s and 5 by ( when u is suitably chosen. 

§ 7. Ex. 2. Every permutation of G' is included in the direct 
product. 

Ex. 3. Use Ex. 2. 

Ex. 4. See § 8. 

Ex. 5. Let A be the subgroup and let g^, g^, ..., g^ replace 
arj by «,, x^, ..., x^. Then G = Agi + Ag^+ ... -^Ag^. 

Ex. 6. x-^, x^, ..., x^ are a transitive set. 

Ex. 7. Use Vig. 

Ex. 8. [1, 2, 3, 4], [5, 6, 7, 8], [9, 10] . [1, 2, 3, 4], [5, 6]. 

§ 8. Ex. 1. H/K = G/{K, E'} = H'/E'. 

Ex. 2. The permutations formed by multiplying each element 
of H by the corresponding elements of the isomorphic group H' 
are all distinct, are all in G, and their number = the order of G. 

Ex. 3. (i) H = E cyclic of order 4, if' = E' cyclic of order 2. 
(ii) <r = [9, 10] ; H of order 2, H' = G, E= 1, E' non-cyclic 
of order 4. o- = [5, 6, 7, 8, 9, 10]; H = H' = G, E = E' = 1. 

§ 9. Ex. 4. See § 10. 

Ex. 6. Let c be a normal element of a transitive group G. 
Every element of G transforms c into itself and hence permutes 
the cycles of c. Hence these cycles are imprimitive systems of G. 

Ex. 6, 7. Use Ex. 1, 5. 

Ex. 8. Si replaces each sjrmbol of Hg^ by a symbol of Hg^g^. 

Ex. 10. (i) [1, 2], [8, 4], [5, 6]. (ii) [1, 2, 3], [4, 5, 6]. 

§ 10. Ex. 2. G/V is of degree r. 

Ex. 3. (i) r = {{xys){abc)} or 1 in the two cases respectively, 
(ii) {(12)(3 4),(3 4)(5 6)}. (iii) {(1 2 3)(4 5 6), (1 2)(4 5)}. 

§ 11. Ex. 2. H is transitive ; now use § 6. 

Ex. 3. The group = {H, E], where ^ is a normal subgroup 
and E a subgroup not displacing one symbol. 
Ex. 4. Use VI 7^ or VI 93. 

§ 12. Ex. 1. Use VI 9i, ^. 

Ex. 2. Use II 63. 

Ex. 3. (i) Let e be the first of the symbols 1, 2, ...,m which 
is in an imprimitive system not containing 1, 2. Considering 
the effect of (1 2 ... mf'^ on 1 and 2 we see that {(1 2), (1 2 ... m)} 
is a primitive group, (ii) Apply (i) to (1 2) and 6*. 
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Ex.4. Useni2ie. 

Ex. 5, 6. Suppose G contains (123), (124) (1 2 e) but not 

(12/). By II 7g G contains the alternating group on 1, 2, ... , e. 
If G contains (1 rs) where either r or s is not in a, choose t, 
j in a- and distinct from r, s. Then (IJ t)(l rs)(lij) = (irs). 
Hence G contains the alternating group on 1, 2, ..., e, r, s 
contrary to hypothesis. Now proceed as in § 12. 

§ 13. Ex. 1. Since (12 3) = (12)(4 5).(4 5)(1 3) G contains 
every circular permutation of order 3. 

Ex. 2. See § 14. 

Ex. 3. Let J9' be a subgroup of index <p, and a any circular 
permutation of order p. The elements H+Ha + Ha^+ ... are 
more than ml in number and are therefore not all distinct. Hence 
a^ is in H(x < p) and .•. a is in if by V 1. Hence H contains 
every circular permutation of order p. 

§ 15. Ex. 1. By VI I24 the permutations form a normal sub- 
group of the symmetric group. 

Ex. 2. Let H he & group of degree m and index r < m in 
the symmetric group G. Let fi he & function of the m symbols 
unchanged by each element of H and changed into the distinct 
functions /i,/2, —tfr by the permutations g^, g^, —, g^, where 
G = Hgi+£[g2+ ... +Bg^ (Vlljg). Since the ml elements of G 
permute /i, /a, ...,/. and r < m, two elements {ff, h say) of G 
permute the /'s in the same way. Hence gh~^ leaves each / 
unaltered. Now by Ex. 1 all the elements leaving each / unaltered 
form a normal subgroup of G and they are all contained in H. 

Ex. 3. If A, B, C, D are four points on a line, the cross-ratio 
X of {ABGD) is not altered by any permutation of the normal 
subgroup of order 4 in the symmetric group G on A, B, C, D. 
By the other permutations oi G xia changed into (1— a;)~^, &c. 



CHAPTER Vn 

§1. Ex. L See end of III L 

Ex. 5. (i) The product of the two given substitutions of order 2 
is of order r if sinr(^ = by III2j2, and then the group is of 
order 2r. (ii) Since cos2</> is rational, 20 is a multiple of t:, 
\it, or ^Tt. 

§ 3. Ex. The group generated by 

a/ = and jf =■ — 



x-t-l 



§ 3. Ex. 2. Use III 3. 

Ex. 5. (i) By a suitable change of variables the invariant may 
be put in the form Xi^ + X2^+ ■■• +^m^' When G is expressed 

BiLTOH r. a. I* 
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in terms of Zj, Xj, ... , X„ every substitution of ff is orthogonal, 
(ii) Transform hy {x—y+e, y+e, e). 

Ex. 8. We have x^'x^' ... x^' = when a^i^j ... x^ = 0. Hence 
when Xj = one of Xj', a;/, ..., x^' is 0, and .*. one of them 
= OiXi- Similarly the rest = 02^2, 032:3, ..., a^x^ in some order 
or other. 

§ 4. Ex. 2. Transform the common pole into (1, 0, 0, ..., 0). 
Ex. 3. (i) Express G- in terms of fi and tn — 1 other variables, 
(ii) fi+f2+ ■■• +fn Js an invariant oiH ; now use (i). 
Ex. 4. Use Ex. 3 (i) and VII Sg. 
Ex. 5. x+y + s is a relative invariant of the group. 

§ 5. Ex. 2. U8eni4a. 
Ex. 4. Use III 410, 11 • 
Ex. 5. Usein6g. 

Ex. 6. To the substitution x/ = a^lXl + a^2X2+ ... +aim^m ni^o 
correspond 

where a^- = ay + a)y\/— 1, a^- and Uy- being reaL 
Ex. 8,9, Use III 9g. 

§6. Ex.2, (i) 2xx-\-2yy + {<i?-l)xy-^(u>-\)xy; 
(ii) 2xx-\-2yy-{^l-i)xi/-{l-iri)xy ; 
(iii) xx + yy + ez. 

Ex. 3. Choose new variables such that when the positive 
Hermitian invariant of the group is expressed in terms of these 
variables it is in canonical form. Then express the group in 
terms of these new variables. 

Ex. 4. (i) Every substitution of the group changes Xj, Xj, ..., x^ 
into functions of Xj, %, ... , Xg. (ii) The hypohermitian invariant 
can be expressed in the form X1X1 + X2X2+ ... +XsXs. Now 
use (i). 

Ex. 5. Take real positive quantities a and P such that a + /8 = 1. 
af—fif is always positive when /3 -;- a = and is always 
negative when yS -J- a = 00. Hence we can find a value of )8 -r a 
such that af—pf is zero for certain values of Xj, x^, ..., x„ 
but is never negative In this case af—^f is a hypohermitian 
invariant of the group. Now use Ex. 4 (ii). 

§ 7. Ex. 2. Every substitution in the completely reduced form 
of the group is a multiplication. 

Ex. 4. One of the variables is a relative linear invariant of 
the completely reduced form of the group. 

Ex. 5. Use VII 64, 5. 
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§8. Ex.2. Use VII 75. 

Ex. 3. By § 8 if every element of a group G is permutable with 
an element which is not a similarity, G is reducible. 

Ex. 4. Transform by {—ix + Sy+be, x—y—z, hx — Zy—&z) 
and the generators become 

(-«. -y. e\ (-x, y, b), and {-x, -y, z). 

§ 9. Ex. 1. The J)"" expressions Oiri + a2a;2+ • •• +<^m'^m obtained 
by putting a^ = any mark of the Field are permuted by every 
substitution of the general group. 

Ex. 2. (i) Every substitution of P permutes the p^ marks of 
the Field, while is changed into an arbitrary mark u by 
of = x + u. (ii) Every substitution of Q permutes the p^ marks, 
while and 1 are changed into u and v by x' = {v—u)x + u. 
(iii) Every substitution of E permutes the p^ marks together 
with 00 (L e. any mark -f- 0), while 00 , 0, 1 are changed into 

it, V, to hy x=- . -7 — . (iv) We can always find a mark 

w—v x —w ' 

M of the Field such that (ad— 6c)m^ = 1 or r, and 

aa; + 6 aux + hu 

cx + d ~ cux + du 
(vi) Q = P+Ps + Ps^+ ... where s is a;' = ux, u being a primitive 
root of the Field. 

Ex. 4. We get the substitutions of H2, K corresponding to any 
substitution of H^ by changing S into — S, 1. 

§ 10. Ex. 1. Let A be any substitution of the central. Since 
A is permutable with (Xxi, ftajj, ... , y^x,^, a^^, = Ojj = ... = Oj^ = ; 
and similarly a^j = if i^j- 

Ex. 2. w = 2, p'r - 5, 7, 8, 11, 13, 17, 19, 16 ; »i = 3, j?'' = 3. 

Ex. 5. n ad-U =l,x' = ^^^ is fi;(i+<Oirs<;TS<i+»)T when 
' cx + d 

c # and is TS^TS'^TS^^-^^^^ when c = ; where cy = dli = 1. 

Ex. 6. Use Ex. 5 and III2ii. 

Ex.8. Use E' = l; D^ = E, DE = ED; C^ = E, CE = EC, 
CB = EDG; B^ = E, BE=EB, BB = CBB, SC = DB; A^=zl, 
AE = EA, AD = CA, AC = DA, AB = ECB^A. 



CHAPTER Vin 

§ 1. Ex. 3-7. Use IV 1 and IV 2, 

§ 3. Ex. 3. (i) If a point Q approaches P indefinitely, the « 
points equivalent to Q coincide in sets of m. (ii) Prove as in 
(i) using VIII I3. 

P 2 
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Ex. 4. If 1, gi, g^, ... are the movements of G bringing P to 
P, Pi, P2, ..., g^ brings P^ to Pj, where gj = gig^. 

Ex. 5. P, Pj, P2, ... are permuted in the same way as the 
symbols 1, g^, g^, ... in VI 2. 

Ex. 6-8. Use IV 9. 

§5. Ex.3. The order of iZ is M ; of I is | {3-(-l)»}. 
Ex. 4. By Ex. 3 G contains an element of order n. 
§ 6. Ex. Combine §§ 2, 6. 

§ 7. Ex. 1. C„ De, D, D, O, T, O, E, E. 

Ex. 3-8. Use § 3. 

§ 8. Ex. 6. A(= A2), c(= ci), A, A, Cj, A4, 0, 9, 12, H, H, C^, 
I>, 62, 84, 82, 62. 

Ex. 10. r^, Am, 82, 0, fl, H, c^ {m not a power of a prune). 

§ 9. Ex. 4. (i) If OA', OB' represent t^'^d^Pi, (^",1^,^,, the net 
formed from OA.', OB' coincides with that formed from OAi, 
OBi if the triangles OAiBi, OA'B' have equal area. 

oi ^1 y-i 

(ii) ^= 02 /Sa >2 = 0. 

Ha ^3 73 
(iii) A^ = 1. Prove by considering the paraUelepipedon 
whose sides represent r^, t^, t^. 

Ex. 5. The groups generated by the movements of C^, c^, D„, 
8^, r„, d„, Aa (including the case o = 1) and a translation parallel 
to the line OA of §§ 7, 8 ; by a screw about a line i ; by a screw 
about I and a 2-ai rotation or rotatory-inversion about a line 
meeting I at right angles ; by a screw about I and an inversion 
about a point of I. 

Ex. 6. Let P be the point whose coordinates referred to 
rectangular reference-axes through are {x, y) ; and let Q be the 
point {xi, 1/1) where Xj-I- -n/ — l^i is a period. Then the function 
has the same value at aU points derived from P by multiples 
of the translation OQ. Now proceed as in § 9. 

§ 10. Ex. 1. C, c ; C2, Ca, T^ ; D, 82, A ; C3, C3, 83, D3, A3 ; 
C4, C4, d4, r4, 84, D4, A4 ; Ce, Cg, dg, Tg, 85, Tie, Ae ; T, 0, 6, 0, 0. 

Ex. 2. The corresponding nets have meshes which are parallelo- 
grams, rectangles or rhombi, squares, rhombi with angles of 60° 
and 120°. 

Ex. 3-9. See books referred to in § 10. 

§ 11. Ex. 1. Take rectangular axes through the fixed point 
and proceed as in § 11. 

Ex. 2. (i) The determinant of an orthogonal substitution is 
+ 1. (ii) H can be derived as in § 11 from C„, D„, T, O, or E. 
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Ex. 3. The groups generated by (i) {—x, —y,z\ {x, y, —z\ 
and {-x,y,e\; (ii) {-z, -x, -y) and (y, x, e) ; (iii) {-y, x, z) 
and {y, x, -z); (iv) {z, x, y) and {-x, -y, z); (v) {x + a, y, z), 
{x, y+b, z), {x, y, z + c), and {-x, -y, -z); (vi) {a-x, -y, 
z + c) and { — a—x, —y,z + e). 

Ex. 4. The groups generated by (i) {—y, x) and {—x, y); 
(ii) {a-x, -y) and {-a-x, -y); (iii) {a-x, -y) and {~x, y). 

2iri 2 n i 

Ex. 5. The groups generated by (i) a;' = e *" x; (ii) x' = e "' x 

and x' = -; (iii) x'=i and a/= - • 

X ^ ' l+x X 

Ex. 6. Use VII Bg and then reason as in VIII 7 using the 

points representing the poles of the substitutions instead of the 

lines OA, OB, OC, .... 

. a a 

snip— coB^.r 

Ex. 7. (i) z' = —^ ^- . (ii) z' = e-e^z. 

cos^— sin^. z 

§ 12. Ex. 1. 9 is the group of movements bringing a regular 
tetrahedron to self-coincidence. Each movement of 9 permutes 
the vertices of the tetrahedron, and no two movements of 6 
permute the vertices in the same way. 

Ex. 2. Let OA, OF be Unes about which take place 3-al and 
5-al rotations of E. Let OA be brought to the positions 0£, 

OC, OD, OE by successive rotations through -=- about OV. 

o 

Consider the group generated by the 15 collineations of order 2 
which leave unaltered the figure consisting of the regular pentagon 
ABODE and the line at infinity in the plane ABODE perpen- 
dicular to or. If BC and ED meet in A\ CD and the line at 
00 meet in A", &c., these collineations have as fixed point and 
line A and A'A", A' and A'A, A" and AA', &c. They all 
interchange AA'A' and the 4 similar triangles ; the permutation 
being even, 

Ex. 3. (i) Use IV I39. (ii) By TV 13io the group consists of 
identity and 3 collineations whose fixed points and lines are the 
vertices of a triangle and the opposite sides. 

Ex. 4. By IV 13jo the group consists of 4 perspective col- 
lineations whose fixed points and planes are the vertices of a 
tetrahedron and the opposite faces, together with identity and the 
3 non-perspective collineations of order 2 whose fixed lines are 
a pair of opposite edges of the tetrahedron. 

Ex. 5. Use IV 13io. 

Ex. 6. Transform the generating collineations into (i) reflexions 
in parallel planes ; (ii) 4 inversions ; (iii) 2-al rotations about 3 
parallel lines. 
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CHAPTER IX 

§ 1. Ex. 2. {a, h} is finite. 

Ex. 3. (i) See XIV 1. (ii) Every element of {a, 6} is included 
once and only once in iya^{x = 1, 2, ..., A. ; y = 1, 2, ..., /3). 

Ex. 4. Use Ex. 3 (i). 

Ex. 5. a-^b-^ah = a*-i = b^''. Hence a = b^'^ah'-^ = o*' \ 
and the order of a is finite. Now use Ex. 8. 

Ex. 6. Since o''6». a«6'' = o''+'*.a-«&«a«6-^ 6«+'' = o'-+«c-««B«+'' 
= a''+"b*'''''c~"* (14), every element of {a, b} is of the form 
a^byc^. Now use 1 4io . 

Ex. 7. Every element of {a, i, c} is of the form a^by(f. 

Ex. 9. (i) We may arrange the work as follows. The elements 
in any row are the uncancelled (unbracketed) elements of the 
preceding row multiplied on the left by a and b. An element 
is cancelled if it is identical with some element already found. 

1 
o 6 
ab a^ ba l^ 

ab^ (aba = b^) a'^b {a^ = 1) ba^ {bah = a^) b^a (6» = 1) 
ab'^a {aba'' = b'^a) {a^b^ = ba) {aH = b) {baH = ab^a) {bab^ = a%) 

{b^a'' = ab) {Wa=a) 
{a'Wa = 6o2) {baV^a = ab^). 
Hence we have 

{a, 6} = l+a+b + a^ + ab + ba + b^ + a''b + ab^ + ba^ + b''a+ab''a. 
(ii) Proceed as in (i) ; {a, b} is of order 24. 

Ex. 10. (i) (ba)-i = {a^b^)-\ .: a^l^ = b^a''. Hence 
ab = aK a^b^ . b^ = {a'^b^Y = (bay. 
Therefore {baf = (a6)» = a {baf b = a.ab.b = ba. (ii) Put ft = 6a, 
g = b. Since every element of {g, h} is of the form g^hv, it is 
of order 20. 

Ex. 11. ab = {baf, (6a)" = a (60)=* 6 = 60 as in Ex. 10. 

Ex. 12. If 
A = {a}, the group = J. + .46+.il6a + ji6a6 + .46aba+ .... 

Ex. 18. 20, 18. 

Ex. 14. 12, 24, 60, 168. (i) Put a = a-\ fi = ab; then 
a» = y33 = (a/3)2 = 1. Now use Ex. 9 (i). (ii) Put a =6, /3 = a\ 
Then a3 = /32 = (a/S)^ = 1, a-^aa _= Pa% a-^i3a = 13, b-^ab = a, 
b^^^b = a^ySa ; .'. the group contains a normal subgroup of index 
2 simply isomorphic with (i). (iii) Put a = a6, /? = a^ba\ Then 
since a^ = /S^ = {a/Sf = 1, H= {a, /?} is of order 12. Now the 
group = H+ Ha + Ha^ + Ha^ + Ha*, since 6 = a^ a, ab = a, 
a'^b = )8o^ 0^6 = /3aa*, 0*6 = a^fia^. (iv) Put a = o«6a*, j8 = a6. 
Then since a* = /S^ = (ayS)^ = 1, H = {a, /3} is of order 24. Now 
the group = H+Ha + Ha^+Ha^ + Ha*+Ha^ + Ha«, since b = ji^a, 
ab = /3, a^b = fiaa^ a^b = a^a% 0*6 = fia^^^aa*, a^b = /Sa^/J^a', 
a^6 = ao'. 
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§ 2. Ex. 1. (i) H is normal in Q. (ii) H= {g°9}P - } is 
cyclic of order v. 

Ex. 2. o"i^ is normal in the given group. 

Ex. 3. (i) If a = (1 2 3) and b = (1 2)(3 4), a^ = •b" = (ab)» = 1. 
.'. the alternating group of degree 4 generated hy a and b is 
isomorphic with a' = 6^ = (o6)^ = 1. Since both groups are of 
order 12, the isomorphism ia simple. Next take a as 3f=x+l, 

b as a;' = ?, &c. (ii) Take a = (1 2 3 4), b = (1 4 3), &c. (iii) Take 

a = (1 2 3 4 5), b = (1 2)(3 4). Next take aas «;' = «+ 1, bas 

x'=—; and then a as a;' = , b as x' = a;+3, &c. (iv) Take 

a = (1234 5 6 7), b = (1 2)(4 7). Next take a as oif = x+\, 

, / 6 - ,, ^/x+y + 1 x+l\ ,_/ X y \ 

b as ar = - ; and then a = ( , ), b = ( r>- — 7 )• 

X \ X X / Vy + 1 y+l/ 

Ex. 6. The following scheme shows the element of {a, b} 

corresponding to each element of {a, b}, and suggests the 

equivalence of apparently distinct elements of {a, b} (e. g. ba^b 

and a*ba) in cases where this equivalence is not immediately 

obvious. We must, however, verify the equivalence in each case 

by means of the relations a* = 6^ = (a6)^ = (o^ 6)^ = 1 ; for a 

and b might possibly be connected by relations independent of 

a6 = b2 = (abf = (a3b)2 = 1. 



1 
123456 

a 
234561 



6 
126453 

ab 
264531 

an 

645812 

an 
453126 

a*b 
531264 

an 

312645 



6a 
231564 

aba 
315642 

ana 
156423 

a^ba 
564231 

a*ba 
642315 



6d2 
342615 

aba^ 
426153 

ana^ 
261534 

a^ba^ 
615342 

a*ba2 
163426 

a^ba^ 
534261 



ba^ = an 
ban = ana. 



345612 

o3 
456128 

a* 
561234 

o* a^b ana 

612345 312645 423156 

Ex. 7. Take a = (2a;, 2x+y), b = {x, x+y). 

Ex. 8. Take a = (1 2 3 4 5), b = (1 2). {a, b} is of order 120 ; 
for if a = a^ and /8 = {abY, {a, /3} is a normal subgroup of 
order 60 and index 2, since a= = yS^ = (a^) 3 = 1. 

Ex. 9. (i) Since is the direct product of T and c, is 
simply isomorphic with a^ = /J^ = {a^f = 72=1^ ay = ya, 
I3y = yp. Now put a = ay, b= py and we have simply 
isomorphic with a^ = 6^ = {abf = (a^ bf = 1. (ii) a" = 6^ = (a^ bf 

= {any = 1. (iii) a" = 6^ = (anf = {any = 1. 
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§ 6. Ex. 2. The orders of H and K are ix = n^n^nin^ ... and 
jj = WgWoWgWyMg ... . Hence H and Jfhave no element in common, 
since the order of 6 = {H, K) is ft-v. 

Ex. 3. & is the direct product of {g^], {g^, ..., {gx)- 

Ex. 5. Its base is evidently [gi'^i, ..., ff,"*, S^i+i, .-., ^ij- 

Ex. 6. Its base is evidently [^Tj"*, g^i, ..., S'^"*^]. 

Ex. 8. (i) [db], (12) ; (ii) [ab, h*], (120, 6) ; (lii) [6. db^l (36, 2) ; 
(iv) [a*i63, a^], (180, 5); (v) [ab, be\ (30, 30); (vi) [6, ab*, a*bc\ 
(72, 3, 3). 

Ex. 9. (m), (2, 2), (2, 2, 2), {m, 2). 

§ 7. Ex. 3. Every cyclic subgroup of order j)^ contains 
^~i(p— 1) elements of order jp\ and no two such subgroups 
have an element of this order in common. 

Ex. 4. If o, b, c, ... are elements in Gf of orders p^, g**, r", ... , 

every element of order p^gf'r' ... in G is of the form abc 

Similarly, in the case of subgroups (V 2O2). Hence the numbers 
required are LMN..., L'M'N' ..., LMN ... —^{p>^qi^r* ...). 

Ex. 6. If h, fc are elements in Cr of orders a, /3 contained in 
the subgroups H, K with only identity in common, M is in a 
subgroup L having only identity in common with H or K. Now 
(M)° = fc° is in £■ and L, and hence y3 divides a. Similarly a 
divides p, and .•. a = j8. Now use Ex. 5. 

Ex. 7. Let ^ be an element of order p in. G, and denote a~*ga* 
by hf. Then a is permutable with K= W, h,2, ..., \-\} and 
.•- E=G. But the order of K<p^-'^ (cf. V613). 

Ex. 8. (i) See V In. (ii) Let x be the order of a relative to 
G. Since o^ is in G, {aP'Y = 1 and x = r or ^ r. Hence 
[G, a} =Ga + Ga^+ ... +Go^ is of order 2°r or 2«-ir. 

Ex.9, (i) &^+„ = o-*b„o''=a-»66iO»=o-«6o».o-«6iO» = &s65+i. 

66, = 661 .6162 b,_ib, = b„b„+i ... 6„+e_i = a-'»(66,62...6,_i)o»». 

(ii) Since b, bj, febj are all of order 2, bftj = 616. Now assuming 
b, fej, ..., 6j_i all permutable prove b, fij, ..., 6^ all permutable. 
Then by induction {bi, 62) •••• ^mS ^ *° Abelian group of order 
2* and type (1, 1, ..., 1), k <m. 

Ex. 10. (i) If the h'a are not independent, it must be possible 
to express h„ in the form h^'^ih^t ... h^^. Equating powers of 
i/ii »2> •••> 9m »ii^ eliminating x^, x^, ..., x„_i we have 
On ai2 . . . ai„ 



D = 



■*2m 



"ml "mZ • • • Onrni 



= 0, 
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If the h'B generate G, every element of the form gy'ig^'''' — ^m""* 
can be expressed in the form h^'^ih^i ...h^n. .: ^, = 01^X1 
+ a2t*2+ — +amt*m(* = l. 2, ..., m), and hence Dx^^A^yi 
+ Ai2y2+ ■■• +Ai^^ {Aij being the cofactor of a^^- in D). .-. D 
must be a factor of A^j. Let A^j = Ai/B. Then 

D^-i = \Aij\=JD^\ Ai/ 1 and hence D = + 1. 
(ii) The h'a generate GUB^O. 

§ 8. Ex. 3. If [g^, g^, ..., g^] is a base of G, every element 
of order p ia G and hence every subgroup of type (1, 1, ..., 1) 

is contained in the group whose base is [i?i^"' Va^"^ \ —i ^x^"*" ]• 
Now use § 8. 

Ex. 4. Let <7i be any element of G. Take [gi, g^, g^, ...] as 
a base of G. Then g^ is not in the subgroup {g^, g^, ...} of 
index p. 

Ex. 5. Prove as in V 613 and 1X7,. 

Ex. 6. ^- — -^»+»-i cyclic subgroups and ^ , „ '"f. rr ' 

non-cyclic subgroupa 

Ex. 7. p^{p+l){p'+p + l). 

Ex. 8. p^^ (j}2 ^p + 1)1! ff jjg group contains (jo^—l) p^^ elements 
of order p^ ; hence the first generator fe, of the subgroup may be 
chosen in (j^ — l)p^^ ways. The second generator ^ may then 
be chosen in (p^ — i)p^^ ways, for it may be any one of the 
{p^—l)p^^ elements of order j^ in. G whose js'^-th power is not in 
{hi}. The third generator may then be chosen in (p^ — l)p^ 
ways, for it may be any one of the (p^—l)p^ elements of order 
p^ in G whose ^th power is not in {hi, Jig}- Hence a base of 
the subgroup may be chosen in X = (p^ — l){p^—l)(jfi — l)p'^ 
ways. Similar reasoning shows that when the subgroup is given 
its base may be chosen in T = {p^—l){p—l){p—l)p^^ ways; 
and the total number of subgroups is X--rY. 

Ex. 9. (p-l)'»2)t"'('n-i)(!"»+6). 



CHAPTER X 

§ 1. Ex. 5. li g, gi, gi, g3j ■■• are a conjugate set of elements, 
9~^ffi> 9~^ffi> 9~^93> ••• ^^^ distinct commutators of G. 

Ex. 6. a.g~^ag = g~^ag . a since a~^g~^ag is permutable 
with a. 

Ex.7. If gag-^ = a° and hah'^ = cfi, (gh) aigh)'^ = af^^ 
= {hg)a{hg)-\ .'- a.g-^h-^gh = g-^h'^gh.a. 

Ex. 8. Since c = a~'6~^o& = a°~^ = h^ ^, c is permutable with 
a and ft. Every element of {a, ft} is evidently of the form ftva^" 
and the commutator of two such elements is a power of c by 1 4^1 . 

Ex. 9. {o*}; {a*-i}; useI4i3. 
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§ 2. Ex. 4. Use VI 14. 

Ex. 5. The determinant of every substitution in the commutant 
is 1. 

§ 3. Ex. 1. If A = G^, A' = r. 

Ex. 2. Let H be a normal subgroup of G contained in no other 
normal subgroup. Then G/H is simple and is non-AbeUan, since 
H does not contain A. 

Ex. 3. e. g. the direct product of K and any perfect group. 

Ex. 4. Let £■ be a normal subgroup of index p. Since G/M is 
Abelian, H contains A. 

Ex. 5. If Vi, 72, yg, ... in G/H correspond to g^, g^^^^, ... in 
G = {^1, ^2, P3» — }. tlie y's are permutable. .-. G/H— {yx, yi, 
ya, ...} is Abelian. 

Ex. 6. If o, & are two commutators of G and a, /3 are the 
corresponding elements of V, a, yS are commutators of r. Since 
db = ha, a/8 = ^a. 

Ex. 7. (i) {a^ 6}. (ii) {a, 5}. (iii) If a-^h-'^ab = c and 
ca = ocj, we can prove that CjO = ac, cbc = b = CihCi, c&i = c^c. 
Hence by Ex. 5 A = {c, Ci}. If the H. C. F. of m and r is d, 
the order of c is mr-i-d and the order of Cj relative to {c} is 

j[3-(-l)'*] (cf. VI 4^). Therefore A is an Abelian group of 

index 4 or 8. (iv) Cyclic of order r. 

Ex. 8. C^ or C^„ as m is odd or even, D, T, E. 

§ 4. Ex. 1. For every element of G corresponding to such an 
element of A would be in (7. 

Ex. 2. (i) Let a, h be any elements of G. Then ah = haci, bh = hbc^ 
where q, C2 are in C. .: W^b^^ab. h =a~^b~^ahbc2 

= a~^b~^habCiC2 = a~^hb~^abci = h . a~^b~^ab. 
(ii) The element of A corresponding to c is 1. (iii) See 1 4. 
(iv) h^ is in C. (v) Use (iii) and (iv). (vi) If r is the maximum 
order of c as ^ runs through the elements of G, the order of c 
divides r whatever element h may be. . •. K^ ia always in C, and 
hence t divides r. But c* = 1 and .'. t = r. 

Ex. 3. Use V 156 and V ITj^. 

Ex. 4. The normaliser in & of an element g corresponding to 
o is of index < 6, and its central contains {g, C} of order cy. 

Ex. 5. (i) Identity ; non-cyclic of order 4 ; (ii) non-cyclic of 
order 4 ; (iii) a^ = fc' = c* = 1, oft = ba, be = cb^, ac = ca. 

§ 5. Ex. 1. Let a, bhe any two commutators of G and a, /3 the 
corresponding commutators of A. Then /3 is normal in A and 
.'. & is permutable with every commutator of G by X42(i). Hence 
ab = ba. 

Ex. 2. Use XI,. 
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Ex. 3. By 14 (06)' = ft'o'ci^C+i), (60)'= 6'o'c*'('-i) since c is 
permutable with a and h. Hence if t is the order of db and 
ha (1 83), c* = 1. Again a-'^b'^ab^ = c^, and hence c^ = 1 if 6^ 
is in {a}. 

Ex. 4. (i) If ^ is the order of ab in Ex. 3, b*af = 1 since i is 
odd and (f = 1. Hence if a, )3, ... are permutable elements 
corresponding to a, 6, ... haying the same orders and such that a 
has the same order relative to {fi} as a has relative to {6}, &c., 
{a, b, ...} and {a, /3, ...} are conformal. (ii) The second group 
of V 83 is metabelian but not conformal with any Abelian group. 

§ 6. Ex. 8. If ^', a' correspond to the elements gr, a in any 
automorphism of G, a'~^^a' corresponds to a''^ga in the auto- 
morphism. Hence the elements conjugate to ^ correspond to 
the elements conjugate to g. 

Ex. 4. 0-1 6-' = (o6)-i if ab = ba. 

Ex. 6. The only class of outer automorphisms admitted by G' is 
that interchanging A and B when A=-B. 

Ex. 7. No element of one of the groups can be transformed 
into an element of another. 

Ex. 9. If g and h, are two elements of Cr not in JT, ^ and h are 
permutable with each element of K, since K is complete. Hence 
gh is permutable with each element of K and is not in K. 

Ex. 11. If ^ is an element of order p°, there is an auto- 
morphism of {g\ in which g^ corresponds to g, where r is any one 
of the i'°~^(i'— 1) integers less than and prime to j)°. If 
b~^gh = ^, b~^gV = f ; hence when r is chosen so that 
p°~i{j)— 1) is the least value of s satisfying r* = 1 (mod^j"), every 
automorphism of {g] is obtained by transforming by powers of b. 

Ex. 12. The generator of order 2°"^ corresponds to the auto- 
morphism in which g'^ corresponds to g, where r is chosen so that 
2°~2 is the least value of s satisfying r» = 1 (mod 2°). The 
generator of order 2 corresponds to the automorphism in which 
g~^ corresponds to g. 

Ex. 13. A cyclic group of order 2° 8^ S"** ... is the direct 
product of cyclic groups of orders 2°, 8^, 5''', ... ; now use Ex. 7. 

Ex. 14. (i) If gigj = gu, h9i-h9j = h9ky ^^ •'• h^j = h- 
{ii) hi^gfK 

Ex. 15. (i) [a'^giO, a'^g^a, ..., a'^g^a] is a base of a ^Ga. 

Ex. 16. (i) The elements g-^T.' gi'-l — gr^m are all distinct 
when for x^, x^, ..., x^ we put any of the integers 1, 2, ..., j9, 
if and only if the determinant | a | ^ (mod ^). 

Ex. 17. g divides the order of the group of automorphisms of G. 

Ex. 18. By I 4ji the commutator of a' and b' is c**"!''', and 
.-. xs—yr ^ (mod p). The order of {a, 6} is i»* and the order 
of the group of automorphisms = the order of the general homo- 
geneous linear group of degree 2 in the GF\p\ = (p^—V)(ja'^—p). 

Ex. 19. 24, 24, 120. Suppose that a' corresponds to a, b' to b 
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in an automorphism. Then (i) o' may be any one of the 8 
elements of order 3, b' any one of the 3 elements of order 2 ; 
(ii) a' may be any one of the 6 elements of order 4 and then 
b' may be one of 4 elements of order 8, as is easily seen by 
considering the simply isomorphic group O and remembering 
that {a'b'f = 1 ; (iii) treat E simQarly. 

§ 7. Ex. 7. Use V 2O2. 

Ex. 9. If fe is any element of G not in K, there ia an auto- 
morphism of G in which gh corresponds to g. 

Ex. 10. (i) Use Ex. 9. (ii) There is only one invariant of 
maximum order. 

Ex. 14. Use X 65. 

Ex. 15. Use Ex. 14. 

Ex. 16. Use X 613. 

Ex. 17. r contains a normal subgroup H simply isomorphic 
with G formed by substitutions of the type x/ = Xj + 6,-, while 
T/H is simply isomorphic with the general homogeneous linear 
group of degree m in the GF[p]. Now use XCje. 

§ 8. Ex. 1. L does not displace the symbol corresponding to 
identity in Cr. K contains a transitive subgroup P of the same 
degree. 

Ex. 2. (i) If r were such a group, H would contain P' (§ 6) ; 
which is impossible, (ii) Use (i). 

Ex. 3. Use § 8. 

Ex. 4. (i) Use § 8 taking c as the automorphism in which a 
corresponds to a, ba to b and d as the automorphism in which a'' 
corresponds to a, b tab. 



CHAPTER XI 

§ 1. Ex. 4. See X I5. 

Ex. 5. If H and K are two normal subgroups of order j), H and 
K both contain the commutant of G since G/H and G/K are of 
order p'^ and Abelian. 

Ex. 6. If 5^ is a normal subgroup of index p^, G/H is Abelian ; 
. '. H contains the commutant of G. 

Ex. 7. As in Ex. 6 each such normal subgroup contains the 
commutant. 

Ex. 8. If A is an element of a normal subgroup H oi G, H 
contains every element conjugate to hin G. Then if the Q. C. S. 
of H and C is of order li, the order oi H-= /i+€^+ej+ ... . Now 
proceed as in § 1. 

Ex.9. Use Ex. 8 and X 3. 

Ex. 10. Let (/ be an element of G corresponding to a normal 
element of G/C, and let A be an element of G not permutable 



SOLUTIONS. CH.XI 221 

with g. Then the commutators of h and g, g^, ..., gP are in C 
and are all distinct. 

Ex. 11. Use Ex. 10. 

Ex. 12. (i) Let r be a normal subgroup of G contained in no 
other normal subgroup of G. Then G/V is simple and is .'. of 
order p. 

Ex. 13. Since in Ex. 12 G/T is Abelian, T contains the corn- 
mutant of Cr. 

Ex. 14. Let a, ihe elements of G such that a is of oi^er p and 
ab = baK Then h^-PabP'^ = a'"'^ = ahy Fermat's Theorem (1 3). 
Hence the index of the lowest power of b permutable with a is 
a factor both oi p—1 and of the order of b (1 2g). 

Ex. 15. c is in every subgroup of index p in G (Ex. 7) and 
is .'. in the normalisers of a and b. The conjugates of o in G 
are 6-'a6« = ac^{t = 1, 2, ... , p). .: cP = l. 

Ex. 16. By Ex. 16 {ba)' = ¥a^ when e is a multiple of p, since 
cP = 1 (1 4). Hence the order of ba divides p^. Also any 
conjugate of ba such as g~^bag =■ g~^bg . g~^ag is of the form 
bcu^, and . '. &a is an element of a conjugate set of 1 or ^ elements. 

Ex. 17. gP is in C; hence {C, g} =Cg+Gg'^+ ... +CgP and 
is evidently Abelian of order p=^+^. If A; is any element of G 
and K, y are the elements of G/C corresponding to k, g in G, 
K~^yK = y and .*. h~^glc-=gc (c in C). Hence g has at most p^ 
conjugates in G ; and the normaliser of ^ in G^ has a central 
containing {C, g\ and is of index <p^. 

Ex. 18. Use induction and Ex. 17, so long as 

a-^/3(2a;+/3-l)>a; + /8. 

Ex. 19. G contains a subgroup H of order j)**^^ *'*''" ^^'''\ By 
Ex. 18 H contains a subgroup K of order 

^^((2x+«-l)+l-J(»-l)(2a;+€-2) =^+« 

whose central is of order j>*+*~^. This is only possible if Z" is 
Abelian (X 4). 

Ex. 20. Use Ex. 19. 



§ a. Ex. 1. Let G be the direct product of prime-power groups 
A, B, C, .... Find normal subgroups A', B', C, ... oi A, B, C, ... 
respectively such that the product of their orders is m. Then 
{A', B', G, ...} is a normal subgroup of order m in G. 

Ex. 2. The subgroups required are those corresponding in G to 
the series of normial subgroups in G/T. 

Ex. 3. (i) The subgroup required is one corresponding to a 
normal subgroup of order p^'"" in G/H. (ii) {if, K} is of index 
i^(A < y) and .-. the G. C. S. 2) of if and K is of index i3«(6 > /3) 
by V 13. The subgroup required is the subgroup of G correspond- 
ing to a normal subgroup of index p^ in G/B. (Cf. XI 5ij). 
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§ 3. Ex. 2. If ff is a subgroup of index pin G containing jET,, 
H contains K^,, K^, ... since jffis normal. 

Ex. 4. (i) H contains C since otherwise G={H, C} and is 
Abelian ; similarly K contains G. Again, every element of the 
G. C. S. of H and K is normal in H and in K and hence in 
G = {H, K}. (ii) G/G is Abelian of type (1, 1) since it is non- 
cyclic of order p^. Again, if a and b are two non-permutable 
elements of G, c = a~^b~^db is permutable with a and b since 
the commutant A is in C (XIl,). Hence c^ = ffl~^6~^aJ'b = 1 
and every element of A is of order 1 or p. 

Ex. 5. Using V ISj we see as in Ex. 4 that the central is of 
index p^ and hence contains the commutant. 

Ex. 6. If p is an element of G not permutable with every 
element of 2), G contains p conjugates to <? (X I5) ; . *. the 
normaliser of ^ in (? is of index p but does not contain D. 

Ex. 7. If ^r is any element of order < p" in G, {g} is in some 
subgroup of index p (Ex. 1) and .'. gr is in F. Hence G contains 
elements of order p". 

Ex. 8. As in Ex. 7 G contains an element g of order p^{r > s). 
{gP } being of order p^ is identical with K. 

§ 4. Ex. 2. G/D is a subgroup of G/A. 

Ex. 3. For the p-th power of such an element would not be in 2). 

Ex. 4. Since the G. C. S. of all subgroups of index p in G/E = 1 
(IX 8^), the G. C. S. of all subgroups of index p in G containing 
JE is E. But this G. C. S. contains D. 

Ex. 5. (i) Since the ^J-th power of each element of G is in 
{A, F], each element of Cr/{A, P} is of order 1 or p. (ii) By 
Ex. 4 {A, P} contains J) and by § 4 Z) contains {A, P}. 

Ex. 6. If G contains two Abelian subgroups of index p, the 
central C is of index p'^ and is contained in every Abelian subgroup 
of index p (XI 84). Now proceed as in § 4. 

Ex. 7. Let jH" be a subgroup of index p not containing ga. 
Choose elements ^„ pj) •■■> 9a-i as in § 2 for the group H. Then 
ga satisfies the conditions that g^^ and g~^ga~^9ffa *re in H. 

Ex. 8. (i), (ii) By V 13g the G. C. S. of the normal subgroups of 
index p or jj^ is of index p^. Now proceed as in § 4. (iii) The 
non-normal subgroups can be divided into conjugate sets each 
containing pm subgroups (m integral). 

§ 5. Ex. 2. If £' is a subgroup of index i? in H not normal in G, 
H contains every subgroup conjugate to K in G. Now the 
number of groups conjugate to .ST = the index of the normaliser 
of £■ = a multiple of p. But ff contains lp+1 subgroups of 
index p ; hence at least one is normal in Gr. 

Ex. 3. The elements of G permutable with every element of K 
form a subgroup T. The Abeliaa subgroups of order |>^+i in G 
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containing H are the subgroups of T corresponding to the sub- 
groups of order p in V/K. 

Ex. 4. Let Bi, JBg, ..., B^ be the normal subgroups of this 
index ; A^, A^, —, A^ the normal subgroups of index p. Then 
the proof runs as in § 5 using XI 2^. 

§ 7. Ex. 2. Each set is of the form jVa^+ip""' (Z = 1, 2, ...,p) 
unless x = y = (mod p) ; see X Ig. 

Ex. 5. It is the only non-cyclic subgroup of the same order. 

Ex. 6. By 1 4 (6»o*)i+"»^ = 62'a*+^^. Now if x =pi', /x < a-3, 
we have (6Va^)i+»»P = 6Va==+'P°~' on putting m = ip"-*'-'. Hence 
by Ex. 2 every subgroup of 6r is normal except the p subgroups 
conjugate to {6}. 

Ex. 7. Every normal subgroup of G contains the commutant. 

Ex. 9. Let Oj = 63' a* correspond to a and 6i = b^a^ to b in any 
automorphism of G. Then since fci^ = 1, r = (mod p"~^) ; since 
OjP° =1, a; is prime to p; since Oi~^<>i~-'ai&i ■= 0^°' , s= 1 
(I4ii). Hence the order required is p{p^~^—jfl^^)p =p°(p— 1). 

Ex. 10. Let JT be a normal cyclic subgroup of order p*. By 
XI 2^ we can find normal subgroups K, K^, K^, ... each of index 
j7 in its successor. The first which is non-cyclic contains a 
characteristic non-cyclic subgroup of order ]^ which is the normal 
subgroup required. 

Ex. 11. AbeUan of type (3), (2, 1), or (1, 1, 1) ; oP" = 6^ = 1, 
ab = fco^+P ; {a, b] where a and b are each of order p and per- 
mutable with their commutator. Note that in a non-AbeUan 
group of order p^ the central and commutant coincide and are 
of order 2) (XI l^o). 

CHAPTEK XII 

§ 1. Ex. 1. They are Sylow subgroups of K. 

Ex. 2. The Sylow subgroups are all conjugate. 

Ex. 4. (i) If r^ = r-, r,- contains two normal Sylow subgroups 
Hi and Hi. (ii) Since Tj is the normaliser of H^ in G, the 
normaliser r< of hi-^Hihi = Ei in hi'^Ghi=G is hf^T^hi. 
(iii) Since Ty is one of ip-fl conjugate subgroups in G, the 
normaliser of Tj is of order n-i-{hp+l) = the order of Tj. 
(iv) Apply Corollary II to r,-. 

Ex. 5. In the proof of Corollary II the number of quantities 
/3, y, ... = r must be = 1 (modjj). 

Ex. 6. The G. C. S. of E and if,, i. e. of »,--»fl^< and A.-iffjA, 
is hi~^Dhi which is of order p^. Hence G contains p^~^ sub- 
groups conjugate to H having with H a G. C. S. of order p^, 
po-7 having with fl^ a G. C. S. of order js''', .... 

Ex. 7. Use V 15,3. 

Ex. 8. Use Ex. 7. 
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Ex. 9. Use Ex. 8 and IX 67, IX Sg. The number is (i) 28, 
(ii) {p» + 2p' + 3p'' + 3p^+Sp' + 2p'> + 2p^+p+l){g^ + q^ + q+l) 

(r+1). 

Ex. 10. If a, b are elements of Sylow subgroups of G whose 
orders are unequal, the order of c = a~^b~^ab divides the orders 
of a and b (1 4i„), and . ■. c = 1. 

Ex. 11. (i) The commutant of G, = 1, for otherwise A would 
contain an element of order p^=^. (ii) If J^j' is the order of G,, the 
order of {A, GJ is Pi'^Pi', since A is normal in {A, <t,} while 
A and Gi have only identity in common. Hence Gi is a Sylow 
subgroup of {A, ff,}. If there are ^, + 1 Sylow subgroups of 
order p/' in {A, CrJ, ftp^+l is a factor of PiK Now use 
CoroUaiy IV. 

Ex. 12. If g generates one of these cyclic Sylow subgroups, 
the permutation of P {VI 2) corresponding to g contains an odd 
number of cycles of even degree and is an odd permutation. 
Then the even permutations of P form a normal subgroup of 
index 2 ; which contains every permutation of odd order when g 
is of order 2. 

Ex. 13. If P and Q are Sylow subgroups of order ^° and g^, 
every element of G is included once among the elements PQ 
or QP, since P and Q have only identity in common. 

Ex. 14. Take H, H^ as subgroups of index p. If H^ is not 
normal in G, Fj = flj and jHj is not permutable with any element 
of G not in flj. Then the proof of § 1 would show that there 
are kp+1 subgroups conjugate to Hi which is impossible. 

Ex. 15. (i) Let K be the subgroup of order t formed by the 
permutations not displacing one symbol x (VI 5). The per- 
mutations of H not displacing x evidently form the Gr. C. S. of 
H and K, which = 1 since t is prime to p. Hence every 
permutation of H displaces every symbol, and .•. the number 
of symbols in any transitive set of H = the order of H. 
(ii) G = HK = EH. 

Ex. 16. Mp' is the highest power of p which divides e, G 
contains a group of order p^ which lies in L. Hence A. is a 
multiple oip' ; and so for every prime-power factor of e. 

Ex. 17. Let F = g-^Eg {g in G). Since E is normal in H, F 
is normal in g~^Hg ; and .". H and g'^Hg are Sylow subgroups 
of the same order in the normaliser B oi F in G and are hence 
conjugate in B. .'. there is an element b o( B such that 
H = b-^{g-^Hg)b. Then ^6 is in T and {gb)-^E{gb) = F. 

Ex. 18. G contains ftp-H 1 subgroups of order p", where J^+1 
divides e. In this case k = 0. 

Ex. 19. By § 1 a group G of order pq contains elements a, b of 
orders p, q. The Sylow subgroup {0} is normal, since 2^0 
(mod kp-\-\) unless & = 0. Let b'^ab = a". If k = 1, ab is of 
order pq and G is cyclic. If « ^fc 1, 6"aa62 = o*' (13) and .*. 
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K-? = 1 (mod p). K« ^ 1 (mod p) ii e < q; for otherwise « and i« 
and .•. a and b would be permutable. 

Ex. 20. (i) Cyclic and dihedral; (ii) cyclic; (iii) cyclic and 
ai3 = fcs _ i_ „j _ ^^3 . (jy) gygiig j^jjj ^11 _ j5 _ 1^ „^ _ l^^3 . 

(v) cyclic and a" = ?^3 = 1, «& = fta^ . (yj) cyclic . (^ji^ gygjig . 
(vJii) cyclic and o^^' =z V = 1, ah = ha'K 

Ex. 21. 825 = 11 . 3 . 52. No factor of 825 -;- 25 is of the form 
57i;+l, and no factor of 825-;- 11 is of the form 11A;+1 unless 
A; = ; but 11 . 5 and 5^ are of the form 3A-+ 1. 

Ex. 22. As in Ex. 21 the group contains a normal subgroup 
of order 25, 17, 13, 11, 7, 13, 127, 169, 121. 

Ex. 23. As in Ex. 21 prove that every Sylow subgroup is 
normal and use Corollary IV. (i) cyclic ; (ii) cyclic or Abelian 
of type (665, 5) ; (iii) 10 types ; see XI 1 and XI 7i,. 

Ex. 24. (i) 520 = 2^ . 5 . 13. The only factors of 520 -^ 13 of 
the form 13A: + 1 are 1 and 40. Hence a simple group G of 
order 520 must contain 40 subgroups of order 13, since it contains 
no normal subgroup of order 13. Similarly G contains 26 sub- 
groups of order 5. Now two groups of prime orders have only 
identity in common. Hence G contains 26(5 — 1) distinct 
elements of order 5 and 40(13 — 1) distinct elements of order 13. 
But 26 . 4 + 40 . 12 > 520. (ii) G contains 6 subgroups of order 5 
and 10 of order 3 ; (iii) 20 subgroups of order 19 and 76 of 
order 5; (iv) 45 subgroups of order 11, 11 of order 5, and 55 
of order 9 ; (v) 78 subgroups of order 7 and 14 of order 13. 

Ex. 25. (i) As in Ex. 24 a simple group G of order 616 
contains 56 . 10 elements of order 11 and 8. 6 of order 7. Since 
616 = 560 + 48 + 8, G contains only a single subgroup of order 
8 which is . •. normal, (ii) G contains 8 subgroups of order 7 ; 
(iii) 27 subgroups of order 13. 

Ex. 26. (i) As in Ex. 23 a simple group G of order 450 
contains 6 subgroups of order 25 and is .•. isomorphic with a 
simple transitive permutation-group G' of degree 6. The 
isomorphism is simple since G is simple. G' contains no odd 
permutation, for otherwise the even permutations of G' would 
form a normal subgroup of G'. .'. G' is a subgroup of the 
alternating group of degree 6 ; but 450 is not a factor of 6 ! -r 2. 
(ii) The order of G is not a factor of 3 ! H- 2, (iii) 5 ! -r 2, (iv) 6 ! -r 2, 
(v)6!-r2, (vi)ll!r-2. 

Ex. 27. (i) As in Ex. 26 a simple group G of order 90 is simply 
isomorphic with a transitive permutation-group G' of degree 6 
containing only even permutations. By § 1 G' contains a per- 
mutation g of order 2 which (being even) is the product of two 
transpositions and .•. does not displace every symbol. Hence g 
is contained in some subgroup of index 6 consisting of the 
permutations of G' not displacing one symbol. But 90 -r- 6 is 
odd. (ii) Here <?' is of degree 18 and each of the 18 subgroups 
of G' not displacing one symbol is of order and degree 17, while 

BILTOH F. O. Q 
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there are 18 permutations of G' (not included in these 18 sub- 
groups) which displace every symbol. One of these is of order 2 
and is .•. the product of 9 transpositions and is an odd permutation. 

Ex. 29. (i) {a}; {6}, {M\, {ha''], (ii) {a, b] ; {cV} (r = h 
2, ..., 7). Note that every element of the group can be put in 
the form c-a^hy which transforms c into cb~y. 

Ex.30. {(12)(3 4), (14)(28)}; {(234)], {(3 4 1)}, {(4 12)], 
{(12 3)]. 

Ex. 31. Apply Sylow's theorem to the general homogeneous 
linear group. Since the period of every mark divides }f—l, no 
multiplication is of order divisible by^. 



CHAPTER XIII 

§ 3. Ex. 1. Let A be the maximum normal subgroup of G 
containing H, B the maximum normal subgroup of A containing 
H, .... Then G,A,B,...,H,...isa. composition-series containing 
H ii H ia normal. 

Ex. 2. (i) A cyclic group of order p^ contains only one normal 
subgroup of index p. (ii) Use XI 6. 

Ex. 4. By XII li9 G contains only one normal subgroup which 
is of order p. 

Ex. 5. Use VI 14, 15. 

Ex. 6. One composition-series is G, H, 1, and . ". the composition- 
factors are w ! -j- 2 and 2. Hence if G contains a normal subgroup 
other than H, it is of order 2. Evidently no such normal sub- 
group exists. 

Ex. 7. Use V 20. 

Ex. 8. Use Ex. 7, noticing that a cyclic group cannot have more 
than one subgroup of given order. 

Ex. 9. (i) The composition-factors of G are a p's, j3 q's, y r's, ... 
which can be arranged in e different orders. Now use Ex. 8. 
(ii) If all the Sylow subgroups of K are cyclic the theorem is 
true by V202(iii). If the Sylow subgroup of order j?" is non-cyclic, 
Ex 2 (ii) shows that there is more than one composition-series of 
K in which the a composition-factors p occur last. 

Ex. 10. Let Mq be the number of distinct composition-series 
of G. Then the second group Gi of a composition-series may 
by XI 7 be one of p cyclic subgroups of index p each giving rise 
to a single composition-series, or may be a given group of order 
2J"'^ with a cyclic subgroup of index p giving rise to Ma-i 
composition-series. .•. tta = P + Wa_i. Now use induction. 

Ex. 1 1. Let Ua be the number of composition-series of G. The 
second group Gi in the series can be chosen in (j)°~^ — 1) -r- {p—1) 
way8byIX8. .: u„ = Ua^i{pP — l)-i-{p—l). Now use induction. 
Ex. 12. Use V He- 
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Ex. 13. G has a composition-series containing a Sylow subgroup 
of order p". Now use Ex. 12. 

Ex. 14. (i) By Ex. 12 all the Sylow subgroups of G are normal. 
Now use XII 1 Corollary IV. (ii) As in XI 3 we can show that 
every subgroup of (? is contained normally in some subgroup of 
higher order. 

Ex. 15. The number is 1, 5, 21, 7, 3 according as the group 
is Abelian of the type (3), (2, 1), (1, 1, 1), dihedral, or dicyclic. 

Ex. 16. (i) dg, (D3, 83, Cs), C3, 1 and d^, C3, c, 1. (ii) Q, (O, 0, 6), 
T, D, (C„ C2, Cj), 1. (iii) H, E, 1. 

§4. Ex. 2. If H = H,h,+H,h., + H^h3+ - . {<?r, B} = G^h 
+ G,\ + G^h3+ .... (SeeV13.) 

Ex. 8. In Ex. 2 every subgroup of H/Hi is simply isomorphic 
with a subgroup of {(?,., H}/G,. and .•. with a subgroup of 
G,._i/G,., since G,._i contains (?,. and H. Now apply to H^ the 
same reasoning as was applied to H and use Ex. 1, &c. 

Ex. 4. A and cyclic groups whose orders are the prime factors 
of ^N^ -h {p^—l)d ; except in the case m = 2 and p^ = 2 or 3 
when all the composition-factor-groups are of prime order. 

§ 5. Ex. 2. A soluble group has a normal subgroup of prime 
index, and this must contain the commutant. 
Ex. 3. Use XIII 43. 
Ex. 4. Use XIII 3j . 
Ex. 7. Use Ex. 2 and -5. 
Ex. 8. Use § 4. 
Ex. 9. Take {a} as the group ff of § 4 ; then G/H is cyclic. 

§ 6. Ex. 1. G is the direct product of groups of order p and is 
.•. Abelian. 

Ex. 2. If / is a composition-factor of G, we have /'+i=j3>-; 
and .-. t = 0. 

Ex. 3. Let / be a composition-factor of the alternating group. 
As in Ex. 2/'+i = 3.4.5 m ; and.-. < = 0. 

Ex. 4. If iT is a normal subgroup of P contained in H, its order 
is not a multiple of p ; for otherwise E would contain one Sylow 
subgroup of order p in P, and . ■. E would contain all the Sylow 
subgroups of order p, since they are all conjugate and E is normal. 
Hence since E is of degree pk, E is intransitive (VI 6), which is 
impossible (VI 11). Now use Ex. 2. 

§ 8. Ex. 1. Prove as in § 4. 

Ex. 2. Take the composition-series {a, b}, (a^, 6}, {h], 1 of 
the group o* = b^ = (a&)2 = 1. 

Ex. 6. By XI 2 the chief-factor-groups are of prime order. 
Ex. 7. Use XI Is . 
Ex. 8. Use § 6. 
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Ex. 9. (ii) Use X 1,. 

Ex. 10. Use XI 7c and XIII 3,o. 

Ex. 11. (i) 1, 5, 21, 3, 3. (ii) 4, 3, 1. 

§ 9. Ex. 1, 2. Use § 6. 

Ex. 7. Any element permutable with a group transforms a 
chief-series into a chief-series. 

§ 11. Ex. 1. Use XIII 5„ 3. 

Ex. 2. The group preceding identity in the series of derived 
groups. 

Ex. 3. Use X3. 

§12. Ex. 3. SeeXSj. 

Ex. 6. (i) G/Cj-i is Abelian, .'. (7,_i contains Aj. (ii) The 
commutant of G/Cj^z ^^ Abelian (Ex. 3); .•. by X3 each 
commutator of {A,, C,_3}/C,_;> = 1, and hence every commutator 
of {Ai, C,_3} is in 0,. 3. 

Ex. 7. UseXIlg. 

Ex. 8. Prove as in XI 2. 

§ 13. Ex. 1. Use XIII 63. 

Ex. 2. By XIII 89 the central .ff of A ^ 1, since a chief-series 
of G can be formed containing A ; while by X 3 the commutant of 
GfK is \/K. Now every chief-factor-group of G/K is cyclic, and 
.•. the central of A/S" ^ 1. Continuing this reasoning we see that 
the class of A is finite. 



CHAPTER XIV 

§ 1. Ex. 2. (iii) Use X5. 

Ex. 3. a2* = ?;2 = {ahf = 1. 

Ex. 4. They are permutable with a and 6. 

Ex. 5. Let a' be the lowest power of a in any subgroup H, and 
suppose that H contains h'Ja^ but no element b''a'' where p < y 
or p = y, a- < X. Then 1 3 shows that yu = f3 where u is integral 
and that H contains the elements fc'!/a^t'''"-i)-(fc''-i)+i?(^ _ 1^2, 
..., u; i= 1, 2, ... , Z-f-A). Putting t = u we have I a factor of 
r + x{k0-l)-^{ky-l). The groups H, {a', hya-} are distinct; 
for if H contains h'Ja-, it contains (Jjya^)''^{h'Ja-) = a~~^ which is 
impossible when Z > ^ > a: > 0. 

Ex. 7. By Ex. 4 G contains a normal subgroup of prime index. 

Ex. 8. Suppose h a primitive root of r* = 1 (mod A). Then 
(a, h'} is Abelian and its Sylow subgroups are all cyclic. Hence 
by V202(iii) {a, ¥} is cyclic ; and it is normal by Ex. 4. Hence 
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§ 2. Ex. 1. Use XIV 1^. 

Ex. 2. (ii) i!)a* is of order (I) im-r- (the H.C.F. of 2rw and 
x{m + l)); (II) 2 or 4 as a; is even or odd; (III) 2; (IV) 4. 
(iii) The conjugate sets are of the form (I) a^ + a*+2»» and 
6a=^ + ba=^+2">; (II) a'' + a''(im-i) . and &a== {x odd), 6a^ {x even) 
each form one or two conjugate sets as »n is even or odd ; 
(iii) a^ + a~^; and the elements ba" form one or two conjugate 
sets as w is odd or even; (IV) a'-j-a'''; and 6a*^ [x odd), ba^ 
{x even) form conjugate sets. 

Ex. 3. Use XIV Ij. 

Ex. 4. {of, 6o*} is AbeUan or of the type I as Zis even or odd. 

Ex. 7. 2<^(4jn) or 4(^(4»n) as m is odd or even; 2»»</)(4m); 
m<j>{m) ; 2m^(2m). In any automorphism let a^ correspond to a, 
bai^ to h ; then a^ and ba^ satisfy the same relations as a and b. 
In group I we can have fca" corresponding to a and ba^ to & if m 
is even. (See Footnote, p. 32.) 

Ex. 8. The normal subgroups of III are the subgroups of {a} 
and {a^, b), {a^, ba} when m is even. Now use XlIlS^ and 
induction. 

Ex. 9. Use § 1. 

§ 3. Ex. 2. Since {a] can have only one holomorph, the meta- 
cyclic group is abstractly the same whatever primitive root Ic 
may be. 

Ex. 3. Use 1 3. 

5-1 

Ex. 5. {a, I 2 }. 

Ex. 6. It is contained in {a} or {6Va*}. 

Ex. 7, 8. Ii p — l = qr ...vio where q, r, ... , v, w are primes not 
necessarily all distinct, every composition-series is of the form 
{a, 6}, {a, bi}, {a, 69^. -, {«. fc'"-"}, {«}, 1- 

Ex. 9. If in an automorphism of G o' corresponds to a and 
bva'^ to b, (b!'o'=)"^a'(6Vo=^) = a*'; which gives y=l. Hence 
the order of the group of automorphisms =p(p—l) = the order 
of the group of inner automorphisms = the order of G. 

Ex. 10. See X 84. 

Ex. 11. Prove SP = TP-» = 1, ST=TSK Since T^/S* replaces 
1, phjky + XjX respectively, and kv + x, x may be made equivalent 
to any two whatever of 1, 2, ...,p; the group is doubly transitive. 

§ 4. Ex. 1. If ffi, 92, ..., gm ai"e elements of orders pi"i, p^i, 
... , i'm""'. 9i9i - 9m is of order n. 

Ex. 2. P is the only subgroup of its kmd in 6-. 

Ex. 3. Since g„_i is permutable with {gjs = P„, {S'm-K 9m} 
is of order i>°™-i Pto°" and .-. =Pm-i- Similarly {^^-2. 5m-i. 

""ExT 4."By XII 1 Corollary II every Sylow subgroup of if is 
contained in some Sylow subgroup of G. 

q3 
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Ex. 8. As in § 4 (4) prove the existence of P^ and then use V 14. 
Ex. 9. G contains elements whose orders divide 

p^s+ipa^^^ ... j9„°m but not p/p^T+-i ...Pm"'^- 

Hence G contains an element of order p/'*'^. Now proceed as 
in §4(1). 

§ 5. Ex. 1. By § 5 r is of the type o^ =1, h^ = a'', ab = 6a^. 
Putting b^ = 6', we have T generated by a and b' which satisfy 
relations of the given form since X is prime to /3. 

Ex. 2. (i) o- = 0, y = l (mod /3), p is prime to X, x {h^ — 1) -f- 
(A;-l) = (p-l)r(modX). 

(ii) (P (X) X (the H. C. F. of X and ^^) • (See Footnote, p. 32.) 

§ 6. Ex. 4. Use Corollary IV of XII 1. 

Ex. 6. Since {abf = a% a'^a = ft-^ and a'n^a = b'"^ = a'^. 
.: ft2 = 0-2 = a2 and o* = 1. 

Ex. 7. ba^ = ab = bab^ ; .: a?- = b"^. Now use Ex. 6. 

Ex. 9 (ii). If c, d are the elements of the group of automorphisms 
corresponding to those automorphisms in which 6^ corresponds to 
a and ba to b, a to a and ba to &, then c^ = d* = (cd)^ = 1. Now 
useVISg. 

Ex. 10. U8eX4i. 

§ 8. Ex. 2. (i) Generated by the elements of fl" excluding 
identity ; (ii) generated by the elements aB, bB, abB. (iii) and 
(iv) The G. C. S. of all subgroups of index 2 or 4 is {a^} . Now 
consider the number of subgroups of index 2 or 4 in G/^a^} 
which is Abelian of order 2°"^ and tjrpe (1, 1, ..., 1). (v) The 
first generator of such a subgroup may be chosen in 2°— 2°"^ 
ways and then the second in 2°~^ ways. Hence the generators 
may be chosen in 2''~*(2°— 2°"^) ways. Putting a = 3 we have 
24 ways of choosing the generators of a quaternion group. Hence 
the number of quaternion subgroups is 2°~'(2°— 2°-^) — 24. 

Ex. 3. If i; is a normal subgroup of order p, E/E has every 
subgroup normal and is therefore Abelian. Hence E is the 
commutant of E. 



CHAPTEE XV 

§ 1. Ex. 2. The distinct representations of the cyclic group {a} 
of order 3 are obtained by making 1, a, d^ correspond respectively 
to (1) a;'= X, X, x; (2) x'= x, <ax, m^x ; (3) x'=- x, <a^x, wx, where 
<i>^ = 1. Bepresentations (2) and (3) give the same substitution- 
group. 

Ex. 3. Each of aij, toj, 0)3, .*. is ±1. 

Ex 4. With G/H, where H is the normal subgroup formed 
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by the elements corresponding to {x^, X2, x^, ...) in the repre- 
sentation. 

Ex. 7. Use VII 8. 

Ex. 8. e. g. a2 = 62 = (^ahf = 1. 

§ 2. Ex. 2. Xk ^ t^® ^'^"^ <*^ Xi' quantities whose modulus is 1. 
Now use the theorem 'the sum of the moduli of two or more 
complex quantities is < the modulus of their sum '. 

Ex. 3. By Ex. 2 every element of H must correspond to 
(a;,, X2,Xs, ...) in S^. 

Ex. 6. Every conjugate set is self-inverse. 

§ 3. Ex. 1. Let <7 = Qi^ig^^i ... gt^t. Put ij = 1, i^ = 02, is = Og, 
... , if = a^. Then /Sj = Oj or ^ Oi . Similarly ^2 = c<2 or i °2) ■•• • 

Ex. 2. Each such representation is Abehan and is therefore 
a representation of G/A by X3 and XV I4. But the number 
of representations of G/A = its order. 

Ex. 3. Use § 3. 

Ex. 4. Multiply each row by the characteristic of the element 
heading the row and do the same for the columns. If we then 
add each row to the first, every term in the first row is the same, 
and is therefore a linear factor of the determinant. Do this for 
each of the n characteristics. 

Ex. 5. (i) Apply the method of Ex. 4 to the characteristics 
in the q representations of the first degree (Ex. 2). 
(ii) 1 + a + b + c+d + e, 1+a + b—c—d—e. 

Ex.6. Xk{Xi + Xi+ - +X„) = XiX;c + X2X&+ - +XnXk = Xi + X2 
+ ... +x„. Now choose Xfc ^ !• 

Ex. 7. As in Ex. 6. 

§ 4. Ex. 4. If H, K are a pair of reciprocal groups, K and G/H 
have the same invariants. 
Ex. 5. Use Ex. 4 and IX 83. 
Ex. 6. Use Ex. 4 and IX 8g. 
Ex. 7. (i) Use Ex. 6 and proceed as in XI 4. (ii) «/ = ^ = 1. 

§ 5. Ex. 3. Put j = 1 in (ii). 
Ex. 4. Put xe" for x/' in (»)• 
Ex. 6. UseXVSfl. 

Ex. 7. (i) Two Abelian representations and ^(p— 1) generated 
by substitutions of the form 

( cos — a;— sm y, sm - — a;-Fcos y 1, {—x, y). 

\ p p V P ' 

(ii) Four Abelian representations and that generated by (— ^, a;), 

{^ — x, y). (iii) Four Abelian representations and those generated by 

/ 2ir . 27r . 2ir 27r \ , \ j 

(cos— x-sm-g-y, sm-g-x-l-cos-^y ^, {-x, y) and 

coSga;-Binoy, sm^x+coa-^y ), {-x, y). 
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Ex. 8. Taking in (i) C, = 1, Cg = a^, Cg = a + a^, Ci = a^ + a* ; 
Cj = b + ba^ + ba* ; Cg = ba + ba^ + ba^ and in (ii) Cj = 1, Cg = a^ 
C3 = a + a^, C4 = 6 + 6a^, Cs = 6a + &a* we have as sets of 
characteristics respectively 
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Ex. 


9. 


Taking a = 


1, c. 


= a+a 


Ha*, 


C, = a' 


+ a« + o5; 


c,= 


b + ba + ba^ + ba^ + ba* + ba^ + ba^ ; 


c,= 


b^a + b^ 


a?+b'' 


a? 


+ 62 a* 


+ b^a^ 


' + 5^ a®, we have 


as sets of characteristics 
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where 
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= 1, Oiaj = 


2, Qi + Oa + l 


= 0. 










Ex. 


10 


Taking Ci 


=1, 


Go = the permutatioi 


as of 


order 3, 


C, = i 


bhe 


permutations 


of order 4, 


a = 


the even 


and 


c. 


= the 


odd permutations of order 2, 


we have as sets of characteristics 
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Ex. 11. Taking Q = 1, C^, O3, C4 = the permutations of orders 
3, 4, 5 respectively, Cg = the even and C^ the odd permutations of 
order 2, C-j the permutations of order 6, we have as sets of 
characteristics, 
(i) 



(ii) 
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§ 6. Ex. (i) The number of elements conjugate to a normal 
element of a Sylow subgroup of order cfi is a power of p. (ii) No 
factor-group of G is simple unless it is of prime order. 



APPENDIX 

In the hope that some of my readers will wish to add to existing 
knowledge of group-theory, I give a few interesting questions still 
awaiting solution.* 

1. Can a group of odd order be both non-cyclic and simple? 

2. Discuss every type of group with an Abelian commutant 
(SeeX5i). 

3. Can a perfect group contain elements which are not commu- 
tators of the group ? 

4. The greatest common subgroup of the normalisers of no 
two elements of a gi-oup G is identity. Can G be simple ? 

5. Can a group be simple if it cannot be generated by less than 
three independent generators ? 

6. A gi'oup G has a finite number of generators, and the order 
of evei-y element < a finite number r. Is G necessarily finite ? 

7. Can a non-Abelian group have an Abelian group of auto- 
morphisms ? 

8. Can a group of order p" have a group of automorphisms 
whose order is also a power of J3? 

9. Can an outer automorphism pyermute among themselves the 
elements of each conjugate set of elements of a gi'oup, or does it 
necessarily permute some of the conjugate sets?t 

10. Find the group of automorphisms of the group in XIV l.§ 
Find also its gp:-oup-characteristics. 

11. Find a proof of the theorem of XV 6 which does not involve 
the properties of irreducible groups of linear substitutions. 

12. Is it always possible to transform a finite homogeneous 
linear substitution-group into a group in which the coefficients of 
every substitution are rational functions of roots of unity ? 

* I am indebted for the majority of these questions to the kindness of 
Prof. W. Burnside, who is one of the greatest authorities on the subject. 

t See X 63. 

§ For the special case of the group in XI 7, see Amer. Joum. Maih. xiv, 
p. 206. 
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Ex. 8. Taking in (i) Ci = 1, C2 = a', C3 = a + a% 0^ = a^ + a* ; 

C5 = b + ba^+ba* ; Cg = ba + ba^ + ba^ and in (ii) C^ = 1, C2 = a^, 

C3 = a + a^, C^ = b + ba'^, Ci = ba+ba^ we have as sets of 

characteristics respectively 

111111 11111 

1111-1-1 111-1-1 

1-1-1 1 i -i and 1 1-1 1-1 

1 _1 _1 1 _i i 11-1-11 

2 2-1-100 2-2000 
2-2 1-1 

Ex. 9. Taking Ci = l, Cz^a+a^ + a* 
b + ba + ba^+ba^ + ba* + ba^ + ba« ; Cg = b^a + b^a^+ b^a^ + b^a* 
+ b^a^ + b^a^, we have as sets of characteristics 



C3 = a^ + a' + a^; C« = 



where 
Ex. 



u3 = l, 



1 
1 
1 

3 
3 

0102 = 2, 



1 1 0)' 

Oi 02 

02 Oi 
O] + 02 + 1 = 0. 








10. Taking Cj =1, C?2 — the permutations of order 8, 
C3 = the permutations of order 4, C^ = the even and C5 = the 
odd permutations of order 2, we have as sets of characteristics 

11111 

1 1-1 1-1 

2-1020 

8 0-1-1 1 

3 1-1-1 
Ex. 11. Taking C, = 1, C2, O3, C4 = the permutations of orders 
3, 4, 5 respectively, C^ = the even and Cg the odd permutations of 
order 2, C-, the permutations of order 6, we have as sets of 
characteristics. 



(i) 



(ii) 



1 

3 
3 

4 
5 


1 1 

^(1-^/5) 
Ml +^5) 

-1 


1 1 

1(1+^6) -1 
i(l_/5) -1 

1 


1 
1 
4 
4 
5 
5 
6 


111 
1-1 1 
1 0-1 
1 0-1 
-1 -1 
-110 
1 


111 
1 -1 -1 

2-1 
0-2 1 
111 

1 -1 -1 
-2 



§ 6. Ex. (i) The numher of elements conjugate to a normal 
element of a Sylow subgroup of order q^ is a power of p. (ii) No 
factor-group of (r is simple unless it is of prime order. 



APPENDIX 

In the hope that some of my readers will wish to add to existing 
knowledge of group-theory, I give a few interesting questions still 
awaiting solution.* 

1. Can a group of odd order be both non-cyclic and simple ? 

2. Discuss every type of group with an Abelian commutant 
(See X 5i). 

3. Can a perfect group contain elements which are not commu- 
tators of the group ? 

4. The greatest common subgroup of the normalisers of no 
two elements of a gi-oup G is identity. Can G be simple ? 

5. Can a group be simple if it cannot be generated by less than 
three independent generators? 

6. A gi'oup G has a finite number of generators, and the order 
of evei-y element < a finite number r. Is G necessarily finite ? 

7. Can a non-Abelian group have an Abelian group of auto- 
morphisms ? 

8. Can a group of order p" have a group of automorphisms 
whose order is also a power of j3? 

9. Can an outer automorphism permute among themselves the 
elements of each conjugate set of elements of a gi'oup, or does it 
necessarily permute some of the conjugate sets ? t 

10. Find the group of automorphisms of the group in XIV l.§ 
Find also its group-characteristics. 

11. Find a proof of the theorem of XV 6 which does not involve 
the properties of irreducible groups of linear substitutions. 

12. Is it always possible to transform a finite homogeneous 
linear substitution-group into a gi-oup in which the coefficients of 
every substitution are rational functions of roots of unity '? 

* I am indebted for the majority of these questions to the kindness of 
Prof. W. Burnside, who is one of the greatest authorities on the subject. 

t See X 63. 

§ For the special case of the group in XI 7, see Amer. Jonrn. Math, xxv, 
p. 206. 
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Absolute invariant, 99. 
Abstract group, 55. 
Adjoined groups, 167. 
Alternating group, 79. 
Appendix, 233. 
Automorphism, 136. 
Automorphisms, group of, 137. 

Bauer's theorem, 145. 
Bilinear form, 16. 
Birational substitution, 12. 
Bumside's theorem, 186. 

Cm» c. c^ (point-groups), 113, 114, 

212. 
Canonical Hermitian form, 20. 
Cayley's colour-groups, 86. 
Central, 63, 167. 
Centre of symmetry, 42. 
Characteristic equation, 21. 

of a conjugate set, 179. 

series, 165. 

subgroup, 139. 
Chief-composition-series, 164. 
Chief-factor-groups, 164. 
Chief-factors, 164. 
Chief-series, 164. 
Circular permutation, 7. 
Class of a group, 167. 

of integral functions, 28. 

of outer automorphisms, 137. 
Cogredient automorphism, 136. 

groups, 167. 
Collinear transformation, 44. 
l)ollineation, 45. 
Colour-groups, 86. 
Commutant, 133. 
Commutative elements, 1. 

group, 51. 
Commutator, 4. 

of a group, 133. 

subgroup, 138. 
Complete group, 137. 
Completely reducible group, 100. 
Component groups, 69. 
Composite group, 63. 



Composition-factor-groups, 158. 
Composition-factors, 158. 
Composition-series, 158. 
Conformal groups, 55. 
Congruent figures, 39. 
Conjugate complex quantities of 
a Field, 32. 

elements and subgroups, 61. 

substitution, 16. 
Contragredient automorphism, 136. 
Cycle, 8. 
Cyclic or cyclical group, 60. 

D, Urn, d^- 6m. A, A„, (point- 
groups), 113, 114, 115. 

Decomposable groups, 67. 
Definite Hermitian form, 20. 
Degree of a cycle, 8, 

of a permutation, 6. 

of a permutation-group, 79. 

of a substitution, 12. 

of a substitution-group, 98. 
Derived groups, 166. 
Determinant of a substitution, 16. 
Dicvchc group, 150, 170. 
Dihedral group, 113, 170. 
Direct product, 69. 
Distinct representations, 179. 

E, H (point-groups), 113, 115. 
Element, 1. 

Elliptic substitution, 27. 
Enantiomorphous figures, 39. 
Equivalent representations, 179. 

system of points, lines, &c., 109. 
Euler's construction, 36. 
Even permutation, 11. 
Extended point-groups, 114. 

Factor-group, 72. 
Finite group, 51. 
First adjoined group, 135. 

central, 167. 

cogredient, 135. 

derived group, 133. 
Fractional linear substitution, 26. 
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Fractional linearsubstitution-group, 

98, 107. 
Frobenius' theorem, 75, 156. 

r,„ (point-group), 114. 
Galois Field, 29. 
Gauss' theorem, 187. 
Geometrical movement, 33. 

representation of a movement, 40. 
General homogeneous linear sub- 
stitution-group, 105. 
Generator, 55. 

Genera,tors of anAbeliangroup, 126. 
Gliding-reflexion, 38. 
Gnomonic projection, 47. 
Greatest common subgroup (G.C.S. ), 

66. 
Group, 51. 

of automorphisms, 137. 

of cogredient isomorphisms, 135. 

of inner automorphisms, 135. 

of isomorphisms, 137. 

of movements, 108. 

Hamiltonian group, 175. 
Hermitian form, 18. 

group, 104, 

invariant, 102. 

substitution, 16. 
Hints for solution of the examples, 

189. 
Holoaiial point-group, 111. 
Holohedral isomorphism, 71. 
Holomorph, 139. 

Homogeneous linear substitution, 
12, 15. 

linear substitution-group, 98. 
Hyperbolic substitution, 27. 
Hypohermitian form, 20. 

Icosahedral group, E, 113. 
Identical element, 1. 

gioup, 57. 
Imprimitive group, 93. 

systems, 93. 
Independent elements, 55. 
Index of a subgroup, 58. 
Infinite group, 61. 
Inner automorphism, 136. 
Integral mark, 29. 
Intransitive group, 79. 
Invariant element, 62. 

of an Abelian group, 127, 130. 

of a substitution-group, 99. 

subgroup, 63. 



Inverse conjugate sets, 61. 

element, 1. 

representations, 179. 
Inversion about a point, 33. 
Irreducible group, 100. 
Isomorphism, 70. 
Isomorphisms, group of, 137. 

Latin square, 82. 

Lattice, 117. 

Loxodromic substitution, 27. 

Marks of a Galois Field, 29. 
Maximum normal subgroup, 158. 
Merohedral isomorphism, 71. 
Metabelian group, 135. 
Metacyclic group, 171. 
Minimum normal subgroup, 162. 
Modular group, 102. 
Monomial substitution, 23. 
Movement, geometrical, 33. 

of the first or second sort, 39. 
Multiple isomorphism, 71. 
Multiplication, 23. 

table of a group, 51. 
Multiply transitive group, 79. 

n-al rotation or rotatory-inversion, 

110. 
Negative permutation, 11. 
Net, 115. 
Non-perspective coUineation of 

order two, 47. 
Normal element, 62. 

form of a substitution, 26. 
subgroup, 63. 
.' NormaUser of an element, 64. 
i of a subgroup, 65. 
i Not-square of a Field, 32. 

O, fl (point-groups), 113, 115. 
Octahedral group, O, 113. * 

Odd permutation, 1 1 . 
Operation, 1. 
Order of a group, 51. 

of an element, 2. 

of an element relative to a group, 
51. 
Orthogonal substitution, 16. 
Outer automorphism, 136. 

Parabolic substitution, 27. 
Partition, 58. 
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Perfect group, 133. 
Period of a mark, 31. 
Permutalile elements, 1. 

element and group, 61. 

groups, 67. 

movements, 38. 
Permutation, 6. 
Permutation-group, 79, 
Perspective coUineation, 47. 
Point-group, 108. 

Pole of a fractional linear sub- 
stitution, 27. 

of a homogeneous linear substitu- 
tion, 20. 
Positive Hermitian form, 20. 

permutation, 11. 
Prime-power Abelian group, 130. 

group, 142. 
Primitive group, 93. 

root of congruence, 156, 169. 

root of equation in a Field, 31. 

root of Field, 32. 
Product of elements, 1. 

of movements, 39. 

of permutations, 6. 

of substitutions, 12, 13. 
Projective transformation, 44. 
Pseudo-substitution, 121. 

Quadratic group, 113. 
Quaternion group, 175. 
Quotient-group, 72. 

Rank of hypohermitian form, 20. 
Real substitution, 16. 
Reciprocal subgroups, 188. 
Reducible group, 100. 
Reflexions, product of two, 33. 
Regular permutation, 8. 

permutation-group, 79. 
Relative invariant, 99. 

order, 51. 
Representations, 179. 
Residue of a function, 28. 
Resultant of elements, 1. 

of two reflexions, 33. 
Rodrigue'a construction, 36. 
Rotation-axis, 42. 
Rotatory-inversion, 37, 41. 
Rotatory-reflexion,37. 



Screw, 38. 

Self-conjugate element, 62. 

subgroup, 63. 
Self-inverse conjugate sets, 61. 

representation, 179. 
Semi-group, 51. 
Series of adjoined groups, 167. 

of derived groups, 166. 
Set of characteristics, 181. 
Similar movements, 41. 

permutations, 8. 
Similarity-substitution, 23. 
Simple group, 63, 107. 

isomoi-phism, 71. 
Simply transitive group, 79. 
Soluble group, 161. 
Solutions of examples, 189. 
Speciality of a group, 167. 
Square of a Field, 32. 
Stereographic projection, 43. 
Subgroup, 57. 
Substitution, 6, 12. 
Substitution-group, 98. 
Sylow subgroup, 153. 
Sylow's theorem, 152. 
Symmetric group, 79. 

substitution, 16. 
Symmetry, 42. 
Symmetry-axis, 42. 
Symmetry-plane, 42. 

T, 0, 6 (point-groups), 113, 114. 
, Tetrahedral group, T, 113. 
1 Ti-ansform of an element, 3. 

of a group, 61. 
1 of a movement, 41. 
of a permutation, 9. 
of a substitution, 14. 
Transitive permutation-group, 79. 

sets, 91. 
Translation, 33. 
Translation-group, 110. 
Transposed substitution, 16. 
Transposition, 7. 
j Type of an Abelian group, 127, 130. 
of any group, 167. 



Unitary substitution, 16. 
Vierergruppe, 113. 
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